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We give asymptotically sharp upper bounds for the maximum diameter and
radius of (i) a connected graph, (ii) a connected trangle-free graph, (iii) a connected
C;-free graph with » vertices and with minimum degree 4, where » tends to infinity.
Some conjectures for K, -free graphs are also stated.  © 1989 Academic Press, Inc.

Let G be a connected graph with vertex set V(G) and edge set E(G). For
any x,y e V(G) let d;(x,y) denote the distance between x and y, ie., the
minimum length of an x —y path in G. The diameter and the radius of G

are defined as

diam G= max d;(x,y),
x ve V(G

rad G= min max dg(x,y)
xe VG) yeVIG)

The following theorem answers a question of Gallai [6].

Let G be a connected graph with n vertices and with

THEOREM 1.
minimum degree 6 = 2. Then
3n
i di €|l —|—1L
(1) iam G [5 I ]]
3n—3
i1 dGg ———+5.
o Dk T EE A

Furthermore, (1) and (ii) are tight apart from the exact value of the aditive
constants, and for every & >15 equality can hold in (1) for infinitely many

values of n.
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Proof. Let G be a graph of diameter d> 1 and minimum degree J, and
asume that it is saturated, ie., the addition of any edge results in a graph
with smaller diameter. Let x and y be two vertices with dg(x,y)=d, and
put S;,= {ve V(G): dz(x,v)=i} for any 0<i<d. Then |S,|=[S,|=1 and
by the condition on the minimum degree

lSa'-1|+|Si|+|Sf+||?5+l forall 0<i<d,

where S_ | =5,,,=. It can readily be checked by distinguishing cases
according to the residue class of d mod 3 that if 4> 2 then this implies

d
n=y |Si12([§]+l)(6+1)+ad, (1)
(=0
where &, denotes the remainder of d upon division by 3. This yields (i).
Further, it is easily seen that equality can be attained in (1) for any pair
d=2,0=2

Note that (i) is tight, e.g., for the following graph. Let k> 1,d>5, and
ViGy=VouV,u --- UV, _,, where

1 if i=0or2(mod3),
[V, |=< 6 if i=lor3k—2,
o—1 otherwise
Let two distinct vertices ve V;, v’ € I, be joined by an edge of G if and only
if |j—il<1.

To prove (ii), let us fix a center x of G, ie, a point for which
max, . g de(x,y)=rad G=r, and put S,= {veV(G):dg(x,v)=i} for
0<i<r. Given any wveS, pick a point ¢S, , such that
w' e E(G)(1<i<r). The collection of the edges {vv:ve V(G)— {x}}
obviously defincs a spanning tree T< G with the property that

drix, v)=dg(x,y) forall yeV(G).

Let T(x, y) denote the path connecting x and y in 7. Further, put

S<a= U S Sa= U 8.

Dgisjy j=isr

Fix a point y'€ S,. A vertex y” € V(G) is said to be related to y’, if one
can find 7' T(x, ') n S.;s and 3" T(x, y")n .S . s such that

de(7,y")<2 (2)

There are two cases to consider.
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Case A. There exists a point y" €S- ,_5 which is not related to y".

For any i, let S} (and S§7) denote the set of all elements in S, whose
distance from at least one point of T(x,y')nS.s (one point of
T(x,y")n S .5, resp.) is at most 1 in G. Using the fact that ' and y” are
not related,

(05 (0 )2

On the other hand, by the condition on the minimum degree,

IS, _ |+ +1S,,126+1 forall 5<i<r,
IS7_ |+ 1S/ 4180, |=6+1 forall 5<i<s,

where s =dg(x, ") =r— 5. Similarly to (1), we now obtain
¥ s+1
n=|Sesl+ Y IS+ X IS
i=4 i=4

r

1
;5+2+{2 ;{|s;-_1|+|S;|+|S;+.n+1}

i=5~

¥ l
+{z 30874 +|S:’|+|S:'+1|)+1}

f=3

25+4+%{r—4](5+l}+%($—4){5+l];%(Zr—lO}(é+l}+3,

whence (ii) follows immediately.

Case B. Every point y"e€S5.,_; is related to ',
Let x’ denote the only element of T(x, y') which belongs to Ss. Then, for
any ye S, e,

dg(x',y)<dg(x', x) +dg(x,y) <S+r—6=r—1.

On the other hand, every y"e S.,_; is related to ', therefore by (2)
do (X', ') Sdg(x', §') +dg(F'. 7") +dc (5", ¥")
< (dg(x, J')=5)+ 2+ (r—dg(x, 7))
<r—3+dg(y, y)<r—1

Thus, dg(x', y)<r—1 for every ye V(G), contradicting our assumption
that rad G =r. This completes the proof of (ii). ||
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THEOREM 2. Let G be a connected triangle-free graph with n vertices, and
with minimum degree 6 = 2. Then

(i) diam G@[”—_;S_—l].
(ii) radcg¥+12.

Furthermore, (1) and (i1) are tight apart from the exact value of the additive
constant, and for every 4 =2 equality can hold in (1) for infinitely many
values of n.

Proof. Let x and y be two vertices of G with d;(x, y)=diam G =d, and
put S;={ve V(G): dg(x,v)=i} for any 0<i<d.
For every i exactly one of the following two possibilities occurs. Either
§; does not span any edge of G and then
1Si— 1|+ 181126, (3)

or vv’ € E(G) for some v, v' € S;, and then the neighborhoods of v and v’ are
disjoint. Therefore

|Sr‘—l|+|S;‘|+|Si+1|22d‘ {4)

Note that (3) and (4) immediately imply that
[Sica |+ 18]+ 1811 +18i.21 220 forevery 0<i<d-—1, (5)

where S _,=S,,,=¢. Indeed, if S; or §,,, contains an edge, then (5)
follows from (4). Otherwise, by (3), |S;_|+/S;.:|=d and |S;|+
|S;, 2| =9; hence (5) is true again.

Now easy calculations show that

—0+2 if d=0(mod4),

1 if d=1(mod4),
"z (E]H)M_H 2 if d=2(mod4)
3 if d=3(mod4),

and equality can hold for every pair d, 4 >2. This yields (i). Note that (i)
is tight, e.g., for the following graphs. Let V(G)=FV,u VU --- UV, with
1 if i=0orl(mod4)andi#1,
|Vi|=< 8 if i=lordk—1,
o—1 otherwise,
and assume that V; and V,_ | induce a complete bipartite subgraph of G for
every i.
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The proof of the second part of the theorem is very similar to that
of Theorem 1 (ii). We use the same notation and terminology as there,
with the following modification. Fix a point y'eS,. A vertex y" e V(G)
is now said to be related to y’, il there exist ¥ e T(x, ¥')nS., and
7' eT(x,y")n S+, such that

dg (7, ¥') <4 (2

Case A. There exists a point "€ S.,_o which is not related to y".
For any i, let S} (S}) denote the set of all elements of S; whose distance
from at least one point of T(x,y )NS5 (T(x,p")NnS.g, resp.) is at

most 2. Then
(§5) (02
i=m7 i=7

and by an argument similar to the proof of (5) we obtain
1S; 1|+ 1SH + 1St 1| +187421220  forall 8<isr—1,
IS{_ |+ ST+ 1STea | + 1872 220 forall 8<i<s—1,
where s =dg(x, y")=r—9. This yields

F s+ 1
n=|Scel+ Y IS+ IS/ =(r—12)6+2
i=7 =7

i

and (ii) follows.

Case B. Every point of §.,_, is related to y".
A slight modification of the argument which settled the corresponding
case in Theorem 1 shows that this cannot occur. ||

THEOREM 3. Let =2 be a fixed integer, and let G be a connected,
C,4-free graph with n vertices and with minimum degree 6. Then

. ; 3n
(1) diam G < 52_—2—[5/ZT+_1
(ii) rad G< -

2(6%=2[6/2]1 +1)

Furthermore, if d is large, then these bounds are almost tight. More precisely,
if 8+ 1 is a prime power, then there exists a graph G with the above proper-
ties and

S5n

i >——— 1
(iii) diam G 13542
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Proof. Let xyx,x,:++x, be a chordless path of length d =diam G in G.
Put S_,(x)={ve V(G):ds(x,v) <2} for any xe V(G). Since G does not
contain C,,

]
S <2(x)| =6°—2 [5] +1  forevery xeV(G).

In view of the fact that
Scalxs)nScalxs)=2 forall 0<i#j<d/5,

o[22

which proves (i). From here (ii) follows in exactly the same way as before.

To establish (iii), set g=0+ 1 and let H denote the following graph dis-
covered by Brown [4] and Erdds and Rényi [5]. Let V(H) consist of all
ordered triples x=(x,, x,, x3)# 0 whose clements are taken from GF(q),
where two triples x and x’ are considered identical if x'=Ax for some
€ GF(q), 2#0. Let xye E(H) if and only if x -y =0. Clearly, H is C,-free
and has ¢° + ¢ + 1 vertices, each of degree ¢ or ¢+ 1.

Let us fix distinct uw,v,ze V(H) satisfying u-z=v-z=z-z=0. Let
Ug=2,U, Uy, .., U, and V=2, V,, ¥,, .., ¥, denote the neighbors of u and
v, respectively. For every i(1<i<gq) there is a uniquely determined
Ji) (1<j{i)<gq) such that u,v,;, € E(H). On the other hand, no u, or
v;(1<i,j<q) is adjacent to z in H.

Let H, denote the graph obtained from H after the removal of the vertex
z and all edges of the form u,;v;,), I <i<gq. It is clear that d, (u, v)=4, and
the minimum degree of the vertices of H,is ¢ — 1 =24.

Let G be defined as the union of k& disjoint isomorphic copies
H, H®, ., HF of Hy, and let us make it connected by adding the edges
vi0u+ U for every 1 <t<k. Then |V(G)|=n=k(g°+q)=k(6*+35+2)
and

we obtain

Sn

diam G=5k—1 =m— i

Conjecture. Let r, > 1 be [ixed natural numbers, and let G be a con-
nected graph with n vertices and with minimum degree é.

(i) If G is K,,-free and & is a multiple of (r — 1)(3r +2), then

2r—1)(3r+2)

i <
diam G < -1

n+0(1) while n— + oC.
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(i) If Gis K, ,-free and 4 is a multiple of 3r — 1, then

. 3r—1 .
dlamGS%n+O(l) while 17— + oc.

These bounds, if valid, are asymptotically sharp, as is shown by the
following graphs.

(i) Let ¥(G)=Ut_o U, V,, where r(i)=rorr—1 depending on
whether i is even or odd, and let

| _{ré/{r—l)(3r+2) if i#0,kiseven
T+ 1) 8/(r— + 1)(3r+2)  if i#0, kisodd,

and |Vy|=1|Vy| =0 for every j. Let two vertices ve V,; and v' eV, be
joined by an edge if and only if (a) [i—i’|=1 or (b) i=i" and j#/". Then
G is obviously K,,-free.

(ii) Let V(G)=U%-oUj=y ¥y where | V| =8/(3r—1) if i#0, k and
[Vo| =1Vl =6 (1<j<r). Let the edge set of G be defined by the same
rule as above. Then G is K, , ,-free.

For an extensive survey of problems and results on the relations between
the degrees, the radius, and the diameter of a graph see Chapter 4 in
Boliobas [3], or Bermond and Bollobas [2]. A statement essentially
equivalent to part (i) of Theorem 1 already appears in [1].
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