AN EXTREMAL PROBLEM IN GRAPH THEORY

P. Erdda and E. Howorka®

The distance r.!c{u,vj between vertices u, v of a graph G 18 the
leant number of edges in any u=-v path of 0G; dG(u.ﬂ = = {f u and ¥
1ie in distincr components of O. A graph G = (V,E) is distaoce-oritioal,
if for each xV there are vertices u, v (depending on x) such that
dG{u.ﬂ < dﬂ{u.vl. Let g(n) denote the largest integer such that
|E| = {;}-g{u} for every distance-critical graph on n vertices. It
followa from the results of this note that g(n) 41w of the order of
magnitude of ugﬂ; posuibly, one has g(h) =~ V2 nwz.

THEOREM 1. & graph G = (V,B) & distowce-oritical {ff to sach verter =
of G there corpesponds a pair {u,vl c V ouck that wp ¢ E, and
fyucE ond yveEle—dy =z for eash p=eV. o

More generally, we are interested in the graphs G = (V,E) =satiafying
the following condition, where [V]r denotes the collection of the
r-aubsets of V:

(*) There is & mapping M from an n-element subset 5 of V into

[V1® wuch that [yv=E for each veM(x)]¢4y = x.

Let £ (r,n) denote the largest integer such that |v1%-g] = £,(r,n)
for every graph satiafying (%),

THEOREM 2. For gacsh p thare {8 o e 4 muoh that J"Ifl",HJ x

[o pol1)]on T2,

Proof: It 15 convenient te prove = slightly stronger statement: For

wach r there 1s “L" ¢; » 0, such that if & satiefies (%) with o 2 ﬂr
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1+1.||'r. The proof is by induction om r.

then |{uw/E: wnS ¥ @] 2 el m
The assertion clearly holde for ¢ = 1. Let k2 2 and suppose that the
assertion holds for v = k=1. Let ¢ = (V,E) be a graph satisfying (%)
with = k. Let 5“ be a maximal subset of 5 with the property that the
k-sers M(x), msn. are pairwise disjoinc.

CASE 1: Isa] z oilk, By assumption, for each fixed xrS  and each
yeS-(M{x{x]}), at least one of the edges joining y and an element of

HM(x) 1s missing. Since the sets M(x), x5, are palrwise digjoint, at

TR n1;k_ [n—(kﬂ}nlm] = nm.fk

fk

edges are missing.
CASE II: IsDI <n 'R Let A= u(M(x); x2S ). Thus IAlls mt'E; By the
maximality of 5.,- AnMly) 8 for each ye8. Let a be a function

§ + A such that a(y)eM(y) for esch y=5. Let A denote the set
{lm:]n-lt.ﬂl > E ;b Let 8"~ u[u-l{a}:ntna‘j. Since |5'| 2 u-sk_lhnln',
we have [5'| = ntoln), Consider a fixed ach_. The mapping M :

® =+ M(x)-{al defined on a-ll‘.n} sacisfies the condition of (*) with

r e k-1, By Snduction bypotheats, |lyiEi vy A o (a) ¢ #)] = ciﬂn“”“‘”
for sufficiently large n. Summing over all Il:!.u and dividing by 2

(because each edge is counted at mest twice) we obtain by an elementary

estimate:
B/{k-1) = i
]l:ﬂ‘l: xy n S +4 IH ] %clknl' %%l J tnu*‘ - % :llr.—lk 1/(k-1) *nlﬂn.

kn
This completes the proof. [
Let f,(r,n) denote the largest integer such that |E| = (‘E}-fzﬁr,n}
for every graph G = (V,E) satisfying (*) with § =V and f.l'l[l[:\:}],2 nE=¢
for each x=V. Clearly, fl - ‘2 but we were not able to establish a

bercer upper bound for ‘1 then the following one for lzl




THEOREM 3. For » = 3, f,(mn) < (o) urn) #1149,

Proaf: Let r = 2, n be given. Lec GD - {?B.BD} be a regular graph
of degree r contalning no triangles, with |?u| nearly equal {rIn}ljr.
Let Mb{x} = {y: ?xEEu} for each xs?u. Let Hl be & set, ?1 n VD = @,

guch that there iz & bijection
. r.12 -
Hi.vl * {WEI?&] Wi n EG P and W+ Hu{x] for any xtvﬂ}.

Let G = (V,E) be a graph defined by V = V,uv, and E=E_u [1’1]2 u

{zy: =V ?EHlfx}}- Then G and M =M u M, satisfy the conditions

stated ahove. Moreover, |?| ~ o and {2}-|E| = {rijlfr. The details

are left to the reader.

We conjecture that for ¢ = 2,

1+1/¢ 1+1/r

lim £, (r,n)/n = lim f,(r,n)/n - e1yifT,

However, the optimal constants cr caleulated from our proof of Thecrem 2
form a sequence converging to 0. In particular, one has gy = 1/VZ,
Since fz{i.n} = gin), we have:

’2 0

3~3k2+ %k; An example

COROLLARY.  [1/B+or1)ln’ ® < gin) = V34001 1n°

1.
We suspect that, in fact, g{ik{k-5}+k3 =-%k
of a diatance-critical graph realizing this bound is obtained from the

procf of Theorem 3 by taking r = 2 and GD = pgycle of length k.
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