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Abstract : The purpose of ithis note is to consider various mo-
difications of the following notions: Ramsey graph, Folkman
graph, cenoni¢al partition, selective graph etec. We survey
the recent resesrch in this area. ¥e indicate proofs of some

results only. The details will appear elsewhere.

1. Unrsstricted partitions

The notione of chromatic number and of Ramsey graph ere ty-
plcal exemples c¢f noticng sbatracted from the study of partitions
of vertices (edgzer rszspectively) irto a bounded number of classes.
Pollowing the idee of Erdds and Radc [2] which represents the
well known generalization of Remsey thecorem we proposed to astudy
partitions of graphs end set systems into arbitrarily many classes
and iried to develop results and theory analogous to that for
restricted partitions {see [4].[5] ,[3] ). In this section we
state just a few results which complement [31 First we statethe
following:

Definition 1.1. Let ( X ,TIL) be a k~graph (i.e. Tﬂa[xlﬁ').

et ot M —=TN pe a colouring. We say thut C 1is canconical
on TIL {f there exists an oriering < of X end a set

we R} such that
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c(M=cM) e Mf, = My

Here, for M = {"“"ll J"""A.}:""'b1<. Mgd.‘.ﬂm_". we put
Ml = {mssiew] .
The following result extends the "ErdGs~Rado canonization lemma"

to the general set aystems.

or 2
For every k-graph (X M)  there exists & k~graph (Y,TL) which
is edge selective for (X,T). This meens the following: for
every colouring c: m—mn there exists an induced subgraph
(Y‘, m) of (YR . (XI, m') isomorphic to (X, TR),
such that c!m; is canonical on M . The proof uses the

partition property of set systems which was proved in [6].

For the partitions of vertices much stronger results can he
proved. This is analogous to the study of Folkman graphs (for
the reetricted partitions c.f. [T,SJ )s

Definit 1.3:

Let (V,E) be a graph. Ve say that a graph (N.F) is selective
for (V,E) if for any colouring c: W—»W there exists an in-
duced subgraph (vlle-') of (Wll:) i (,V',E' )2 (CViE)

such that C restricted to V' is either constant or 1=l mepping.

The following result follows from [J] :

Thecrem l.4:
Let G be a graph, ‘E > 3 an integer. Then there exists a
graph H with tze following properties:
1. H is selective *or G :
2. X(H)=(x(@) -4 Iv@I=-1)+1 4



3. If the edges €,...,8q form a cycle of length at.most
€ in H , then fe,,.-.,841 C E(G') for a subgrsph &
of H whnieh is igomorphic to G .

Perticularly, G ana H have the same girth.
(bsesve that % (H) 2 (X(&) =) (I@)|=1)+1

for every gxath pelective for G )

Given s graph G , dencte by s{G) the minizal number
of vertices of & greph H which is selective for G ., rut
s(mY= max s(G) where the maximum is taken over all

M. -vertex graphs. It was noted without proof inm [3] that

stm)y & (2 +6)"
for every £ >0Q and m > m ().
Here we atrengthen this fact and prove the fullowing:
Theorem 1.5:
stm+a)e mo Q_W(lvf Ivme +2m Im2),

Refure we prove this thecrem we introduce the following:

Definiticp 1.6: Let G,H be grasphs. The lexiccgraphical pro=-
deet of G en2 H iz a grepn G MY defined by:

VIGKWH) = V(G) x VIR) 4
E(GwH) ={{{-\r|w‘),(ﬂf',ur'}} 3 either {, V']'GE(G)}
ar ar=ar’ end {wr,ar'teE(H) .
For are VLG) we denote ty Ho the subgraph of G MU in-

luced cn the set § (v, W) e V) }. Cleariy H, 2 H.
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The prcof of 1.5 follows immediately frem the following two

lemmas:

Le 1.7:

Let G be & graph with m/+41  vertices and let H —> (G‘):v .
Thea GMH  is selective for G .

Here the symbol H —> (C’)L has the following me=ning:

For every partition V(H)=Q,uU...\w Q,, there exists an
induced subgraph G or H, G >, such that VG e a,,;

for an < € {4,---,m}.

Proof: Suppose GmM H fails to be selective and consider a
colouringof vertices of G W H such that no copy of G

is coloured either 1-1 or constantly. Then, for every -V E V(G)
the graph Ho 2 H is coloured by at least M cclours. Thus
for every nre V(G) there is a vertex !W'.\,-GV(HJ such that the
subgraph of G™ ™  induced on set § (v, w5 ); veE VIG)}Y

is ccloured 1-1 end it is clearly isomorphie to G .

Lemma 1.8: Let G be a graph wita v r 4 vertices. Then there
A ATV

exists a graph H with at most N 2 Oflm-r me +2M'!Mn2.)
A

vertices such that H—> (ij s

Proof: Let H he a random graph with X = m?'zw("f!"bmﬂ 1‘2""&"'2)
vertices #,..., N, , where the edges are chosen independently
each with the probsbility }E . Consider a partition {fv;’..,’ ""1,}3
=W, U...UW,, . Then there exists ~ € m  suca
that the cardinelity of W{, is at least -;-x;- + Take the subset
W< W  with cavdinality __n):'_:. and dencte by Aw the

~3

w



following event:
x
for any choice of t= P
m .
A”,.,’ Ai: < \W  and for any system of subsets B‘-’ S AL ’
e | "';*'-' y there exists a vertex Are W- HA.“,
L.

pairwise disjoint sets

and 1,=4,2,...,t such that
{ﬂf, "b} € E(H) for every b€ B.,',o

{fr, b} ¢ E(H) for every b ¢ A-L.-Bi, .

Clearly, AH implies that the subgraph of H induced
on a set W ecntains any graph with M+ 1 vertices as an

induced subgreph. X}
We have -’k-m_ %’;-(t’ﬂw) zm't (4* _L)m
A -Pust- (A < ( )( ,,,,)( m ™) <

x'z

(m-)l (4" ) e (___ (1 = _'1__)4_;'5

S D -tm)! ™

Thus the probability P that AH fails for some t-element subset

W or TVireeerv, Y is bounded from above by ‘%
<Z)e)™ (1- Yo meor® (5 (- 5 )
<:.qv[ bwmei--i:b—bw—z-qg, w](".

A
The validity of AN for any 7 -element subset of {71, eee ,v:}

implies the fact that there exists HE H with H —— (O)n

for any graph G with n vertices.

2, Some remarks on restricted partitions,
Many notions of Ramsey theory are derived from partitions

(colourings) of edges into a beunded number of celour classes,

Here we shall investigate colourings which are restricted by
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some other conditien.

First we shall deal with colourings which use each of colours at
most % times (where £ is a fixed integer).

Towards this end we introduce the following definitions:

let G be a graph. We say that a colouring
c:E(GY—> §42,..,mY is a A4 -~colouring iff
lc'(irle o for every = 4,2,...,m.

A graph H  is said to be A ~Ramgey (induced A~
-Remsey, resp.) for G iff for every 4 -colouring ¢ of
ECH) there exists a subgraph G' or H (en induced sub-
graph G ot H respectively), G'>G s 8uch that c
restricted to the set E (G') is one-to-one.

The following holde:

Theorem 2.1 For every graph G and for every positive integer
there exists an induced Ag -Remsey graph H . Moreover, if G
has ™M vertices and . edgea then H can be chosen so that
the number of its vertices is st most ((R-4)m + 413ma.

Denocte by '6",& (ﬂb) the smallest number of vertices of
a %-—Rnu;r graph for the complete graph K_.,b with v ver—

tices.

We can prove the following:

Theorem 2.2. .
ch - € bp(n)& chm
bnm

where (C and (' are constants which are independent on £

and n ,
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Note that the lower bound in Theorem 2,2 was obtained by a

probabilistic methed and the upper bound by a greedy type argument,

The determination of the numbers /frk(G) pregsents many
nice problems and for sparse graphs G the numbera &(G)
seem to be equal te IV(G)) (for m >>4& ).

Particularly the following iz a restatement of a result due to

Erdos and Stein

,6—*(.{\1- k.zjz 2_%

fer all m.>Mm, (ﬁ-) {m KQ_ is the matching of size M~ ).
Related to this subject is the following function:

Definition 2.3. Let £(m,&,€) be the maximel number o
with the following property: for every colouring of the edges
of KW by means of & coloursthere exists a subgraph K orf
KW , K isomorphic tc K?z, y such that the edges of K
are ccloured by at most € colours.

learly {(m k1)< a ire n (R)>m

where M, (& ) is the Ramsey function,

It i3 clear that

{(2m,3,2)=2m -1 end f(2m+4,3,2)=2m,
Aw mu
P. Ecdds observed 4 (M H2) 2 CL:E,TJ WS & 38

a constant independent on M .
Thia can be zenerelized to
Theorem 2.4,

Ly
flm, &, -2) 2 Cy s
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Some other results related to the function £(m,R,L)  are
mentioned in[1],
At the end of this section we shall consider colourings of

edges whicn are proper (i.e. chromatic) colourings of the under—

lying graph:

Definition 2.5. Let G beas zraph. Graph H is said to
he X -Remaey for G if for every cclouring c: EC(H)-—E(H)
which satisfies
cle) + c(e') for every pair of distinct edges & ana e’
with €ne' %0
i [

there exists an induced subgrsph G of H , G >*G
such that € restricted t¢ ECG') is 1-1.

Denote by L., ) the mipnimal nurber of vertices of

a % -Remsey graph for G .

Then tne following is true:

y
Theorenm 2.6, Ty, (G) & Iv(a)| foc any zraph G .

L. Babai investigated the case G = Km.ilis resulte (which
are going to appear in Combinatorica) imply the following:

Theorem 2.7. 31+ (1))
rey (Kp )= m :

The simpler part of Theorem 2.7 can be easily Jeneralizecd.

. JECH)
For any sraph G set ?(G) = ;a‘:xG m i -
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Then the following holds:
Theorem 2.8

Let G be a graph, Put &= 2 Q(G) . Then for svery proper
colouring of the edges of Km. with m S(IEGN-8) +| V&)
there exists a copy of G which is coloured 1 - 1.

Proof: We assume that the statement of 2,8 holds for all proper

subgrephs of 5 .‘E(G)l?'i'. Fix N’ﬁV(G) with degree 42, £ s
and put H“ G =N, Consider a proper colouring of Km. .

By the assumption there exists a copy H' of H with edges colou-
red 1 -1 1t is A (IEG) -4 ) € S (IEG) -8) (by ke S ERY).
As we consider proper colourings there exist at most t(lE(G)"‘&-)
vertines X such that on the set V(H‘) v i*} there falls to be
a copy of (5 . However ‘VCH‘)\ + R(IE(@G)N-4)< m.

(For graphs with at most 3 edges is the statement trivial,)
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