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The s�-called extremal graph the�ry started with the well-k��w� the�rem �f TL RAL

[I2], [13] . He determi�ed the smallest i�teger f (� ; k) s� that every graph Q� ; el �f �

vertices a�d e> j(� ; k) edges c��tai�s a c�mplete graph �f k vertices . A ge�eral
pr�blem i� extremal graph the�ry ca� be f�rmulated as f�ll�ws : Let L be a fixed
graph a�d f(�i ; L) the smallest i�teger s� that every graph �f � vertices havi�g m�re
tha� f(� ; L) e4dges c��tai�s a graph is�m�rphic t� L as a subgraph . �rte �f the ge�eral
the�rems i� this the�ry is the ERDOS-SiMON�viTS [5], see als� ERDős-ST0`` F [?] the�rem
which states as f�ll�ws :

Let the chr�matic �umber �f L be Z(L) a�d X(L)=r? 3 . The�
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F�r the cask: r _ 2 the the�rem ��ly states,/ (�; L)=�(�') but s�me sherper the�rems
are als� k��w� [I ], [4], [8], [9] . The exact value �f f (� ; L) is k��w� �raly f�r very few
graphs [2]. [3], [10], [11] a�d if (L)=2 eve� asympt�tic f�rmulas are rarely k��w� .

N�w we state Turi�'s the�rem i� the exact f�rm :
We use---as ab�ve-the ��tati�� f(� ; k) i�stead �f f(� ; Kj.

The�rem (T'URAN) . Let �=(k-1)t4-r ; D<r<k-1 . The�

l k-2 1
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f(�;k)=2k-2�
- I2 (r 1- k-1

The ��ly graph (up t� is�m�rphism) �f � vertices a�d f (� ; k) edges Vhich d�es ��t
c��tai� a K k is the c�mplete (k- I)-chr�matic graph Kk_,(�,, . . ., �k_,),,vith � ; vertices

i� its i'th class where

�=�, + . . . + � k a�d I�, - � ;I 5 1 f�r 1 < i < j < � .

I� this ��te we first �f all pr�ve a ge�eralizati�� �f this the�rem .
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We �eed the f�ll�wi�g defi�iti�� a�d ��tati��s :
Let G = <V ; E > be a graph with vertex set V= {v, , . . . , vF ; a� edge-set E. The star

S'
.
c= < Y ; E,) �f a vertex v i e V is the graph spa��ed by th�se vertices �f G which are

j�i�ed by a� edge t� v i . (Le . E,= {(v, v„) :(v,,, v„)e E, v,, v„E V,} .) Let d;=J VJ, e ;=IE i l
f�r i =1, . . ., � .

The ab�ve described K k _ 3 (�,, . . ., � k _,) will be de��ted by T,_, .,, .

The�rem . Let G=<V ; E; be a graph with JVJ=� a�d e=JEJ> f(� ; k) . The� far at
least ��e vertex v i e V we have

ei>,f(di ;k-1) .

The ��ly graph G with IVI=�, JEJ -- f(�; k) a�d e, :~- f(d i ; k-1) !�r i :, . . ., � is the
"Turá�-graph" T,_,,� .

This the�rem clearly implies Turá� s the�rem . At first sight it seems t� be deeper but
it tur�s �ut .hat the pr��f is very simple .

Pr��f Let

Supp�si�g

(1)

we shall sh�w

d;-r i m�d(k-2) ; OSr i <k-2 .

e, f(á, ;k-1) f�r

e< .I(� ;k) .

Si�ce L e i = 3T where T is the �umber �f tria�gles i� G a�d
1

�
3T > " ((d,+d;)-�1 = Ldf - e�,
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f(d, .k--1)<e�
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Usi�g Z di =2e as the first simple result we get
i=]

(5)
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d, - r f(di ;k - 1)= 1 -1
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Fr�m (4) a�d (5) we get

(6)

	

1 k--2 z
e < --�

2k-1

This gives the desired result i� the case k -1/�. T� get (2) f�r the ge�era( case write

(7)

	

e-2k-i�Z 2 1 - kr1 +d .

a�d we may supp�se d > 0.
As ��e ca� see easily, u�der the c��diti��

j d;=2e

�

the mi�imal value �f d? -

	

f (d;; k - 2) is take� f�r the system (d*) where

1d* -Pj <<1 ; 15i<j_<_� .

F�r this (d*) system we get easily-f�r a suitable ch�ice �f the i�dices--

(9)

	

d,* -
�-(t+ 1)=(k-2)t+r

	

if 1<-iSrr-2dI �-t=(k-2)t+r-1

	

if rt-2d<iS�=(k-1)t+r

(fr�m d 5
2
C1 -

k
	 r

2)
we have 2d 5 r), a�d c��seque�tly

Fr�m (6) we k��w already that

f�ll�ws which c��tradicts t� d > 0.

d<_r(,-krl)

(r,

	

if 15iSrt-2
r-1, if rt-2A<r :5(k-l)t+r .

He�ce, as a� easy c�mputati�� sh�ws

(11)Zd? - Z f(d;,k-2)>_ f(� ;k) + k-2d(2(�-t-1)+(k-2)-2r+1) .

Fr�m (4) a�d this

k - 1 A(2(�-t-1)+k-2-2r+1)<_d�
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Fr�m the ab�ve reas��i�g it als� f�ll�ws easily that

e= .f(� ;k) a�d
(12)

ei <_f(d i ;k-2) f�r i=1, . . .,�

h�lds if a�d ��ly if G is the "Turü�-graph" T,- I ,
Namely (12) h�lds ��ly if we have equality i� (11), �ur system (di ) is the

system (d*) a�d we have equality i� (3).

Pr�blems a�d remarks

O�e ca� try t� fi�d �ther extremal pr�blems f�r which a� a�al�g�us meth�d
applies .

(a) C��sider the case �f a pyramid. A pyramid P is a graph where V =
{x,y,	v,)a�d E=,(x • ,),(ti ;, ;'with } k ,,=yk.Itisk��w�[b]

2

that a�y Q Vi E) with Vj=� a�d (EJ >_ 4 + - c��tai�s a pyramid. By a similar

z
meth�d we used ��e ca� sh�w t hat a graph with e >_ - + c��tai�s a vertex where S'

c��tai�s m�re tha� d i edges .
This phe��me��� d�es ��t rel�ai� valid if we fix the size �f the pyramid .
I� the ab�ve examples the L graphs u�der c��siderati�� were such that they had a

vertex which is j�i�ed t� all �ther vertices a�d i� this case we had t� c��sider ��ly the
S'(; star graphs, the existe�ce �f a pr�per subgraph i� SG assured the existe�ce �f a
subgraph i� G is�m�rphic t� L . N�w a� a�al�g�us phe��me��� may �ccur f�r
c�mplete bipartite graphs .

(b) Let us c��sider the case �f a

	

I� Erdös a�d Sim���vits [6] pr�ved that

-I(� ;I4, Y C'11 3 2 +0(1x 1 ~ 2 )

f�r a certai� c which value ca� be determi�ed . A relatively simple c�mputati�� pr�ves

that every G with IY' ;=�, IE - r4--t c*�'"I c��tai�s tw� vertices f�r wh�se the

i�tersecti�� �f their stars c��tai�s e��ugh edges t� e�sure a c, . But we have ��t pr�ved
that c*=c .

Added i� pr��f . The same result was als� pr�ved by BOLLOBÁS a�d ELDRIDGE a�d
rece�tly a very simple pr��f was f�u�d by B�y�r which will appear s��� .
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