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On the number of prime factors of integers

P, ERDGS and A. SARKOZY

1. Throughout this paper, we use the following notations:

¢1, Cs, ... denote positive absolute constants. The number of elements of
a finite set S is denoted by |S!. We write p*|n if p*ln but not p**'tn;

d(n) denotes the number of positive divisors of n: d(n)= 2’1

v(n) denotes the number of prime factors of n counted wnth multiplicities:

V(H)-—- Z o3
P*lin
#(n) denotes the number of distinct prime factors of n:x(n)= > 1;
pln
7;(x) denotes the number of integers » satisfying n=x and v(n)=i;

¢;,(x) denotes the number of integers n satisfying n=x and sx(n)=i;
P(n) and p(n) denote the greatest and least prime factor of n, respectively.

2. In [2], the authors asserted that for any w=0, there exists a constant
c;=c;(w) such that for all sufficiently large x and 1=i=w loglog x, we have

x (loglogx)—!
logx (i—D!

(1) 7;(x) < ¢;(w) for 1=i=wloglogx.

(There was also a missprint: 1=i= log x was printed instead of 1=i=wloglog x.)
We attributed this theorem to Hardy and Ramanujan (referring to [4]), and we used
it (with @=100) to prove that for all é=0 and large k%,

k
2 Iy e o = e
= Oéiééglogkﬂl( ) (log k)#=) —¢
and

k?.

2 G e K
( ) (1+z)l0§1'08k~=iﬂ;( ) “e (log k)v(:)—z
(see (25) and (33) in [2]) where
@ o(x) = 1+xlogx—x
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and z denotes the single real root of the equation ¢(x)=¢(1+x); a simple
computation shows that

®)] 0,54 < z < 0,55.

The first author used (1) also in [1], in order to prove that for all ¢=0 and
x=>Xxg(e), we have

x loglog x
6 7 (x ————{(elog2) loe2
L ,-,_10521;3; e (log x)*! g2
log 2

(see (3) in [1]).
However, (1) is false in the form stated above (as K. K. Norton pointed out it
in ® letter written to the authors). In fact, Hardy and Ramanujan proved (1) with
o;(x) in place of m(x):
x  (loglogx)i-t
logx (i—1)!

for 1=i=wloglogx.

10
Furthermore, they proved in [4] that for all =0, (1) holds with w=?—-6:

@) 0:(x) = ¢3(w)

& X (loglog x)' 1
=g D)

for 1=i= (1—;)»—45] loglog x.

SATHE [6] extended this result by proving that for all 6=0, we have

x (loglogx)' !
logx (i—1)!
SELBERG [7] gave a different proof of Sathe’s result and showed that for all 6=0,
we have

©)] n(x) ~ cg(xlogx)2~% for (2+0)loglogx =i = c;loglogx.

B) m(x) < ¢;5(9) for x=3,1=i=(2-d)loglogx.

This result shows that (1) does not hold for i=(2+6) loglog x (while we used (1)
with @w=100 in order to prove (3)); in fact, the right hand side of (8) is greater
than the right hand side of (1). (See also [3] and [5].)

The aim of this paper is to correct the papers [1] and [2] by deducing an upper
estimate for 7;(x) which is slightly weaker than the best possible but which holds
for all i:

Theorem 1. For all 6=0, we have

x (loglogx)'~!

cs(8) oer =1 for 1=i=(2-96)loglogx
(10)  mx) < s
N 2 2? for 1=i

and for all x=3.
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Sections 3 and 4 will be devoted to the proof of this theorem. In Section 5, we
prove two corollaries of Theorem 1. In Section 6, we show that in fact, (2), (3) and
(6) can be deduced easily from these corollaries.

3. In order to prove Theorem 1, we need two lemmas.

Lemma 1. For all non-negative real numbers Z and A, let G(Z, A) denote
the number of positive integers n satisfying n=Z and x(n)=A. Then there exists
an absolute constant cy, such that for all Z and A, we have

(11) G(Z, A) = 1,274 Z log(Z+2).
Proof. If x(n)=A then we have

d) = JJd(p = JJ2= J[2=2m =24

Piin Peiin pln
thus
(12) Sdm)= 3 dn)= 3 24=24G(Z, A).
n=z foEA xzﬁig

On the other hand, it is well-known that for Z— + e,
2 dm) ~ZlogZ

n=Z

thus for all Z(=0), we have
(13) > d(n) = ¢ Zlog(Z+2).

n=Z
(12) and (13) yield (11).
Lemma 2. For a positive real number y and a non-negative integer o, write

1
Fly,e) = 2 —.
Pm=y 1

vin)=a

Then there exists an absolute constant ¢y, such that for y=2 and all o, we have
(14) F(y, o) = ¢pp(x+1)27*(log y)*.

Proof. Let us write

=13 [%]k = Zar

p=y k=0

(where m=un(y)). Then obviously, all the coefficients @; are non-negative and
we have F(y,a)=a,. Thus

(15) @) = 3 a2 =a,2* = 2F(,q).

i=0
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On the other hand, by the definition of f(¢) and using the Mertens-formula, we
obtain that

16 f@) = Hz[ ] e+ O 3 ]":(a+1) I *z‘;‘“[i]';

pEy k=0 3=p=y k=0 s=p=yk=0 \P

=(x24+1) [T -—%:(oﬁl) I ;12 IT [1__%]2{1_5]_1=

3=pEy | _ 2 ssp=y | _ 1 | sspsy p
p p
I ¥ (p—1y to (n—1)
= (2+1 e )| T—| T ==
| I — 5| I g~ e+ | BT R=
P P

< (@+1)(c3log y)*- 2 = cya(x+1)(log y)*.
(15) and (16) yield (14).

4. Completion of the proof of Theorem 1. If 1=i=(2—4)loglogx then the
first inequality in (10) holds by the Sathe—Selberg formula (8). Thus it is sufficient
to prove that

xlogx

(17 m(x) < ¢t forall x=3and 1 =1.

Let us fix a real number x=3 and a positive integer i. Let S denote the set
of the positive integers n satisfying n=x and v(m)=i (so that =,(x)=|S]).
Furthermore, let S, denote the set of the positive integers n for which n=x
and there exists a positive integer ¢ such that ¢=2" and #*/n. Write S;=S—S5;.
Then we have

(18) Sc S UsS,
and
(19) 81185 =B
(18) implies that
(20) m(x) = |S| = |5 +]S.l-
Obviously, we have
4oo e [x +e= ]
2n [S; =‘=£“érl = T [ﬁ] < x,=gz-;1§ =
an

B T B\
;=gz.".1 {f‘—l)t t=2i41 t_l t - 2i ?
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In order to estimate |S,|, let us write all #¢S in the form n=mnn, where
(22) P(n) =2, p(ny) = 2%

If there exists a prime number p such that p=2' and p?jn, then by the definition
of §;, we have n€S; thus by (19), n4¢ S,. In other words, for all n€S,, n, is
squarefree thus

(23) %x(ny) = v(ny) = v(n)—v(ny) = i—v(n).
If neS, and we put v(n)=o then by (23),
(24) O=a=i—x(n) =i

By (22), (23) and (24), we have

i i
Sl= 2 1=2 2 2 1= 2 2 1
nRy=x a=0 n=x nmp=xim a=0 m=x nmy=x/m
P(ny)=2%, p(ny)=21 P(n)=2" p(ny)=2ai P(n,)) =2 x(n,)=i—a
viny) +xlng) =i v(n)=a x(ny)=i—= v(n)=a

In order to estimate the inner sum, we use Lemma 1 with Z=x/n; and A=i—«
‘We obtain that

! (e X X
1= 3 3 ep2tteLlog(E42) <
a=0 m=x my 1y
P(ny)=2"
vin)=a

<2 2 2"*“%Iog(x+2)<

=0 m=x
P(ny) =2
vy )=z

gy X2 WHexlogx ¥ L =¢5 O 2" xlog xF(2, o)
=0 P((rxl))§2‘ ny =0
Vi ﬂl =z

where F(y, ) is defined in Lemma 2. By using Lemma 2, we obtain that

i
(25 [Ss] = ¢35 27 %x log x+ ey (2 +1)27%(log 292 <

a=0

< pi?27 xlogx D (a+1) < ¢y7i%2 'xlog x.
a=0
(20), (21) and (25) yield that
(%) = | Sy +|Se] < 27 x+¢pi%2 7 x logx <

< cgi*2 ' x log x

which proves (17) and this completes the proof of Theorem 1.
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5. It can be deduced easily from Theorem 1 that
Corollary 1. If

(26) 6=0 and 1 <y<=2-6

then we have

i-1
- & "= lBy nc.ﬁx 00%}0_81?!

Jor v =jlloglogx =268, x=x,(y,90);

furthermore, we have

(28) 2‘ 7 (x) < €y jt xl;;g Jorall j and x=3.

Proof. First we prove (28). By Theorem 1, we have

i nl
(29) Z m) < 3 eoit % "g = eoxlogx 3
=) :EJ
Obviously, for i=i, we have
(i+1) _ 2
2i+1 3 2:’

thus for j=i,,

W *“’[3]‘ wlide
,% P TENY 2 3 = pX)
hence
4 + o -l 4 j*i
(30) ZJ? {‘ —-(lrgraﬁx' pLY 4) 3} ‘321?
for all j. (29) and (30) yield (28).
Now we prove (27). The function ¢(x)=1+xlogx—x is increasing for
x=1, thus writing
_ s 2 —9(2—96)
M=10) = gz

we have O<#. Thus Theorem 1 and (28) yield (with respect to (26)) that for
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x=xo(y, 6),

(D 2 mi(x) = 2 (%) + 2 m(x) <

=] Ji=i=[(2—n)log log x] [(2—n)loglog x]+1={

x (loglogx)—*
ogx (i—1)!

=< 2 Cg (’? (5)) 1

J=i=[(2—n)loglog x]

([(2—n) loglog x]+ 1)*
+Cx 22— loglog x]+1

xlogx =

< c(0) x (loglogx)—? (loglog x)* =/
P logx  (j—1!  jsisieSpiostogx JG+1D...((1—1)

(2loglogx)*

21 2(2—n)loglog x xlogx =

x (loglogx)’-* [Iog log x]i_j
< €55(6 : - +
2@ gx G-t &l
(loglog x)*
+ Cog X (logx)(z—-eq)]aga—i-ulogz—-l =
x (loglogx)y—1 = _ x
= Oz G- 27 T logmr-meeiin =
TS y x (loglogxy—* x -
2 y—1llogx (—D! (log x)P-9+n/2
1 x (loglogx)y—! x
= cx(9) y—1llogx (j—1)! (log x)e-a+n/z"
By the Stirling-formula, we have
32) 1 (loglogx)*~* 1 k (log log x)*
logx (k—=1)!  logxloglogx k!
1 k [eloglogx]k —
4 Tog x log log x K fp =

1/2
k (log x)—1+(1 —log (kflog log x))k/loglog x —

= @ oglogx
kl}'!

— R —p(kflog log x) = - 4 o
Ca4 loglogx(Ing) for x=3 and k -+



244 P. Erdés and A. Sarkozy
Thus with respect to (26), for y=j/loglog x=2—6, x=x,(y, 6, ) =x,(»,6,n(8))=
=x,(», 6) we have

1  x (loglogx)~*
—llogx (j—I)!

(33) €25(6) 7

=~ ca5(y, 8)x(log log x)~/2(log x)~0ulos 108
> c5(p, 6)x(loglog x)~**(log x) ¢~ > x(log x) (-9 =n/2,

(31) and (33) yield (27) and this completes the proof of Corollary 1.
Corollary 2. If y=1 and &=0 then for yloglog x=j, x=x,(s) we have

(34) 2 m(x) <

i=j X
(10 g x)(l— g)ylog2—1

if 2=y.

Proof. If 1+(logx)™%*<y=2—¢/2 then (27) (with &/2 in place of &) and
(32) vield that
1 (loglogx)i—!

1
Z’.“"(x}‘:c‘“(sﬂ)y—lxlogx G-Dr *

i=j

i1/2

< ¢35(6) (log X2 x (log x) ~eGlos1o8) < x (log x)~?0)+e

loglog x

for x=>x;(g), while if 1<y=1+(logx)~%* then (34) holds trivially for x=x,(¢)
since we have
lime (1) = @(1) =0
and, for all j,
2 m(x) = x.

i=j
If 2—¢/2<y then by (28), we have

L, xlogx xlogx
(39) 2 mi(x) =< ¢ j* 2? = 2(1—54)1‘ =

i=j

- xlogx - x
= 20-—ga)yloglogx (log x){l-—zﬂ)rlog 2—-1
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for x=x4(e). If 2=y then this yields (34). Finally, if 2—¢/2<y=2 then we obtain
from (35) that

) = -
f%ﬂf = (log x)A—e/a)yloga—1 —

x
= {log x)(+7108y—y) +(iog2—10gy)— N — (10824

X
= Tlog x)?®+xiesz—1og)—@-»—Criog Dfa

x X
= (log x)*O —¢2=a2 = ([og x)?@ ¢

which completes the proof of (34).

6. In this section, we correct the proofs of (2), (3) and (6). In the proof of (2),
we used (1) only for i=zloglogk. Thus we need (1) with w=2z<0,55<10/9 but
in this case, (1) holds by the classical Hardy—Ramanujan result.

Now we are going to prove (3). Let =6(g) denote a small positive number
such that we have

p(1+z-0) > p(1+2)—¢/2 = ¢(2)—¢/2
(note that @(1+2z)=¢(z) by the definition of z). By using Corollary 2 with

14+z-9, ¢/2,k?® and [(1+z—3J) loglog k?]+1 in place of y, &, x and j, respectively,
we obtain that
ni(k?) < 2 mi(k?) <

(1+z2)oglogk-=i [(1+z—é)loglogk?)+1=i

e k2 k?
= (log k2)etrz-d-¢2 = (log k)?@ —e2=e/2 = (log k)»@~—*

for k=ky(e) which proves (3).
Finally, note that the right hand side of (6) can be rewritten in the form

loglog x
X

BEE e X _ X
(log x)l"g (e 10g 2) = - (logx 1—e—(1+loglog2)/log2 — (log x)ﬂlﬂﬂg 2)—e

so that (6) can be obtained from Corollary 2 with 1/log 2 (<2) in place of y.
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