PARTITIONS INTQ PARTS
WHICH ARE UNEQUAL AND LARGE.

by P. Erdés, J.L. Nicolas and M. Szalay * .

1. Introduction, Letusdenoteby p(n) the number of partitions of n, by q(n) the number
of partitions of n into unequal parts (or into odd parts), by r(n, m) the number of partitions of n
into parts 2 m, and by p (n, m) the number of partitions of n into unequal parts 2 m.

In [Erd] two of us gave the following asymptotic relation

(1) pm) = (o) S m=om'”
e
and in [Dix], a quite different result is given for £ (n,m) , for m = O(nl#4)

m-1

] pm) (1+0@*/V/n)) .

b9
rinnm) = (m-1)! [
6n

Using a tauberian theorem, J. Herzog (cf. [Her]) has proved, for m =0 (n3/8 (log n) 1/4) :
log r(n,m) = ©/2n/3 - (1/2) mlogn + mlogm - (1 +log(V/6/m)+0 (nm logn ).
The aim of this paper is to prove the following three theorems.

Theorem 1. Forall n=1, and m , 1<sm<n , wehave
. 1 i 1 m(m - 1)
i) F q(n) pmm < 2’"_ q(n + 5 )

i) p(n,m) < Er'nl_'i q(l‘l-l-[m(l'll-l)]}

where [x] is the integral part of x.
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n
Theorem 2. When n tends to infinity, and m=o0 (m) . we have

1 -0
p(nm = (1+o(l)) = q(n+[m(:x: ])
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Theorem 3. For fixed €, with 0<eg< 102 andform=m(n) , 1<m<n3B-€, and n - +oo,
the relation

p(n,m) = (1+o(l)) q(n)

nj
1+ -
1s11:!u—1 [ up[z\/':;"n]]
holds.

The proof of Theorem 1 is very simple and elementary, and gives immediately (1) when
m = o(n!#), with the classical asymptotic estimation of q(n) (cf. (2) and Lemma 3 below).

The proof of Theorem 2 follows the same idea as the proof of theorem 1, but with
sharper estimations.

The proof of Theorem 3 is analytic, and uses Cauchy's formula for the generating
functon of p(n, m), which was already used to prove (1). It follows easily from Lemma 3 below
that Theorem 3 implies Theorem 2..

At the end of the paper, a table of p(n, m) is given. It has been calculated with the
recurrence formula p(n,m) =p(n,m+1) + p(n-m, m+ 1)and p(n,m)=1form2n/2.

‘We shall also need the following asymptotic formula of q(n) :

(2) qin) ~ exp(rvn/3 ).

43 3,14

n")
Acually, it is possible to give a more precise expansion, using the result of Hardy and Ramanujan
(cf. ([Har] and (Hual):

1 d , 1 1 n 5
q(n}=ﬁd_n Jo(ll't ?(n+2—4)) + O[cxp(?\/nlJ)J .

By the classical results  T'g(z) = -J;(z) and I, (z) = -iJ,(iz) on Bessel's functons, the
main term of q(n) is equal to
n Tt
s e Bl ol ./n+1f24] .
2/6 /n+1/24 V3
For mz 1, letus define
GOV & ‘
1, = — L1 @4-@j-nh.
2’"m! j=1
We have
_ 3 _ 15 _ 105
SR SR T B RS (7§

For areal z tending to + e, we have the asymptotic expansion (cf. [Wat], p. 203) :

e a
1, (2) = (1+ 2 oa, 2™+ 0(2‘”")} .

Janz m=1
n
and if weset c=— , A = 1/24 and

3
3 m 3
g B Ll -~ M B0
gy, =[up(c+ (I+7Ll2) L 2 a’—r: ™ (l+lt2} 2 &

m=1¢



then the function gy is analytic in t in a neighbourhood of 0, thus it has a Taylor expansion
M
g0 =1+ 2 b m+0o™)
m=]1
We conclude that

M M+1

1 r it

@ W = —— | (— VD) [1+): b, ™ + 0@ 2 )}_
1 4 o)A (XP 3 ] s

The first coefficients by, have been calculated by the algebraic computer system
MACSYMA :

/3 3 5 45
T T
b, = - —— = -0.16896 by = 13535 - T3 - —3 = 007397
48 /3 8n 1281
3
x 35 35/3 31503
By = ; + - - = -0.009475
1990656,/3 36864./3 204871 1054
4 2
x Tx 105 315 42525
bs = 1128617856 ~ 1769473 * 65536 * - g iRl

Z
16384t 32768n

We are pleased to thank J.P. Massias for calculating both the table of p (n, m) and the
asymptotic expansion of q.

2, Proof of Theorem 1, Setting q (0) = p (0, m) = 1, we shall consider generating

functions :
Y oqmxt =[] a+x")
nz0 nzl
and
@ 2 pmmx" = [1 a+x").
n20 nzm
Let us define
m-1 mi{m-1}/2
5) P, = Il a+ = 2 qhkm-Dxt
k=1 k=0
We observe that q(k, m- 1) = 0 and that
m{m-1)2
q&m-1) = 2",
k=0

We now write

- - m(m-1)/2
2 qm X" = (Zop(n.m)x“][ kZu qk m-1) x“)

n=Q =
and
mim-1)/2
Q) q() = Zo q&m-1) p@-k m)
k=

where weset p(n,m)=0 for n<m and n#0. Now, itis easy to see that p is non decreasing
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in n, therefore, p (n -k, m) < p (n, m), and then (6) gives q(n) < 2™-1p(n, m). In the same
way,
(m-1)/2
m(m - 1) " m(m - 1)
q(n+ 3 )- kz.o q&.m-l}p(n-k+T—.m]
2 2m-1 p(n, m)
and this achieves the proof of (i). To prove (ii), weset M=[(m(m-1)/4] and get

mi{m-1}/2
q+M) = 2 qkm-1) p@-k+M, m)
k=0

M
> pm 2 qkm-1)22™2p@ m).
k=0

3. Proof of Theorem 2, We first need a few lemmas :

Lemma L For 0<u<1/2, wehave
i)y -log(l-uw < u+u?.
For m23 and 0<u<1 , wehave
mim-1) , m(m-D{m-2) ,
g 5 =
Proof : (i) iseasy. To prove (ii) use Taylor's formula for the function uws (1 - u)™,

(i) 1-w™ 2 1l-mu +

-1
Lemma 2. Let q(r, m - 1) be defined by (5). If m23,R isanirlwgi:r,(}vSRSE(—P;--—I
m(m-1)
and e TR R, then we have
R 2
t
z qir,m-1) < yed cxp(-a—j] .
r=0 m
Proof: For x € [1/2,1] weset
m-1
P=PxRm = x* J] a+x) -
r=1
and x=1-u Sowehave 0<u<l/2 and
S d-u)f-1
logP =-Rlog(l-u) + (m-1)log2 + z log[l-f--—_.j-—-J
r=1
m-1 T
1-u)f-1
< -Rlog(l-u) + (m-1)log2 + z %
r=1
(d-w-q-0" m-1
- )-Rlog(l-u) + (m-1log2 + — 3 if u>0;
(m-1log2, if u=0.




UsmgLunma 1, () and (ii), we obtain that
m(m- 1) m(m-1)(m-2) 2

2
logPs(m-I)log2+Ru+R 7 u + V)
3
S(m-l}It:;gz-tu+l£1-2-u2
m (m- 1 6t ;
because R < (1141 )chowchoosc u--—aAsOStS‘—;,wehavc
m

1
0<ucs 2_35 < o for m23, and we obtain that log P < (m - 1) log 2 - 3t* / m’.

The lemma follows from this inoqua.lity, because

l'

Z q@m- l)sz q@r.m- 1)—sp

r=0 r=0

Lemma 3, When n—+o and h=o(n34), we have
Ah
q(n+h) ~ q(n) cxp[—).
v

where A=n/(2/3) = 0.9069...
Proof : From (2) we have
1

Q@ +h)~ ——————a=r exp2AV/n+h)
4(3(m+hy)

+ o (1).

Forh e ﬂ+_..+o{‘j2]= 7 %
2/ 2/

Proof of Theorem 2, We first assume that m= 0 or | mod 4, in order that m (m- 1)/ 4 should
be an integer. Thecase m =2 or 3 mod 4 can be reated similarly. We then choose R and t as

in lemma 2, and set

, m(m-1) m (m - 1)
R'= 3 -R = 7} +1
We cut the summation in (6) into three pans :
R-1 R' mim - 1) /2
S;= 2 3 S=2 i S= XY,
r=0 r=R r=R+1

and we shall prove that Sy and S; are o(q(n)), if we choose conveniently t

First of all, it is easy 1o see that S3 £ §;. Then we consider
R-1

E pm-r,m)q(r,m-1)
r=0

-1
Weset s 'm{r: ) - 1. Theorem 1, (ii) gives :
1
p(n-r,m) < «2‘“—2 q(n+s)
and by Lemma 3,




p{n-r,m) << llq(n) cxp[
2

Al

By Lemma 2,

2
qrm-1) g 2™° exp[-3—§-
m

S

thus

m (m-1)4 2 3
As 3
Sy<<q(n) 2 exp (?'%J«q(n) 2 cxp[-—ai(s-m & )"J

5 = t+l n m 5214l m 6/ 1

A
and, if we choose 1t > , we shall obtain that

6/ 1
LA 2
3 m A
S; << q(m)- exp| -— | u- du
: m 60
2
m’ 3 m A
<< q(n) 3 exp | -—| to——
6(( m” A J m 6/ n
6/ n
Choosing
)] t=| — + m" Slogn
6/n

implies Sy = o(q(n)) and S5 = (1+0(1}) g (n).

From the definiton of S5, we see that
mim-1)/2

S, € p@-Rm 2 q@m-1)=2""p@-Rm),
r=0

and

@
S, 2 p-R,m) X qrm-1)
r=R

2
> p(n-R,m 2™ [1-2 exp(-3(‘+31)‘]]

m
by Lemma 2. This implies that

LE0+R (eo) < pam < LELRD
= .

(1 +o(1))

and Theorem 2 follows from Lemma 3, just observing that the hypothesis and (7) imply that
t=0(/n).
4, Proof of Theorem 3. Let k=m-121 and qg (n)=p (n, m).

Let us observe that the relation

1+ 2 gqmw = JI a+w)

n=1 v=k+1



holds for |w I < 1. Cauchy's formula gives the representation

l -n-1 v,
— 1+w") d
*® = J & qu1+1( e

lwil=r

for 0 <r<1.For Re z>0, letusdefine hy (z) by

hy@ = [] (+expi-va) .

vak+1

Then we may write

n
1
q (n) = E— J h (x+iy) exp(nx + iny) dy
%
-

for x> 0.

oo W

-€
Let C, be a sufficiently large constant, further, 1 < k < n° . Wechoose

x=xg=n/@2V3),y =n "y = Cyxp . and it will be convenient to set

k
D= { H (1+cxp(-vxg))}

vl

Observe that, with our choices of xg and k, theorem 3 becomes p (n,m) = (1 +0o(1) ) D q(n).
We investigate gk (n) as

14
1
q(n) = 5—- J h (xo+iy) exp(nxy +iny) dy

-

=¥y =¥y 1 Y2 n
1
= — + + + +
2x
-m =¥z b | 1 Y2

For Iyl < y3 (and n — +e=), we can apply (4.3) - (4.4) of [Erd] and get

- ‘.I'E 1
]___[ (1+C.X.p(-\f‘(x0+i.y)}) = exXp m* 7 10324-0(1)) ’

vs]l
further
> a1 - l-exp(-viy)
® IT d+expvixg+iy)))' =D exp|- 2 log|1-——— || .
vel v=1 1 +exp(vxg)

For |yl S yj, we deduce from (8)
k

IT (1 + exp-vixg+iy)))' =D exp (O . ky;)) = D exp(o(])).

vul

Therefore (cf. [Erd], pp. 435-437),




2n
- yl

L4
1
= -[ = (l+o(1)) D q(n).

Next, for y; < 1yl < y; , itfollows from (8) that
k

- 1-exp(-viy)
=0 cxp[- > log(| L st B

IT a+expevixg+iy)))!
v=1 1+¢XP{VXU)

v=1

)

Here,

ivy

Il-exp(-viy)-ivyl 5

\1 l-exp(-viy)

S ’1-

1 +exp(vxy) 1 +exp(vxy) 1+exp(vxgy)
2 . 1
T il o >1”'2-10k“—
2 -7. -T— = (yz)—l-t‘.'(l].

1+exp(vxy) -
If y, <lyl <y, := n %71 | then

2 o

v=1

i l-exp(-viy)

k
2 u
]s 2 ovyh=0&yH)=00Y=0(.

v=l

I +exp (vxy
Thus (cf. [Erd] , p.438) ,

— = o(i)[)cxp{-n_v/ﬁ.ziﬁn“”
/3

]= o(1) D q ().
2n 3 b

yisiylsyy

If y'y < lyl £ yp (=Cyxp) then
k

IT a+expvixg+iy))) ' | <D exp(0GP)) = D exp (0™ 9),

vl
consequently (cf. [Erd] , p. 438) ,
2
1 I xu ';"35
N SDexpl —5————+nx + O(n )}
2n _ 12(xg + (v"1)°) ’
ypSlylsys
Here,
2 2 2
& %y p { ® {, vy 5 ) .
= i = - +
2eg+yD Pl gt BRlog x5
+
2
Xg
1 2 . 2
X r 04 T T
2z, B i E



3 1

= =-3
. = s D q(n) exp[-cl n® + 0(11a
n

E
) + O(log n)] = 0(1) D q(n).
y1slylsys

Finally, for Coxp < !yl s &,

1

e < o
= q() exp(-c,/n)

Coxgslylsn
with a suitable positive constant ¢y (cf. [Erd] , pp. 439 - 440).
Since
D<2<exp(n” ) = o (exp(c;v/n)),
Theorem 3 is proved.
Remark. In the same way, one can prove Theorem 3 with the factor

l+s 1
1+0[n‘ J+Omzn":l

instead of 1+ o (1).
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Table of p(n, m)

m= 1 2 3 4 5 6 i 8 9 10 11 12
n=
1 1
2 1 1
3 2 1 1
4 2 1 1 1
5 3 2 1 1 1
6 4 2 1 1 1 1
7 S 3 2 1 1 1 1
8 6 3 2 1 1 1 s 1
9 8 5 3 2 1 1 3 1 1
10 10 5 3 2 1 1 1 1 1 1
11 12 7 4 3 2 1 1 1 1 it 1
12 15 8 ] 3 2 1 1 1 1 1 1 1
13 18 10 6 q 3 2 1 1 1 1 1 1
14 22 12 7 4 3 2 1 1 1 1 1 1
15 27 15 9 6 4 3 2 1 1 1 1 1
16 32 17 10 6 4 3 2 1 1 1 1 1
17 38 21 12 8 5 q 3 2 1 1 I 1
18 46 25 15 9 6 4 3 2 1 1 23 1
19 54 29 17 11 7 S 4 3 2 1 1 1
20 64 35 20 12 8 5 4 3 2 1 L 1
21 76 41 24 15 10 7 5 1 3 2 1 1
22 89 48 28 17 11 7 5 1 3 2 1 1
23 104 56 32 20 13 ] & 5 4 3 2 1
24 122 66 38 23 15 10 7 5 4 3 2 1
25 142 76 44 27 17 12 8 6 5 4 3 2
26 165 89 51 31 20 13 9 6 5 4 3 2
27 192 103 59 36 23 16 11 8 6 5 4 3
28 222 119 68 41 26 17 12 8 6 5 4 3
29 256 137 78 47 30 20 14 10 7 ] 5 4
30 296 159 91 55 35 23 16 11 8 5 5 4
31 340 181 103 62 39 26 18 13 9 7 6 5
32 390 209 118 71 45 29 20 14 10 7 [ 5
33 448 239 136 81 51 34 23 17 12 9 7 5
34 512 273 155 93 58 38 26 18 13 9 7 5
35 585 312 176 105 66 43 29 21 15 11 8 7
36 668 356 201 120 75 49 33 23 17 12 g 7
37 760 404 228 135 84 55 37 26 19 14 10 8
38 864 460 259 154 96 62 42 29 21 13 11 8
39 982 522 294 174 108 70 47 33 24 18 13 10
40 1113 591 332 197 122 79 53 36 26 19 14 10
41 1260 669 375 221 137 88 59 41 29 22 16 12
42 1426 757 425 251 155 100 67 46 33 24 18 13
43 1610 853 478 281 173 111 74 51 36 27 20 15
44 1816 963 538 317 195 125 83 57 40 29 22 16
45 2048 1085 607 356 219 140 93 64 45 33 25 19
46 2304 1219 681 400 245 157 104 7. 50 36 27 20
47 2590 1371 764 447 274 174 115 79 55 40 30 23
48 2910 1539 858 502 307 196 129 88 62 44 33 25
49 3264 1725 961 561 342 217 143 27 68 49 36 28
50 3658 1933 1075 628 383 243 160 109 76 54 40 30
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359

290

25535
27852
30367

m= 1
n-

51 4097
52 4582
53 5120
54 5718
55 6378
56 7108
57 T917
S8 8808
59 9792
60 10880
61 12074
62 13394
63 14848
64 16444
65 18200
66 20132
67 22250
g 24576
5% 27130
70 29927
71 32902
72 36352
73 40028
74 44048
75 48446
18 23250
77 58499
78 £4234
792 70488
g0 77212
Bl 847:%s6
B2 92864
83 101698
84 111322
a5 1217¢2
86 133184
87 145578
88 122048
B9 173p82
90 188586
91 205848
92 225585
93 245920
94 267968
95 291874
96 317788
97 345856
98 376256
99 409174
100 4447293

107915
117670
128250
139718
152156
165632
180224
196032
213142
231851

27690
106218
115452
125433

5 6 7 8
427 270 177 120
475 30l 197 133
529 333 218 147
589 372 243 164
654 411 268 180
727 457 297 200
807 506 329 220
894 561 364 244
991 619 401 268

1098 687 444 297
1214 757 489 325
1343 837 540 360
1485 924 595 395
1638 1019 655 435
1809 1122 721 477
1295 1238 794 528
2198 136l 872 575
2422 1498 258 833
2667 1648 1053 523
2233 1811 1156 761
3226 1988 1267 332
3345 2184 1380 213
3823 2195 1523 297
4274 2626 1668 10893
4621 2880 1827 1194
3142 3154 1998 1305
5537 2453 2186 1425
5175 3780 2320 1538
8760 4134 2511 1538
7399 4519 2851 1854
80925 49241 3114 29021
8848 52395 3397 2203
8671 5891 3705 2400
10564 6430 4040 2615
11333 7014 4403 2845
12587 7646 4795 3097
13732 8337 5223 3369
14971 9080 5683 3662
16319 98892 5184 2981
17780 10766 6726 43256
19361 11715 7312 4697
21077 12740 7945 5100
22936 13856 8633 5336
24845 15056 9373 6004
27125 16359 10175 6513
29482 17767 11041 7060
32029 19289 11877 7651
34787 20931 12986 8289
37768 22712 14079 8979
40986 24627 15254 9718



