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ON THE MAXIMAL NUMBER OF STRONGLY INDEPENDENT VERTICES
IN A RANDOM ACYCLIC DIRECTED GRAPH*

AMNON B. BARAKt anp PAUL ERDOS:

Abstract. Let &, denote a random acyclic directed graph which is obtained from a random graph with
vertex set {1, 2, + -, n}, such that each edge is present with a prescribed probability p and all the edges are
directed from higher to lower indexed vertices. Define a subset of vertices in &, to be strongly independent
if there is no directed path between any pair of vertices in the subset. We show that the sequence #(s, ),
the number of vertices in the largest strongly independent vertex subset of &, satisfies with probability
tending to 1,

$lsy) V2

= F asn-—>a,
viegn <logl/q

where g=1—p.
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1. Introduction. A random graph is a graph with vertex set M, the set of natural
numbers, such that each pair of vertices is joined by an edge with a prescribed probability
p. independently of the presence or absence of any other edges. We assume no loops
or multiple edges. A random acyclic directed graph is a random graph in which all the
edges are directed such that there are no directed cycles.

In this paper we consider the class & of random acyclic directed graphs which
are obtained from random graphs by directing all the edges from higher to lower
indexed vertices. In other words the random variables ¢;, 1 =j< i, defined by

{ 1 if there is an edge from vertex i to vertex J in &,
€=

0 otherwise,

are independent random variables with P{e; =1}=p and P{e; =0} =1-p=q. Let &,
denote a subgraph of « spanned by the vertices {1,2,- -+, n}.

DeFINITION. Two vertices i, j of o, are called strongly independent (independent)
if there is no directed path (edge) from i to j (i=j).

Notice that the transitive closure of our random graph is a partially ordered set
(poset). Two vertices in the graph are strongly independent iff they are incomparable
in this poset. A set of vertices which are pairwise strongly independent correspond to
an antichain in the poset and vice versa.

Let #(4,) denote the number of vertices in the largest strongly independent
subset of =, Then in this paper we prove that with probability tending to 1, the
sequence F(A,) satisfies:

Hed) V2

—=————— asn->%.
Jiogn +logl/g

The applications of these results could be in the fields of operation research,
scheduling theory and parallel computation, since several problems which may be
formulated in terms of acyclic directed graphs have solutions which are specified by
the maximal number of strongly independent vertices.
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We note that random (undirected) graphs of the kind used in this paper were
investigated in connection with cliques [1], coloring [3] and complete subgraphs [4].
Random graphs of a slightly different kind were investigated in detail in [2].

2. Strongly independent vertex sets. In this section we find lower and upper
bounds for k, the number of vertices in strongly independent subsets of .

Lower bound. Consider the following subsets of k consecutive vertices in ,:
{1,2,-- -k}, {k+1,k+2,- -, 2k}, {2k+1,2k+2,---,3k},--. Then the number

k

of these subsets is [n/k]. The probability that a subset is independent is q()'). Note

that in this case the subset is also strongly independent. The probability that a subset
[ ke

is not independent is I—qtz). Also, the probability that none of the subsets are

independent is:

i
(J.—q[g’])l""“*(l—q(‘!))”k-

Since 1 —x=e " if x=0, we have

(5)]

N ¢ P ¢
(1—-g =exp(—q “'n/k).

This probability tends to zero if
(3)
g nlk-x asn-cx,
which is implied if
log n—log k+(;) logg—»20 asn->oc,

or

]ogn—Ingk—k{k; d

1
]nga—boc as n-oo,

Let
k= IKH—EJf

where € is a positive constant and

f210gn 1.1
2.1 Kn: e s
2.1) log(1/q) 4 2
Then

K.(K,-1) 1
logn——

log—=0,
g‘f

therefore

kik— 2+e
log n—logk——(-‘z—lllogé-zd(, l{.‘lgé‘-—E > =

logé-—log (K,—&)=»o0 asn-»x,

for every fixed value & > (. We have proved:
THeOREM 1. Let &, be a random acyclic directed graph. Then the probability that
o, has no strongly independent vertex subset of size k <K, tends to zero as n— o,
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Upper bound. Let a,<a,<---< a, be asubset of k vertices in &, and let E,(n, k)
denote the expectation for the number of subsets with k strongly independent vertices
in .,

The strategy of the proof is to consider four different cases of distances between
a, and a,. First, we assume a,—a, > k*; next we consider Cklog k=a,—a,=k”
where C is a constant. In the third case we consider a, —a; < Ck log k and finally in
the fourth case a, —a,= Mk, where M is a positive constant. In each case we prove
that the probability that there is a strongly independent vertex subset of size k= K,,
tends to zero as n -0,

Case 1. Let a,—a,> k. In this case the number of subsets of k vertices in s,
is bounded by (i). The probability that each subset is strongly independent is bounded
by the product of the probability that there is no directed path of length 1 from a, to
a, and the probability that there is no directed paths of length 2 from a, to a,, through
at least k*— k vertices which are not in the subset. These probabilities are ¢ and 1—p*
respectively. Therefore,

k
E,,(n.k)g(:)q(l—p=)*"*g%qu—p2)"‘-*gn*u—p’]*‘ K

This expectation tends to zero as n =0 if
klogn+(k*—k)log(1—p*)»—cc asn-c0.
Since

log (1-p*) =—llog (1-p?),
we must have

(k3-l}:lcg(l—p2)|—-log n->00 asp->00,

[ logn
k> ——2——+1.
llog (1—p*)|

Conclusion, 1f a, —a, > k", then even for values of k which are smaller than K,
the probability that a, and g, are strongly independent tends to zero as n -0,

Case 2. Let Cklog k=a, —a, = k" where C is a constant. First, we find a bound
for the possible number of different subsets of k vertices. Clearly, for each vertex of
s, there are at most k* different subsets, from which we can choose k vertices. As a
result, the number of subsets with k verices in &, is bounded by (5 ynk®.

Next, we find the probability that each subset is strongly independent. This
probability is bounded by the product of the probability that the subset is independent
and the probability that there is no directed path of length 2 from a, to a,, through
any vertex j which is not in the subset {a,, as, -+, ai}. for a, <j<ag.

The expectation for the number of strongly independent vertex subsets of size k
is bounded in this case by:

which is satisfied if

4 k
E,(n k)= (i )nk"q(z)(i _PZJ('klogk—k

= k-‘knqu—”;z(l _pl}f‘h I.ugk—k.
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This expectation tends to zero as n—0 if

k(k— 1
4k log k+log n— (2 1)log;ﬂk—C‘klogk)llog(]—pz)l—r—oc as n->oo,
Let k=K, where K,, is defined in (2.1). Then
logn—k[kz_” Iogéé[).

Thus
4k log k+(k— Ck log k)|log (1—=p*)|>—20 asn-co,
provided that

4
Cr———
” llog (1—p)|

Conclusion. 1If Cklogk=a,—a,=k" where C is defined in (2.2), then the
probability that there is a strongly independent vertex subset of size k= K,, tends to
ZEro as u - 0o,

Case 3. Let a, —a, < Ck log k, where C>4/|log (1—p%)|.

(a) Suppose that the interval between the first r vertices and the last r vertices
in the subset {a,, a-, " - -, a,} includes at least (1+ a)k vertices, where a is a positive
constant. In other words, we assume that

(2.2)

G —a, Z(1+a)k,

of which clearly, at least ak vertices of #, are not in the subset {a,,a.," -, a}.
This subset is strongly independent if it is independent and for each pair (a;, @x_ ;)
for i=1.2,--+,r, there is no directed path of length 2 from a, to a,_;, through ak
vertices j, @, < j < a,_,.,, which are not in the subset.
The expectation E,(n, k) is bounded in this case by:
Ck log k (%)

E;J(?L k)g( k

) nCk log kg = (1—p*)*™

=(Ck ]Og k)knqktk—n;z( 1 _pz)mk_
This expectation tends to zero as n - if

k(k—1)
2

1 =
klog (Ck log k) +log n— log;—arkﬂog (1=p*)|=—0 asn->co.

Suppose that we choose k= K,. Then

k(k—1), 1 _
2 logq=[i,

log n—

and
k(log C+log k+log log k—arllog (1-p*)|) > —© asn-cc,
provided that

arllog (1—p?)|>log k+log log k.
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It is therefore sufficient to choose a value of r such that
(2.3) rz (log k)'*7,

where o is a positive constant.
(b) Suppose that the conditions of (a) are not satisfied i.e., if r= (log k) "= where
o is a positive constant, then

Ay ry1 —-a,= (1 +ﬂ')k‘

for every positive value of a. Suppose however, that a,—a, Zr+Qk or a, — @y 1 =
r+ Qk, where Q is a positive constant to be defined. Then the subset {a;, a5, -, a,}
is strongly independent if it is independent and there is no directed path of length 2
from a, to a,, through at least Qk vertices of &, which are not in the subset.

The expectation E,(n, k) is bounded in this case by:

K
E,(n k)= (Ck log k)((] +a)k)nq(z}(] )P

2r k

Note that as n - 0, for every 0< e < 1 we can choose a positive constant B such that
1+a)k .

(2.4) (( k“) )g(ns]&

Thus

Ep{ n k) = (Ck IDg k)Zl(l +B)knqklk'-liy’2[i _PZ)QJ«"
This expectation tends to zero as n = o if

k(k—1)

2rlog (Cklog k)+klog (1+8)+logn— 3

log -~ Qkllog (1-p?)| > <.
q

Suppose that we choose k=K,. Then
Qkllog (1—p*)|—2rlog (Ck log k) —k log (1 + ) > asn->0,
provided that

log (1+8)

@s) 0 g (1—p

where B is a given positive constant.

Conclusion. 1If a,—a,< Cklog k where C>4/|log(1-p*)|, and ay_,.,—a,=
(1+a)k, where ris defined in (2.3) and @ is a positive constant,or @, ., —a, = (1t a)k
and a@,—a,=r+ Ok or a,—ay._,., =r+ Qk, where Q is defined in (2.5), then the
probability that there is a strongly independent vertex subset of size k = K, tends to
ZEro as n—» o0,

Case 4. Let a, —a,= Mk, where M is a positive constant to be defined. Suppose
that a, —a, = r+ Ok, and a; —a,_,., =r+ Ok, where r and Q are defined in (2.3) and
(2.5) respectively and that a,_,., —a,=(1+a)k for every value of a > 0. Then

a—a, =22r+20k+(1+a)k<k+20k+(1+a)k=k(24+20+a).

Thus M =2+20Q+a.
DerFmniTION. Let g, <a><---<g; be a subset of k vertices in &, such that
a,—a, = Mk. Then the subset is called nearly consecutive,
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THEOREM 2. Let &, be a random acyclic directed graph and let K, be defined in
(2.1). Then the probability that si,, has a strongly independent vertex subset of size k = K,
tends to zero as n -,

Proof. First, note that by the previous conclusions, it is sufficient to consider only
nearly consecutive subsets.

The expectation for the number of subsets with k strongly independent vertices
in &, is bounded in this case by

2 k
E,(n, k)é((ﬁka)k)[(()k:r)} nq(ﬂ_

Using (2.4) for some B >0, we get
Ep(l‘l, k}é(l+ﬁ)k{0k+r)2rnqktk—l_lr’2.

This expectation tends to zero as n = if

k(k—1 1
klog(1+pB)+2rlog (Qk+r)+logn— ( 2 )Iogg—:—oo as n 00,
Let
k=[K,+38],
where & is a positive constant. Then
klog(l+,B)+2rlog(Ok+r)+logn—@logé
2 1 1
=(K.+8)log(1+B)+2rlog (OK,+ Q8 +r)— 2 Iog;—aK,.log;

Thus, the expectation tends to zero as n—>c¢ provided that
1 ;
3loga>log(1 +8).

Given 8= 0, it is now sufficient to choose 8= () so0 that
Jlog(l +B)‘
log1/q
and the theorem is proved.

3. A maximal strongly independent vertex set. We now prove the main result of
this paper.

THeEOREM 3. Let s, be a random acyclic directed graph with vertex set {1,2,+ -+, n}
and let $(si,) be the number of vertices in the largest (maximal) stongly independent
subset of d,. Then with probability tending to 1, the sequence #(s,,) satisfies:

Hd,) |2
Viogn +logl/q

K = f2]0gn+l+l.
logl/q 4 2

asn-—» 20,

Proof. Let

n
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Then by Theorem 1:
P{#(d,)<|K,—€|}=0 asn->o0,
or
(3.1) P{#(d,)=|K,—€]}>1 asn->cx,
for every e >0, and by Theorem 2,
P{#(sd,)=[K,+8]}»0 asn->o,
or
(3.2) P{#(ed,)<[K,+8]|}>1 asn-=>0o0.

for every 6 >0,
From (3.1), (3.2) and the Borel-Cantelli lemma follows that as n -

lim sup ——*y,___—(ﬂ")i———ﬁ
nso vlogn_\fflugl!q,
and
#(d, 2
e WL

n=o Vlogn zv'log 1/q

and the theorem follows.

COROLLARY. Suppose that the interval [K, — &, K, + ] does not include an integer,
i.e., for every integer I, |K,—I|> &, for some 1> &> (.

Then

Pl#(4,)=|K,|]}=1 asn-co.

We note that there is an absolute constant D (0 < D < 1), so that the probability
that one of the maximal strongly independent vertex subsets is consecutive, is greater
than D. If K, is not close to an integer, this probability tends to 1, but if K, is close
to an integer then this probability does not tend to 1.

Finally, it is interesting to note that although the obtained results are asymptotic,
they hold even for small values of n. For example, for p=0.5, n=10, and K,=3.13,
less than 8% of a sample of random acyclic directed graphs had a maximal strongly
independent vertex subset larger than 3.
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