THE PROPINQUITY OF DIVISORS

P. ERDOS anp R. R. HALL

Introduction

Let § > log3—1 be fixed. Erdés [1] stated without proof that the sequence of
integers n having a divisors d, d’ such that

d<d <d(1+(logn)~f)

has asymptotic density 0. It was also stated that if § < log3—1 then this density
is 1, but this claim has had to be withdrawn.

In this note we prove a result which is more precise than the former one quoted
above, particularly for the small d’s (essentially those for which logd = o (log n)).

THEOREM. Let € > 0 be fixed and set

'?{x) - 3—(1 +£)/(2 log log x.log log log log xl,

and 0(x,d) = n(x)(logd)' ~'# 3,
Then the number of integers n < x having divisors d, d’ such that

d <d <d(1+6(x,d))
is o(x).
Alternatively, the sequence of integers n having divisors d,d’ such that

d<d <d(1+0(n,d))

has asymptotic density 0.

Remarks. (i) The two forms are equivalent because of the slow decrease of n(n).
(ii) If we restrict our attention to divisors d > x° (or > »%) for any fixed é > 0, the
factor /logloglog log x may be replaced by any function of x tending to infinity in
the definition of 5(x). This will be made clear in the proof of the theorem. (iii) Since
the multiples of d(d+ 1) have positive density, the theorem becomes false if 0(x,d)
is any function of d alone, unless trivially 8(x,d) < 1/d. But it is not clear that our
n(x) is the most slowly decreasing function of x which will do.

The idea of the proof is to consider weighted sums over the integers », the weight
being constructed so that only integers n with divisors d, d' close together have positive
weight, but in such a way that the sum is not dominated by »’s and d’s in which we
are not interested; these are integers with either an abnormal number, or abnormal
distribution, of prime factors.

Proof of the theorem. Let n have divisors d and d’ such thatd < d’ < d(1+0(x, d)),
and suppose (d,d’)=1t. Since 0 is a decreasing function of d, we have that
(d/t) < (d'[t) < (d/t)(1+06(x,d[1)), so that n has a pair of such divisors which are
relatively prime. We therefore assume in what follows that (d,d’) = 1: actually all
we need is that dd'|n.
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We get a better result if we restrict to d > x° and we deal with this case first. Let
S= 3% 5]

n<x dd'|n

where ¥'° denotes summation restricted by the condition d < d' < d(1+6), Q(n)
denotes the total number of prime factors of n (i.e. counted according to multiplicity)
and 0 <y < 1. We have

§oE L(d) Z yﬂ(d’) Z yn(m]
xb<d<xt/2 d<d’<d(1+0) m<x/dd’

and to estimate the inner sum we use the formula, (valid for fixed y € (0, 2)),

%y = C(y)x(logxp " (1+0(1/log ),

o= B3 ()

This formula is well-known and is proved by contour integration. It holdsforallx > 0
if we interpret log x as 1 say for x < e: and we make this convention throughout the
paper. Hence
X
(log

2
=T 2
d? d<d*<d(1+8)

where

Q(d)

dz

d’)

S<€xy
d

and we use the formula above again. Since 0(x,d) > 1/log x there is no difficulty
with the error term and

S<xY0( d)y 1 2 )’H(l dy—1
X Xy og—— (4]
: d ( & F

xb<d<xl/2

y—1
<, m(x) (ogxy=53 3 9@ (logi)

since for d > x* we have 0(x,d) <;0(x, x). Now
Jx x )?—1
TR 10 —_— < 1 et
d ( & d? % m<§f2,fd( ogmy
so that
S €5/xn(x) (log xp~'¢° ¥ (logmp~' ¥ @

m<xl/2=-6 d<x'/2/m

<5 xn(x) (logx)?~17"%3 5 m~! (logm)’~*

mexl/iz-8
<5 xn(x) (log x)3>—1-le 3,
We choose y = 1/3, and deduce that

z 3]03 log x—C(n) zﬂ 1 «xq(x)'
i

Leti(x) — co arbitrarily slowly as x — oo. It is a well-known result of Hardy and
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Ramanujan [5] that for all but o(x) integers n < x, we have
|Q(n)—1loglog x| < ¥(x)/loglog x.

We restrict the sum above to integers n for which this inequality is satisfied, and
deduce that the number of integers n with such a divisor dd’ is

<5 x{o(1) +n(x)3¢V)ies log x}.

By definition of 7(x), this is o(x) as required. We notice that for these “large” d’s the
factor /loglogloglog x in n(x) is not needed.
The proof is a little more difficult when we drop the condition d > x°. Consider

the sum
T= 3 z2%9(ogd)*?,

n<xdd'|n

where Q(n, d) denotes the total number of prime factors of n» which do not exceed d,
and 0<z<%4. Notice that the condition d <d' <d(1+68(x,d)) implies that
0(x,d) > 1/d, that is

d(logd)*®3~1 > 1/n(x), or d = dy(x), say.

Then
G z E zﬁ{dd'. d) (log d)log?- E zﬂ{m. d')‘

d<xl/2d<d'<d(1+8) m<x/dd’

A result of Hall [4] states that if f: Z* — [0, 1] is multiplicative then

00 e*x(1+o (‘f’f%))ﬂx (1-4) (2222, ),

x
and we deduce that Yy A g = (logd)*~*.
m<x/dd’

Substituting in the above, we obtain
L)

T < 2 oogd)z— 1+log 3 2 zn(d’, JJ.

a<sinn d? d<d’ <a(1+0)

Provided 8(x,d) < 1, as we may assume, we have Q(d', d) = Q(d")—1. Thus as before

Q(d)

T &€ xz~1 q(x)dz (logd)*~1

(d)

xz ' n(x) X [(logx 22=1 4 (1-22) f¢]
d<x . t(logt)?~2*

1 -l (1-22) | ————} -
) {( 0g X%~ +(1-22) f r(logr)z 3,]
We choose z = 1/3, and deduce that

2 zﬂ 3log log d—Q(n, d) < xq(x)log Iog x.

n<xdd'|n
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We need the following lemma, which is an application of Theorem VI of Erdés [2]:

LeMMA. Let A > 0 be fixed, and let N(x,£) denote the number of integers n < x
such that for some d, £ <d < n, we have

|Q(n,d)—loglogd| > (1+1)/(2 loglogd.loglogloglogd).
Then
lim lim sup x~! N(x, &) = 0.

i+ x~+w®

Since N(x,¢) is a decreasing function of &, if we substitute & = ¢(x) where
£(x) = oo as x — 0, then

lim x™! N(x,£(x)) = 0
and we apply this result with £(x) = dy(x). We restrict the sum above to integers n
not counted by N(x,d,(x)), with 1 = ¢/2, and deduce that the number of integers
n < x with a divisor dd’ of the required type is

< N(x, do(x)) +xq(x)log log x. 3(1 + 4)4/(2 log log x.log log log log x)_
By the definition of #(x) and the relation A = &/2, this is o(x) as required.
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