AN EXTREMUM PROBLEM CONCERNING
ALGEBRAIC POLYNOMIALS

P. ERDOS (Budapest). member of the Academy and A. K. VARMA (Gainesville)

Let S, be the set of all polynomials whose degrec does not exceed nn and whose
all zeros are real but lie outside (—1,1). Similarly. we say p,€Q, il p,(x)1s a real
polynomial whose all zeros lie outside the open disk with center at the origin and

radius 1. Further we will denote by #, the set of all polynomials of degree =u
and of the form

(1.1) PulX) = > apgu(x), with a; = 0. k=0.1,2,.... 4,
k=10

where g, (x) = (1 +x)*(1 —x)"*. Elements of H, are called polynomials with posi-
tive coefficients (in 1 —x and !+.x) by G. G. Lorentz.

The following inequalities for derivatives of polynomials of special type
are known:

THEOREM A (P. Erdas). Let p,eS, then

max [py(x) = 5-en max_|p,(x)l.
1=x=1 P l=x=1

. 1
Further, the constant — e can not be replaced by a smaller one.

e

Tueorem B (G. G. Lorentz). Let p,cH, then for each r=1.2, ..

. there exists
a constant C, for which

(1.2) max [p(x)| = Con max [ pa(x).
Tueorem C (1. 1. Scheick). If p,eH, and n=1 then

(1.3) max [pn(x) =5 en max |p,(x)l.
(1.4) max |pi(x)| = en(n—1) max [ pa(x)].

TrHeoreM D (A, K. Varma). Ler p,€S,. then we have

) 3 1
aNf 2 x\s (n+1)2n+3) »
(1.5) (1 —x3)(pl ()2 dx = = (1 —x?)p2(x) dx
‘:f 4(2n+1) __-f
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with equality for p,(x)=(1+x)" or p,(x)=(1—x)". Moreover if p,(1)=p,(—1)=0
then for n=2
1 1
g gy = NER+D (1) S5
(1.6) [ (P ax = == f (Pa(x))? dx.

—1

equality holds for only p,(x)=c(14+x)(1—=x)""" or p,(x)=c(1—x)(1+x)""".

It is known [2] that if p,S, (or p,€Q,) then p,£H, or —p,eH,. Thus
Theorem B as well Theorem C can be looked as a generalization of Theorem A.
Similarly Theorem D is an extension of Theorem A in L, norm for p,£S,. The
object of this paper is to extend Theorem B as well as Theorem D in L, norm
for p,cH,.

Tueorem 1. Let p,€H, then for n=2

1

o D@+ / ;
(L7 f(ﬂ,,{x))‘-dxé n(n4(23::{—§}+} f(P,,(x))‘dx.

equality holds iff p,(x)=c(1+x)""'(1 —=x) or p,(x)=c(l+x)(1—x)"""
THeorem 2. Let p, H, then

; o S _ mn+1)(2n+3)
a8 J - =——m

with equality for p,(x)=(1+x)" or p,(x)=(1—x)"
CoroLLARY. If p,cO, then (1.7) and (1.8) are valid.

|
[ (1 =x%)pi(x) dx
-1

2. Some lemmas. For the proof of Theorem I and Theorem 2 we need the
following lemmas.

LeMMA 2.1, Let p,eH,. Then we have

: 22n+1) ;
3 1 —x%)p2 g SO 2 .
Q2.1) _]f( x?) p2(x) dx IO If p2(x) dx
Proor. From (1.1) we have
(2.2) pa@) = 3 a1 +x)?(1-x)%, a, =0.
pHg=2n

Hence we may write

p+g==2n

1 1
[O-pidx= 3 a, J (0P (1 —x)t d.
-1 e |
But on using

1
J 40P+ 1 (1 —x)y+ L dx
2.3) - - 4(p+D(g+1)
' X T (p+q+3)(p+g+2
f(l+x)"(i-x)"dx (p+q (P+q+2)
= |
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and simple computation the lemma follows. Note that equality in (2.1) holds for
PEx)=(1+x)*" or pi(x)=(1—x).
LemMA 2.2. Let p,cH, and suppose that

(2.4) pa(1) = p,(—=1) = 0.
Then for n=2 we have

1
pr(x)? dx
(2.5) }f( nn—1)(2n+1)
' l )
[ (pax))dx

-1
equality iff p,(x)=(1+x)(1—x)""" or p,(x)=(1—x)(1+x)""".
Proor. From (1.1) and (2.4) we may write

n—1
(2.6) pa(x) = 3 ap (1=x)(14+x)""* ap, =0, | =k=n—1.
k=1
Therefore
=1 n—1 1

fp,,(x}dr— > 2 Ay, f(l+x)"“ k= (1 —x)¥*J dx.

}ik =1

On using the known formula

. 2RI (p+ DI (g+1)
2.7 1—x)?(1+x)dx =
( ) _.]f[ x) ( +\} dx F{P_I_q_’_z)
we have
n—1 a—1 4 _“"+lr(h+_}'+l)r(z.ﬂ_!\_f'l'l)
28 - kn in
{ ] f pu(\') dx }Z; kZ r{Z;;.l..Z]

Next, we turn to prove that
1

(2()} f (P (x)) dx = 22"_ {H_ ]} el uzvl ﬂku“_}i:r“\ +J+|)r(2n L—J)

o (2n— o r2n)
To prove (2.9) we lirst note that if
(2.10) Gen (%) = (1 =2y (1 +2x)"¥,
then
(2.11) G (X) = —k(1 =) (1 +x)"*+(n—Kk) (I —x) (1 +x)" "+,

and on using (2.7) we have
1 -1
Q12 4= f B (X)) (X) dx = r(z )[k;r(k+;_|)r(7n—;-a+|;+
1
F(n—=k)(n—j) T (k+j+ DI 2n—k—j—1)—

~(((n=ky+k(n=)) I (k+)) 2n—j—k)].
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After a simple computation it can be shown that

22— DI (k+j+DIrCn—j—k+1)
(2.13) !l._i: : FJ(Z,J;)) ( : H.j

where
n(k+j)—2kj—n(k—j)»
(k+j))k+j—DQR2n—j—k)2n—j—k—1) °

Hi,; =

Next, we will show that for k,j=1,2, ....n—1|

(2 14) My i = m %

equality holds only for k=1, j=1, or k=n—1, j=n—1. In (2.13) let k+/j=/
then (2.14) is equivalent to

HI—D2n—=D2n—1—1) = 2n—3)[2nl —2n(k —j ¥ —4kj]

Qr
W=DCn—=D2n—I1—1) = 2n=3)2nl—1*—2n—1)(k—j)*}

or

1Cn=01-=2)2n—1-2)+2n—1)(2n—=3)(k—j)* = 0.

F'his proves (2.14). Now, one using (2.13) and (2.14) we have

! 22— (k+j+DI2n—j—k+1)
215 4 % r = :
(—.]3] .l[ qkn{x)q,m(x) dﬂ\' — {2”_3)[‘(2”) ¥

Now, on using (2.15), (2.10), (2.11), we obtain (2.9). Further from (2.9) and (2.8)
we have (2.5). This proves Lemma 2.2.

3. Proof ef Theorem 1. Let p,€H,. Then from (1.1) we have

(3.1) Palx) = ag(1 +x)"+a, (I —x)"+4g,(x)
where
n—1
(3.2) G, (x) = 2 a(1+x)*(1-x)* aq, =0.
k=1

We note that ¢,(1)=g¢,(—1)=0, therefore on using Lemma 2.2 we have

1
(x)dx
_!(;( yx ) "!_!_(2.'3—,‘—|}{n—l}

' T4 203 T
f ¢, (x)*dx

(3.3)
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Next, from (3.1) and (3.2) we have

2.2:1!

(3.4) f Pi(xfdx = 5—— (@ +a) + f g, (x)? dx

1
+2n [ (ag(14+20" —a,(1 —x)"~")g; (x) dx —2a,a,n? f (1 —x2r~ " dx.
-1 B
By integrating by parts we obtain

1
(3.5) [ an () fag(1 42y —a, (1 —x)"~"}dx =

1
=—(n—1) f G (X (1 4+x)""*+a,(l —x)"*}dx =0
e |
From (3.4) and (3.5) we obtain
2 n(a} +ad)

1 1
et = s 2
(3.6) ) f PGPy = If gn () dx +————

Also from (3.1) it follows that

1 « a9 a 1
4 _ (a§+ap)2*"+! s
(3.7 palx)dx = —————— q:i(x)dx.
_-1[ 2n+1 th
Therefore by (3.6) and (3.7) we have
1 1 2n—1 202 4 o2
[ ph(x)2dx [ ai (0 diw%aﬁ
(3.8) 2 1 = = 1 ( 2y 2)22m+1
2 2 Go+4a,) 2"
Jawe [ i@us=tat—

It is easy to verify that

2012 (g2 +a?) _ 2" Yagtay) n 2ntl)(n—1)
2n—1 h (2n+1) 4 (2n—3)

(3.9)

Using (3.9) and (3.3) we obtain

n(x)*d

_‘[p ()i _n 2n+l)(n-1)
! =4 (2n-3)
[ Pix)dx

-1

This proves Theorem |.
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4. Proof of Theorem 2. Let p,€H,. First we write

“4.1)
1 1 1
J (1 =x)p; (0 dx J (1 =x)p,x)dx [ Pix)dx
_11 =— 1 1_l :
f(l—xz)pﬁ{x}dx fpﬁ{x)dx f{]—x'*)pﬁ(x} dx

On using Lemma (2.1) we obtain

1
f pE(x) dx
<5 (n+1D(2n+3)

i =T 202n+1
[ (=) p2(x) dx S

(4.2)

equality holds for p,(x)=(1+x)" or p,(x)=(1—x)". Next, we will prove that
fOI’ puEHn

|
[ (=¥ p;(x)? dx
(4.3) = - =
fp;“:(x) dx
1

o] =

equality holds for p,(x)=(1+x)*(1 —x)""* k=0,1,....n. Let p,eH,. Then we
may write

(4‘4) P (x} = 2: aku(l _x)k(] + ,\'}“_ b= Z gy qkn(x.’-
k=0 k=0
Following the proof of Lemma 2.2 we first note that

22"+‘F(k+.i+ I]F(Zn—k—J+l)
rn+2) ez

1
(4.5) f G (X) g, () (1 —x*) dx =
-4

where by k+j=1,

2n=D@n—Il+Dkj+(n*—nl+kj)I(+1)=1@2n—1)(nl -2kj)

@6) w; = 12n—1I)

;uzn—n—%(zw 1)k —j)?

| =

12n—1) =

equality holds it k=j, k=0,1, ..., n. Therefore

1 ; - .

, , . ; anog M Ok+j+ DT 2n—k—j+1)
! 2 .= 241 -

(4.7) _-1/‘ i (X)Gj () (1 =xF) dx = 2 5 F@nt2) .
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By using (4.4), (4.7) we have

bELES

. 2 n
A (R = —
_-]/' (1=x)py(x)dx = r2n+2) 2 kgltlf=

" n

Al (k4+j+ 1) Rn—k—j+1) =
(1]

n

[ s,

S]]

This proves (4.3). Now, using (4.1)—(4.3) we have

1

J PR —x dx
- _ o (n+1)(2n+3)

3 =27 2@2n+D)
[ 021 —x2) dx

-1

This proves Theorem 2 as well.
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