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Let n be an inte�er. We write its standard factorization into
primes

We define :

a 1 a2

	

akn = ql q2 . . . qk

	

wit� q, < q2 < . . . < qkq

k-1

	

k-1
f(n) = lEl qi/qi+l

	

F(m) = lE l (1 - qi/qi+, ) .

k-1
�(n) _

	

1

	

�(n) =

	

E

	

1
i=1 qi+1 -qi

	

1<i<j<k qj - qi

and w(n) = k . W�en k = 1, t�e above empty sums are 0 . Moreover, we
say t�at n is a c�ampion for t�e function f (or an f-c�ampion) if

m < n

	

f(m) < f(n) .

In [Erd 2], it was s�own t�at n(x) = H p was a f-c�ampion for x
p<x

lar�e enou��, but was not a F-c�ampion for all x lar�e enou�� . We
s�all consider �ere t�e followin� problem . Is n(x) a �-c�ampion?

a �-c�ampion?
In [Erd 3] and [De K], function � is studied. It is s�own t�at

lo� n(x)	 « �(n(x)) « lo� n(x) lo� lo� to� n(x)

	

(1)
(lo� lo� n(x)) 2

	

(lo� lo� n(x)) j

For all n, we �ave :
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�(n) < d(n) <<lo�n
lo� lo� n

Let t l = 3, t2 = 5, t3 = 7, t4 = 11, t5 = 13, . . . be t�e sequence of

twin primes, and let us assume t�at t�is sequence is infinite and t�at

tk << k lo�2k . T�en for t�e sequence nk = t 1 t2 . . . tk , it is not

difficult to see t�at

lo� nk
�(nk) n lo� lo� nk

Wit� (1), t�is relation s�ows t�at, for x lar�e enou��, n(x) is not a
�-c�ampion. But we �ave assumed a stron� �ypot�esis about twin primes .
Wit�out any conjecture, we s�all prove :

T�eorem 1 .

	

Let n(x) = R p . For x lar�e enou��, n(x) is not a
p<x

�-c�ampion, i .e . t�ere exists m < n(x) wit� �(m) > �(n(x)) .

Proof .

	

It follows from Maier's result (cf [Mai]) t�at t�ere exists
an absolute constant D > 1, suc� t�at for all k and for x lar�e enou��,

t�ere exist between x 1/D and x, k consecutive primes p l , . . . . pk and a

constant dependin� on k, say e(k), wit� t�e property :

pi+1 - pi ~ ak (lo� x) F(x),

	

1 < i < k - 1,

w�ere p(x) is a function �oin� to infinity wit� x .
We apply t�is result wit� k = 2D + 3 . Moreover between x and 2x,

t�ere certainly exist 2 prime q 1 and q2 suc� t�at t�e difference

11
q2 - q1 < 10 lo� x . We consider

n(x) �l�2

<

	 4x2	m
_ p2 " 'p2D+2

	

x(2D+1)/D n(x) '

T�us m is smaller t�an n(x) for x lar�e enou�� . Furt�er :

1 2D+2

	

1
�(m) > �(n(x))

+

q2 -ql

10

i=1 Di+1 pi

(2D + 2)> �(n(x)) + 11 lo� x aklo� x p(x)



w�ic� is bi��er t�an �(n(x)) for x lar�e enou�� .
Unfortunately we were not able to prove t�e same t�eorem t�an

t�eorem 1 for t�e function � . To �et t�e same result we need 2 very
stron� conjectures :

(H1)

	

d e > 0, V I > 0, 3 x0 suc� t�at for x > x0 and y > xE ,

( 1-q) 1� x
< W(x) - 'r (x - y) < ( 1 + n) lo� x .

(H2)

	

T�ere exists a fixed # < 1/100 suc� t�at, for x lar�e enou��,

it is always possible to find between x and x + x #, four primes
q 1 , q2 =q 1 +2, q3 =q 1 +6, q4 =q 1 +8 .

Hypot�esis (H1) �as been partially proved by Ho�eisel for a fixed
e < 1 . T�e Riemann �ypot�esis implies (H1) for all e > 1/2 . We s�all
prove :

T�eorem 2 .

	

Under t�e assumption of (H1) and (H2), for x lar�e

enou��, n(x) = H p is never a �-c�ampion number .
p<x

To prove t�eorem 2, we need 3 lemmas .

Lemma 1 .

	

T�ere is an absolute constant K suc� t�at for all
x,y, dE1, 2<y<x,

E

	

1 < K	 y2

	

II (1 + 1/p) .
q prime

	

lo� y pld
x-y<q<x
iq-dl is prime

Moreover

E

	

1 H (1 + 1/p) < K' lo� x .
1<d<x pld

Proof .

	

T�e first part is a classical application of sieve's met�od,
(cf[Hal], Cor . 2 .4 .1, or [Sie] for an effective value of K) . For t�e

second fact, let us call w(d) = d R (1 + 1/p) . It is a multiplicative
pld

function, and,
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E w(d) < H (1 + w(p) + . . .+ w(pk ) + . . .)
d<x

	

p<x
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Lemma2 .
We define

aP < x-x ,

and

=n(1+p+ 2 + 23 + . . .)
p x

	

p

	

p

(

	

(1 +
12

+
13

+
p<x

1-1/p)
p

	

p

	

p

and x lar�e enou��

(1-7) (x-p)	 `=-p
lo� x

	

- x( x) - x(p) < (1+r/) lo� x

1 - V	 < 1 < '+V	1	
lo� x(T(x)-a(p))

	

x-p

	

lo� x (T(x)-T(p))

U(x,e, ?) _

	

E ax-x <p<x-x

We complete t�e proof by usin� Mertens formula (cf (HarD to
estimate t�e first product and observin� t�at t�e second product is
conver�ent .

Let 0 < a < fl < 1 be fixed real numbers .

1
x-p

Under t�e assumption of �ypot�esis (H1), we �ave for x
infinity :

U

	

_ # - a + 0(1) .

Proof .

	

We apply (H1) wit� e = a, V, x and y = x - p .

Furt�er, we apply (H1) wit� e = a, 9, x, y = x a :

(2)

	

l	 1- 1 xa < r(x) - r(x - xa ) <

11+7x

xa .

T�e same inequality �olds wit� ft instead of a .
T�en we �ave

U(x ' a,fl) < 11+1

	

E

	

a

~ (x) l~ (p)

x-xfl<p<x-x

lo� x x(x!-r(x-x )<j<u(x)-a(x-xa)

�oin� to

We �et for



_<
1_7

E 1/j,lo� x
j

W�ere j runs between (1-7 )x and (I
l
+V)
o�

x#

lo�
We deduce :

U(x,a,#) < (1+1) (#-a+o(1)) .

can obtain t�e lower bound

U(x,a,~) > (1-ry)(~-a+o(1)),

and c�oosin� I as small as we want completes t�e proof

Lemma 3 .

	

For q prime, and real x, we define :

V(q) = E 1 and W'(q,x) = E

	

1
p<q q-p

	

q<p<x p-q

T�en we �ave under t�e assumption of (H1) :

(3) lim V(q) > 1,

and for0 < a< 1,

In t�e same way we

(4)

	

E

	

V(q) + W(q,x) < (1+a+o(1))

x-x
a
<q<x

Proof .

	

Wit� t�e notation of lemma 2, we �et :

V(q) > U(q,a,l)

for all a > 0, and t�us lim V(q) > 1 . We observe t�at replacin�
�ypot�esis (H1) by Ho�eisel's t�eorem : will �ive

We �ave now to prove (4) . We c�oose e > 0, and u < a . T�en, we �ave :

E

	

U(q,e,1) + E

	

1
( E

	

1) .

x-xa<q<x

	

d_<xE

	

x-xa<q<x
q-d prime

Lemma 2 tells us t�at first sum is

lim V(q) > 0 .

xa

lo� x

of lemma 2 .
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a
w�ic�, by (H1) is smaller t�an (1+V)

lo� x (1+0(1)) . Applyin� lemma 1

to t�e second sum s�ows t�at it is bounded above by

And, since we can c�oose e as small as we want, t�is completes t�e
proof of

It remains to evaluate

We treat t�e first sum by lemma 1 as above . T�e second sum is smaller
t�an

by observin� t�at p-pa < x-xa and p-xE < p-pE . T�is sum is, as above,
a

smaller t�an a x
-

	

-
lo� x (1+q+o(1)), w�ic� ends t�e proof of lemma 3 .

Proof of t�eorem 2 .

We first c�oose a = 1/100 . Let T = x(x) - x(x-xa ) and N t�e

number of primes q verifyin� x-xa<q<x and V(q) + W(q,x) > 1+2a . It
follows from lemma 2 t�at

w�ic� implies

(x(x) - r(x-xa )) (1-e+o(1))

a

	

a
K E	 x	 II (1+ 1) <- M' 2 lo� x

d<xE da21o�2x p 1 d

	

p

	

a

a
E

	

V(q) _ (1+o(1))	 k	

a lo� x
X-X <q<x

E

	

W(q,x) =

	

E

	

( E

	

1+ E

	

1 )

x-xa<q<x

	

x-x <q<xa

	

q<p<q+xE
p-q

q+xe<p<x p-q

1
< E E d(

	

E

	

1)+(

	

E

	

E

	

1 ) .
P-qd<x

	

x-xa<q<x

	

x-xa<p<x x-xa<q<p-xE
q+d prime

E

	

U (p, e,&)

x-xa<p<x

N(1+2a) + (1+o(1))(T-N) < ( 1+a+o(1))T



We �ave :

(5) �(n) < �(m)

T�en

> �(m)

Wit� (5), we obtain :

+ 5 + 20 a + 0(1) .

for x lar�e enou�� . And since

N < (1/2 + o(1))T

and t�en it is possible to find 5 primes p i , 1 < i < 5 between x - xa

and x and suc� t�at

W(pí ) + W(pí ,x) < 1 + 2a .

Since V(pi ) > 1 +0(1), t�is implies W(p i ,x) < 2&+o(1).

We setn= II pandm=	n	
p<x

	

p lp2p3p4p5

5

	

1
�(n) = �(m) +

	

(V(p .) + W(p,,x)) + E
i=1

	

1

	

1

	

1<i<j<5 pj -pi
5

< �(m) + E (V(pi ) + 2W(pi ,x))
i=l

Furt�er, we use �ypot�esis (H2) to �et four primes

x+xa < qi < x+x2a and q2 = q1 + 2, q3 = q, + 6, q4

n' = m�l�2�3�4 •

4
�(n') = �(m) + E (E

	

1
i=1 p<x �i-p

< �(m) + 4 E (	1	)28p<x x+x-p

+ 4U(x+x2a ,2a,1)

= �(m) + 4(1-2a) +
24+

0(1) .

- E

	

1
1<i<5 �j -pi
1<j<4

41
+ 24

41
+ 24

0(1)

�(n') > �(n) + 24 - 28a + 0(1) > �(n)

�l, . . .,�4 suc� t�at

= q, + 8 : We set

41
+ 24
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n' < n (x+x2&)4
< n

(x-xe ) 5

n cannot be a c�ampion number for � .
Let x = 41, n = U p. J . Selfrid�e �as observed t�at

p<41

But it seems muc� more difficult to find t�e smallest x suc� t�at

II p is not a c�ampion for � .
p<x

We s�all end t�is paper wit� some remarks and problems . It is

well known t�at t�e maximal order of &(n) is lo� n
lo� lo� n (1+o(1)) . In

[Erd 1}, it is proved t�at

Card [n < x ; m(n)

	

c lo� x 	
}

= X I-C+0(1)
lo� lo� x

for 0 < c < 1 . In [Erd 2}, it is proved t�at t�e maximal

is (1 + 0(1)) lo� n . It is interestin� to study :

9c (x) = Cardfn < x: F(n) > c lo� x
}

-

	

-

for 0 < c < 1 . For small c, it is easy to �et a lower bound

We define k as t�e lar�est inte�er suc� t�at

and for vk < i < k, we consider a random prime p i belon�in� to

[&2í ,2i 1, w�ere a is a fixed real number, 2 < & < 1 . We set

n =

	

H p . . Clearly n < x and
fk<i<k 1

�(3 3n ) > �- (n) .

2k(k+1)/2 < x

order of F(n)

F(n) > (k - ~c - 2)(1 - 2a ) > lo� 2 (1 -
2a

+ o (1))

	

o� x .

How many suc� n's do we �ave?

for 9c (x) .



t�at for c

It is possible to
a lower bound for

[Erd 2] .
As observed

wit� a different
�ave :

II

	

(z(2i)-r(a21)) >

	

II 7( lo�ö2 )Vk i<k

	

VC- <i<k

w�ere 7 -s a fixed constant . An estimation of t�is last product

< lo� 2 (1 - 2a

	

we �ave

f (x) > x exp (- 1+0(1)		lo� x lo�lo� x) .e 21o� 2

improve t�e above reasonnin�, and for instance to �et
Ic

(x) for all c, 0 < c < 1, by usin� t�e tec�nics of

by G. Tenenbaum,
constant, can be

an upper bound of t�e same form, but
obtained : Since F(n) < &(n), we

90 (x) < card(n < x ; w(n) > c~ lo� x }

< z -c lo� x ( E zu(n)

n<x

for all z > 1 . T�e above sum can be evalued by convolution met�od, and
we �et

~c (x) « z-c lo� x x(lo- x)z-1

C�oosin� z = ( ef lo� x)/lo�lo� x �ives :

(6)

	

0c(x) < x exp(-(c/2 + 0(1)) lo� x lo�lo� x) .

It is possible to improve sli��tly t�e constant c/2 in t�e
expression . Usin� optimization results of [Erd 2] s�ow t�at if Y(n) <

c lo� n, wit� 0 < c < 2, t�en F(n) < A(c)c

	

lo� n (1 +

. (c) = 1 -
2 exp - ( 2(1 -2c2 /4) ) < 1 .

c

0(1)),

389

s�ows

above

w�ere

So, (6) is valid wit� ItA(c) instead of #c on t�e left �and side .

Let us denote by T(n) t�e number of divisors of n, we write t�e
divisors
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dl = 1, d2 .-

	

dr(n) = n

and we define

r(n)-1
�(n) = E

	

di /di+1i=1

r(n)-1

	

1
H(n) = E

d -di=1

	

i+li

From t�e obvious inequality

we easily deduce

(7)

	

r(n) - 1 - lo� n < �(n) < r(n) - 1 .

In [Nic], (r+f)-c�ampion numbers were considered w�en f is a slowly
increasin� function . By t�e same met�od, it is not difficult to prove
t�at a r-c�ampion number lar�e enou�� is a �-c�ampion, and t�at if n is
a �-c�ampion, it is lar�ely composite (i .e . m < n

	

r(m) < r(n)) .
In fact, t�e calculation of r-c�ampions and �-c�ampions s�ows t�att

t�ey exactly coincide from t�e very be�innin� up to 6 millions . We do
not see �ow to prove t�at t�ey coincide up to infinity .

T�e calculation of G-c�ampions up to 6 millions s�ows t�at all
r-c�ampions are G c�ampions, and t�at lar�ely composite numbers look
like G-c�ampions wit� a few exceptions . For instance 672 is a
G-c�ampion and is not lar�ely composite, and 630 and 660 are lar�ely
composite but not G-c�ampions . We do riot see at all �ow to prove
somet�in� about t�at . In fact, (7) tells us t�at
G(n) = r(n) - 1 - �(n) < lo� n, w�ic� is very small comparatively to
�i�� values of r(n) .

Computin� H(n) �ives 14 values of n, t�e lar�est of w�ic� is 5040,

for w�ic� H(n) > r(n) . We conjecture t�at for n > 5040, we �ave

H(n) < r(n) .

More information about t�ese functions can be found in [Ball, [Erd
5], [Ten], [Vose] .

We t�ank very muc� G . Tenenbaum, and t�e referees for several valuable
su��estions .
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