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Let S„ he the set of all polynomials whose degree does not exceed n and whose
all zeros are real but lie outside (- 1, 1). Similarly, we say p"E Q„ ifp,(x) is a real
polynomial whose all zeros lie outside the open disk with center at the origin and
radius l . Further we will denote by H„ the set of all polynomials of degree -n
and of the form

p"(x) = _Y akq,(x), with a k =_ 0, k = 0, I , 2, . . . . n,
k=O

where q,,k (x) = (1 +x)k (l -x)"-' . Elements of H,, are called polynoitiials with posi-
tive coefficients (in 1 -x and 1 + .x) by G . G. Lorentz .

The following inequalities for derivatives of polynomials of special type
are known

THEOREM A (P . Erdős) . Let p„ES,; then

max p,, (x)I - 1 en max l p„(x)I .
-1 r--,

	

?

	

t

	

-_i

Further, tiic constant -h e can not he replaced by a smaller one .

THEOREM B (G . G. Lorentz) . Let p„E H,, then for each r = 1, 2, . . . there exists
a Constant C r for which

(1 .2)

	

niax !p,' ) ( X)! _ Cat max p„(x)j .

i ED1 C (.1 . T . Scheick ) . l/ p,,E H,, and n _. I then

(1 .3) max jp,,(x)I --
1
en max il , ,,(x)l,

(1 .4)

	

max 1,pn(x)j -- en(n-I) max Ip,,(x)I .

IHEoREM D (A. K . Varma) . Let p,,ES,,, then we have

1)(2n+3)(1 .5)

	

(1 -- .x )(p ;,(x)) d.x

	

n(n+

	

(l -x )p 2(x) dx
4(2n+1)

	

_,
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with equality for p„ (x) =(I +x)" or p" (x)=(1-x)" . Moreover if p„(I)=p"(-1)=0
then for n 2

(1 .6)

	

f (n (x))2 dx=
-1

n(2n+1)(n-1)

	

r
(P"(x)2 dx,

4(2n-3)

equality holds,foronly p„(.x)=c (I+x)(I-x)"-' or p„(x)=c (1-x)(I+x)"-'

It is known [21 that if &ES" (or p„EQ„) then p„EH" or -p"EH,, . Thus
Theorem B as well Theorem C can be looked as a generalization of Theorem A .
Similarly Theorem D is an extension of Theorem A in L .; norm for &ES,, . The
object of this paper is to extend Theorem B as well as Theorem D in L z norm
for p„ E H,, .

THE REM I . Let p„E H„ then for n L--2

'

	

n(n-1)(2n+1)

	

1
( 1 - 71

	

f (P (x))' dx_,

	

f (&(X))2 dx,
4(2n - 3)

	

. ~

equality holds it, p„(x)=c(I +x)" - '(1 -x) or p„(x)=c(I +x)(1-

X),`-THEREM 2. Let p"E H" then

'

	

1)(2n + 3)

	

r'f (I -x'') ( Pry (x» 2 dx =
n (r.r +

	

! ( - x') P~, (x) dx
1

	

4(2n+1)

inith equality for p„(x)=(1 +x)" or p"(x)=(1 -x)"

C R LLARY . If' p"E Q„ then (1 .7) and (1 .8) are ralid.

2. Some lemmas . For the proof of Theorem I and Theorem 2 we need the
following lemmas .

LEMMA 2 .1 . Let p,,( H, Then tine hare

(2.1)

	

f ' ( 1 - x2)

	

2(2n+1)

	

`
P2(x) dx =	 % P,,(x) dx-__"

	

(n +1) (2n+3) ;

PR F . From (1 .1) we have
(2.2)

	

P" (x) _ Z a pq (1 +x)P(I - x)g, n pq

	

0-

Hence we may write

f (I -xy)pn(x) dx =

	

apg f (I +x)p+'(1 -x)g+i. d .x .

(1 .8)

But on

(2 .3)

using

f(I +x)P`(1 - z)"" dx
-1

t

I (I+x)p(I-x)gdx

4(p+1)(q+1)
(p+q+3)(p+q+2)



and simple computation the lemma follows . Note that equality in (2.1) holds for
p2(x)=(I +x)211 or p'(x)=(1-x)zn

LEMMA 2.2. Let p„E H„ and suppose that

(2.4)

	

pn(1)=P"(-1)=0.
Then bt- n-2 u,e have

(2.5)

(2 .7)

we have

(2 .8)

(2 .12)
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1f (p~'(x) 2 dx
11(11-1)(211-{-1)

4(211-3)f (p„(x»2 dx

egunlil~' !(/ p"(.x)=(i +x)(1 -,V)" -' or p,, (x)=(1 --v)(1 +-t) -'

PR 1 . From (1 .1) and (2.4) we may write

(2.6)

	

pn(x) = S (1kn(I - .x) á'(1

	

uk„

	

0.

	

1 _ k

	

n- I .
k=1

Therefore
n-1 n-1

	

1

f p
2 (X)

dx =

		

aknaj" f (1 +x)2" -k-i(1 --x) k
+ , 11x .

1=1 k-1

n using the known formula
1

1 + ,v), ix =	
I-(p+1)r«] +1)

1

	

F(p+q+2)

1

	

"--1
n-1

	

'n} 1
2

	

aknaj" 2y	r(l`+I+I)r(2n-k-.i+1)f pn(x) dx =
_ 1

	

j=1 k=1

	

r(2t9+2)

Next, we turn to prove that
1

	

211-2

	

1
2.9)

	

f (p (x)) 2 clx

	

2

	

(n
(

	

-1)

	

ak„ai„r(k +j+l)F(2n-k-j)
It

	

-

	

~_ i

	

(211-3) -y
i-1 k-1

	

1'(211)

1'o prove (2 .9) we first note that if

(2 .10)

	

gkn(x) _ ( I -x) k (1 +x)"-k ,
then
(2.11)

	

q>.,Jx) =-k(l -x)k-1(1 +x)"-k+(n-k)(I -x)k (i +x)-- k -1 ,

and on using (2.7) we have
1

	

22n- ,
f gk„(x)qín (x)rlx=	[kjr(k+j-1)r(2n. --j-k+1)+

r (2n)

t-(n-k)(n-j)r(k+j+l)r(2rt-k-,j-I ) -

- ((j(n-k)+k(n-J»r(k+.Í)r(211-j-k)] .
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After a simple computation it can be shown that

(2.13)

where

or

or

(3 .1)
where
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2`="-1(11-1)F(k+j-í-1)F(2n-j-k+ 1)
r(217)

	

pk' j

n (k +j) - 2kj - n (k -j)2
uk°' - (k +j) (k +j - 1) (2n -j - k) (217 -j - k - 1)

Next, we will show that for k, .j=1, 2, . . ., n-i

(2.14)

	

Ilk,j - 2(211-3)'

equality holds only for k=1, j=1, or k=n-1, j=n-1 . In (2 .13) let k+j=T
then (2.14) is equivalent to

1(1-1)(211-1)(217-I-1) - (211-3)[2111-211 (k-j)z-4kj)

l(1-I)(211-l)(217-1 - i)-(211-3){2111-1 1 -(217-1)(k- . 1 )=}

1(217-1)(1-2)(211-I-2)-í-(2n-1)(2x1-3) (k-,j)2--0 .

This proves (2.14) . Now, one using (2 .13) and (2 .14) we have

(2 .15)

		

J
r'

gkn (x

	

2z "-2 (n-1)F(k+j+1)1- (2n-j -k+1)
)q;" (~.) dx -	

1

	

(2n -3) F (211)

Now, on using (2.15), (2.10), (2 .11), we obtain (2.9) . Further from (2.9) and (2.8)
we have (2 .5) . This proves Lemma 2 .2 .

3. Proof of Theorem l . Let p„( H„ . Then from (1 .1) we have

p,, (x) = a,(1 +x)"+a„( 1 - x)"+qa(x)

"-r
(3 .2)

	

q, (x) _

	

a,(1 -i-x)"-k (I -x) k , a,, -s 0 .
k=,

We note thet

	

1)=0, therefore on using Lemma 2 .2 we have

q„ (x)2 da
211+1)(11-3)

	

,
(3 .3)

21E-3
f q„(x)°dx



Next, from (3 .1) and (3 .2) we have

f p"(x) 2 dx = ?2
	 (a22+an)+ f q~(x)2 dx+

- 1

	

-1

1

	

1

+2n f (a,(I+x)n- 1 - a„(1- x)"-')q"(x)dx-2a„a"n2 f (I - X2 ) n 1 dx .
-1

	

-1.

By integrating by parts we obtain

(3 .4)

(3 .5)
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1

f qn (x)(a o (l +x)" -'-a„ -x) n- '} dx -

i
=-(n-1) f gn(x)(a,(I +x)"-2+an(1 -x)" -2}dx --= 0 .

- 1

From (3 .4) and (3 .5) we obtain
1

	

1

	

22n-1Y12(a2 fan)(J .6)

	

-f pn (x)2 dx -f qn (x)L dx ~- 2n-1

Also from (3 .1) it follows that
I

2

	

(a2+an)22n+1

	

1
(3 .7)

	

-f pn (x) (IX =	2n + 1

	

+ _jam
qn (x) dx

Therefore by (3 .6) and (3 .7) we have

f pn(x) a dx

	

f q,, (x)-dx+
22n-1 71 2(aŐ+an)

"
(3 .8)	-1	_	 -1	

2n-1
/'1

	

1

	

(a2+ a2)22n+1
J pn(x)dx

	

f q„(x)dx+ 0	
2n n+-1

	

-1 I

It is easy to verify that

(3 .9) 22n-'n 2 (a 2 +£1 „)

	

2`1,"(a'-a') Yl (2n+1)(n-1)
2n-1

	

(2n+1)

	

4

	

(2n--3)

n (21z+1)(n-l)
- 4

	

(2n-3)

Using (3.9) and (3.3) we obtain

This proves Theorem I .

1

f p' (x)2 dx
-1

1

f pn (x) dx
-1
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(4.1)

(4 .2)

(4 .3)

(4 .7)

4. Proof of Theorem 2. Let p„E I-I,, . First we write

1

	

1

	

1f (1-x~)P2(x) dx

	

f p;(x) dx

	

f (1-xl)P,(x) dx
-1

	

-1

n using Lemma (2 .1) we obtain
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1

	

1

f (1 - X2)p,`l(x)"dx

	

f (1 - x'?)pn(x)idx

	

f pn(x)dx
-1

	

-~

	

-1

f p;(x)dx
1

	

(n+1)(2n+3)
2(2n+ 1)f (1 -x2) p, (x) dx

1

equality holds for p„( .z)=( ( +x)" or p„(x)=( -x)" . Next, we will prove that
for p„E H„

1

f ( I - x2) p ;, (x)2 c1X
t

	

n

f P 2 (X) dx
1

equality holds for p„ (x) =(I +x)k (I - _V),-k k=0, 1, . . ., n . Let p„EH,, . "Ten we
may write

(4.4)

	

P" (x) _ Z all, ( 1 -x) (1 +x)
n-k

_ ~ nk ..9k„(x) •
k=0

	

k=0

Following the proof of Lemma 2 .2 we first note that

(4.5)

	

1

	

2`"+1r(k+j+I)F(2n-k-j+1)f 9~'„(x)9;"(x)(1 -x'-') dx =

	

r(2n+2)

	

Pkl
1

where by k+j=1,

(2n-I)(2n-I+1)kj+(n 2 -nl+kj)I(/+1)-I(2n-I)(nI-2kj)
Itki = 1(211-1)

z 1(2n-1)-
2

(211+1)(k-j)"

	

n
--

	

1(211-1)

	

2

equality holds iff k=. j, k=0, 1, . . ., n. Therefore

1f 9x„(x)rIj„(x)(L-x2)dti__2'11

	

n !
11-

(k+J+I)I'(2n-k-j+1 )
.2

	

r(2n+2)



By using (4.4), (4 .7) we have

22n+1

	

n n n

(l-x2)pn(x)2dx

	

T 2n } 2 2

	

Zuk„a;,,h(k+j+l)r(2n-k-j+1) _
(

	

)

	

k=0J=11

1
f p„ (x) dx,
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This proves (4 .3) . Now, using (4.1)-(4.3) we have

f &(x)2 (I -x 2)d.x
-- 1

This proves "Theorem 2 as well .
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1

f p (x)2(1 -x2) dx1 n

	

ti (n+l)(2n+3)
2

	

2(2n+1)
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