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Language: {B, IB, Ph, Q, +, ·,≤, W }

B(b) ! “b is a body”; IB(b) ! “b is an inertial body”;
Ph(b) ! “b is a photon”; Q(x) ! “x is a quantity”
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Language: {B, IB, Ph, Q, +, ·,≤, W }

B(b) ! “b is a body”; IB(b) ! “b is an inertial body”;
Ph(b) ! “b is a photon”; Q(x) ! “x is a quantity”

+ and · are field operations, and ≤ is an ordering,

W is the 6-ary world-view relation

W(o, b, x , y , z , t) ! “observer o coordinatizes body b at
spacetime location 〈x , y , z , t〉.”

Ob(o)
def
⇐⇒ B(o) ∧ ∃b, x , y , z , t W(o, b, x , y , z , t);

AxFrame :

Photons and inertial bodies are also bodies. The quantity part

〈Q; +, ·,≤〉 is an ordered field. And o is an observer, b is a body
and x, y , z and t are quantities if relation W(o, b, x , y , z , t) holds.
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AxSelf :

Any inertial observer coordinatizes itself at a coordinate point if
and only if its space component is the origin.

∀o, x , y , z , t Ob(o) ∧ IB(o) ∧ Q(x) ∧ Q(y) ∧ Q(z) ∧ Q(t)

→ [W(o, o, x , y , z , t) ↔ x = y = z = 0 ].
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AxSelf :

Any inertial observer coordinatizes itself at a coordinate point if
and only if its space component is the origin.

AxPh :

The speed of light signals is 1 according to any inertial observer.

∀o, p, x , x ′
, y , y ′

, z , z ′, t, t ′ Ob(o)∧ IB(o)∧Ph(p)∧Q(x)∧Q(x ′)

∧ Q(y) ∧ Q(y ′) ∧ Q(z) ∧ Q(z ′) ∧ Q(t) ∧ Q(t ′)

→
[

W(o, p, x , y , z , t) ∧ W(o, p, x ′
, y ′

, z ′, t ′)

↔ (x ′ − x)2 + (y ′ − y)2 + (z ′ − z)2 = (t ′ − t)2
]

.
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AxSelf :

Any inertial observer coordinatizes itself at a coordinate point if
and only if its space component is the origin.

AxPh :

The speed of light signals is 1 according to any inertial observer.

AxEv :

Every inertial observer coordinatizes the very same set of events
(i.e., meetings of bodies).

AxSymDist :

Inertial observers agree as for the spatial distance between events if
these events are simultaneous for both of them.

SpecRel := {AxSelf, AxPh, AxEv, AxSymDist}
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The world-view transformation wo

o′ between observers o and o ′

relates the coordinate points where o and o ′ coordinatize the same
events, i.e,:

wo

o′(x , y , z , t : x ′
, y ′

, z ′, t ′)
def
⇐⇒

∀b W(o, b, x , y , z , t) ↔ W(o ′
, b, x ′

, y ′
, z ′, t ′).
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The world-view transformation wo

o′ between observers o and o ′

relates the coordinate points where o and o ′ coordinatize the same
events, i.e,:

wo

o′(x , y , z , t : x ′
, y ′

, z ′, t ′)
def
⇐⇒

∀b W(o, b, x , y , z , t) ↔ W(o ′
, b, x ′

, y ′
, z ′, t ′).

Theorem

SpecRel |= ∀o, o ′ Ob(o) ∧ Ob(o ′) ∧ IB(o) ∧ IB(o ′)
→ wo

o′ “is a Poincaré transformation.”
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ACCELERATED OBSERVERS

AxCmv :

At each moment of its world-line, any observer coordinatizes the
nearby world for a short while as an inertial observer does.
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ACCELERATED OBSERVERS

AxCmv :

At each moment of its world-line, any observer coordinatizes the
nearby world for a short while as an inertial observer does.

AccRel := SpecRel ∪ {AxCmv}
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ACCELERATED OBSERVERS

AxCmv :

At each moment of its world-line, any observer coordinatizes the
nearby world for a short while as an inertial observer does.

AccRel := SpecRel ∪ {AxCmv}

Theorem

The world-view transformation between two observers is
differentiable at the points where the two observers meet, and its
derivative is a Lorentz transformation if AccRel is assumed.
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Twin Paradox (TwP) concerns two twin siblings whom we shall
call Ann and Ian. Ann travels in a spaceship to some distant star
while Ian remains at home. TwP states that when Ann returns
home she will be younger than her twin brother Ian.
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Theorem

AccRel 6|= Twin Paradox
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AccRel 6|= Twin Paradox

proof idea: Ordered fields not isomorphic to R are gappy.
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Theorem

AccRel 6|= Twin Paradox

proof idea: Ordered fields not isomorphic to R are gappy. We can
use these gaps to reorganize the world-view of an observer to get a
counterexample.

wo
′

o

wo

o′

Q 6∼= R

o o′

p p′

q

q′
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Theorem

AccRel ∪ Th(R) 6|= Twin Paradox

proof idea: Ordered fields not isomorphic to R are gappy. We can
use these gaps to reorganize the world-view of an observer to get a
counterexample.

wo
′

o

wo
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Q 6∼= R

o o′
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What shall we do now?
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Can we stay within first-order logic and assume something which is
stronger than Th(R)?
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CONT :

A nonempty and bounded subset of the quantity part has a
supremum if it is parametrically definable by a first-order formula
in our language.
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Can we stay within first-order logic and assume something which is
stronger than Th(R)?

CONT :

A nonempty and bounded subset of the quantity part has a
supremum if it is parametrically definable by a first-order formula
in our language.

Theorem

AccRel ∪ CONT |= Twin Paradox

How can CONT be stronger than Th(R)?
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Can we stay within first-order logic and assume something which is
stronger than Th(R)?

CONT :

A nonempty and bounded subset of the quantity part has a
supremum if it is parametrically definable by a first-order formula
in our language.

Theorem

AccRel ∪ CONT |= Twin Paradox

How can CONT be stronger than Th(R)?

CONT speaks not only about the quantity part, but about its
relation to the other parts of the models (e.g., to the observers).
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Effect of gravitation on clocks within AccRel
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Effect of gravitation on clocks within AccRel

Gravitational Time Dilation (GTD):

“The clocks in the bottom of a tower run
slower than at its top.”
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Effect of gravitation on clocks within AccRel

Gravitational Time Dilation (GTD):

“The clocks in the bottom of a tower run
slower than at its top.”

Einstein’s Principle of Equivalence: Gravity ∼ Acceleration

“The clocks in the back of
an accelerated spaceship run
slower than in its front.”
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AxSelf− :

An observer coordinatizes itself at a coordinate point only if its
space component is the origin.
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space component is the origin.

AxPh− :

The instantaneous velocity of photons are 1 in the moment when
they are sent out according to the observer who sent them out,
and any observer can send out a photon in any direction with this
instantaneous velocity.
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AxSelf− :

An observer coordinatizes itself at a coordinate point only if its
space component is the origin.

AxPh− :

The instantaneous velocity of photons are 1 in the moment when
they are sent out ...

AxEv− :

Any observer encounters the events in which it was observed; and
the domains of world-view transformations are open.

AxSymDist− :

Meeting observers approximately agree as for the spatial distance
of a neighbouring event if this event and the event of meeting are
approximately simultaneous enough.
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AxDiffn :

The world-view transformations are n-times differentiable functions.
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AxDiffn :

The world-view transformations are n-times differentiable functions.

GenReln:= {AxSelf−, AxPh−, AxEv−, AxSymDist−, AxDiffn }

Theorem (Completeness)

GenReln is complete with respect to the n-times differentiable
Lorentzian manifolds over ordered fields.
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AxDiffn :

The world-view transformations are n-times differentiable functions.

GenReln:= {AxSelf−, AxPh−, AxEv−, AxSymDist−, AxDiffn }

Theorem (Completeness)

GenReln is complete with respect to the n-times differentiable
Lorentzian manifolds over ordered fields.

GenRel∞:=
⋃

n≥1 GenReln

Theorem (Completeness)

GenRel∞ is complete with respect to the smooth Lorentzian
manifolds over ordered fields.
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We have axiomatized (within first-order logic) both general and
special relativity theories (SpecRel,GenRel). Moreover, we have a
theory (AccRel) between these two.
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However, the story does not end here!
The real “fun” comes after the axiomatization.

Now we can ask new kinds of questions:

Which axioms are responsible for certain theorems?

How are the other possible axioms/axiomatizations related to
each other?
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We have axiomatized (within first-order logic) both general and
special relativity theories (SpecRel,GenRel). Moreover, we have a
theory (AccRel) between these two.

By the completeness theorems, any theorem which is provable for
Lorentzian manifolds is provable within our theory GenRel.

However, the story does not end here!
The real “fun” comes after the axiomatization.

Now we can ask new kinds of questions:

Which axioms are responsible for certain theorems?

How are the other possible axioms/axiomatizations related to
each other?

How can our axiomatization be extended towards Quantum
Theory?

How are the independent statements of our theories related to
each other?

Etc.
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Background materials are available from:
www.renyi.hu/˜turms

Thank you for your attention!
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