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ON THE ASYMPTOTIC BEHAVIOR OF LARGE
PRIME FACTORS OF INTEGERS

K. ALLADpI AND P. ERDOS

We prove results on the asymptotic behavior of large
prime factors of the integers. The basic idea of the paper
is that if % is any fixed integer, then the /%th largest prime
factor of %, denoted by P.(n) is generally much bigger than
Y-1Pi(n). We give precise estimates of this phenomenon.
This paper is a sequel to an earlier paper by the authors.

1. Notations and definitions. Throughout this paper the letters
p and ¢, with or without subsecript will denote primes.

Let » = [l ¥, . > p. > -++ > p, be the canonical decomposi-
tion of an integer n > 1 infto primes. We set

(LD Am) = Sap, A =3,
and
(1.2) Qn) = f‘i ., on)=r.

Let A(l) = A*1) = Q1) = w() = 0.

We may define the kth largest prime factor in two ways depending
on whether we want to count prime factors according to multiplicity
or not. To be more precise set

Pin)=p, for k= wn)
(18) =0 for k>wh).
We may also define
P(n)=p
_ n
@0 B = Rlpoats)
P(n)=0 for k> Q(n).

1<k=92n)

Observe that P.(n) = P¥(n).
The terms “average order” and “normal order” will mean the
following: Let f be an arithmetic function and set

(L5) F) = 3 fn) .

Suppose ¢ is a monotonic function such that
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im G®) _
(1.6) e e
where
1.7 G(x) =15§x9(n) ’

then s has average order g. Next, we say that two functions f and
g are “nearly the same almost always” if for each ¢ > 0

3 r‘(w) e
(1.8) lim 35—-2: 1,
where
(1.9) P (x) = > 1.

ISh=
1= (fin]/gin)) <lie

If in (1.9) and (1.8), the function g is monotonic, we say that f has
normal order g.
Consider the sum

(1.10) iz, y) = 2:; 1.
;ﬁ:)_ssv

If @ =1 is a real number and y = &%, it is well known (see [10])
that

l,m)

—_ 1' "}I}.(m: x
i) ) = M8t

exists. The limit in (1.11) is also defined if — o <@ <1 and

L l=a<l

P A=y Zaco.

The function o(e) is a monotonic decreasing continuous function of
o for ¢ = 1.
Finally we define the sums

Sl(m,k)z Z A(n)_Pl(%)'_-""—Pk——i(ﬂ), k=1

s Py(n)
8@ =3 L Pf‘(n; S Pram) s+
(1.13) X
_ v Bm
Sa(x! k) _25.“252 Pl(?%) H k g 1
Sy = 3 L) Ee1

wsnss Py(n) ?
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The aim of this paper is to obtain estimates for these sums S(x, &),
i=1,2 8, 4.

2. General background and main theorem. The results in
this paper are in continuation of those in §2 of [2].

It is a well known theorem of Hardy and Ramanujan [6], [7]
that the functions 2(n) and w(n) both have average and normal order
log logn = g(n). This means that a number = usually has loglogn
prime factors and most of them occur square free. Thus it is natural
to expect the large prime factors to occur with multiplicity one,
most of the time. So one should be able to show that the functions
A and A* have the same average order. In an earlier paper [2] we
showed this to be true and much more.

Not only do A and A* have the same average order, but the
function P,(n) dominates the sums in (1.1) to such an extent that
A, A* and P, have the same average order. More generally A(n) —
P(n) — -+« — P,_,(n) and P,(n) have the same average order. It was
observed in [1] that the functions Pj(n) and A*(n) — Pf(n) — +++ —
Py (n) also have the same average order as P.(n), since the asymptotic
analysis in [2] remains unaffected if the weak inequalities are re-
placed by striect ones. Thus we restate (without proof) the main
theorem in [2] in a more complete form:

THEOREM A. If k is a fized positive integer then

3, (A@) = P(n) — -+ — Pu()} ~ 3, Pun) ~ 3 Pi(n)
21 1+1/k%
Bl s G~ P e — BB
1=nse (log x)

where a, is a constant depending only on k, and is a rational
multiple of (1 + 1/k) where L is the Riemann zeta function. In
addition for each k=1

(2.2) m%:{A(n) — A*(n)} = xzloglogz + Ola) = 0(.5,2_;‘, P;’('n)) :

Theorem A says that the average order in (2.1) is g(n) =
ar-n'*/(log n)* where af = a,-(1 + 1/k). An average is essentially
influenced by two things—(i) the abnormally large values of a funec-
tion, which certainly contribute to (2.1) and (ii) the values a funetion
takes most often.

The question now arises whether A, A*, and P, are nearly the
same almost always. The main theorem stated below answers this
guestion in the affirmative.
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THEOREM B. If k 1s a fized positive integer them

Sl rkNSE,kNS ,k NSx,kw by @

(2.3) (@, k) (@, k) ~ Sy, k) ~ S,(x, k) ~ a; Tog o

where a, =1 and a; for k> 1 1s a constant depending only on k,
and 18 a ratiomal multiple of e where v is Euler’s constant. In
addition for each k=1

An) — A*(n) _ x _ Pi(n)
2.4) 21, P,(n) =@ ( e*V'log z log log ) =4 (zguzgs \(n) )

where ¢ is an absolute constant >0.

3. Consequences and motivation. Statements (2.3) and (2.4)
may be looked upon as analogues to (2.1) and (2.2). Theorem A said
that A, A* and P, have the same average order, n'n/6logn, (a, =
/12, see [2]). We can deduce from Theorem B the following.

COROLLARY. The functions A, A* and P, are all nearly the
same almost always. Also all three functions fail o possess a normal
order.

Proof. Consider two arithmetic functions f, g satisfying f(n) =
g(n) > 0. Suppose that

(3‘1) 15:5:9{(%%)2 o B
We rewrite (3.1) as

fn) ) _
3.2) Sl Y =@

Since f/lg = 1 we infer from (3.2) that
(3.8) |£‘:‘Eﬁ“li<%———vﬂ as ¥ — oo

for each ¢ > 0, where +(x) is as in (1.8). So f and g are nearly
the same almost always. (We can deduce (3.3) also if f(n) < g(n) for
all n).

Setting k' =1 in (2.3) we see that (3.1) is true with f = A(n)
and g(n) = P(n). Therefore A and P, are nearly the same almost
always. Since A = A* = P,, the same is true for all three functions.

Now to show that these three functions do not have normal
orders it suffices to show that one of them does not. It follows
easily from a theorem of Elliott [5] on additive functions



ASYMPTOTIC BEHAVIOR OF LARGE PRIME FACTORS 200
(3.4) f(n) = 1g,f@) )
that A* does not have a normal order. That proves the corollary.

REMARK. Since A(n) = log n, it follows from (2.2) that
A g |< Am) — A*(n)
2‘_:;5:{ A(n) } =2;-'NZ§: logn

ca (a: log log cc)
log '

(3.5)

From (3.2), (3.3) and (38.5) we can deduce that 4 and A* are nearly
the same almost always.

Let us look a little more closely at (2.3) which for f = A or A*
and g = P, is a more accurate form of (3.1). We may rewrite (2.3)
as

Am) _ gy 5 PHO)
sZazz P(n) 2Znze ednzz P(n)
(3.6)
Pi(n)
_|_ L see
Ste Pn)
where
Pi(n) sz k
(3.7) 22 P ax/(log x)* .

We show in §5 that
(3.8) gl rp(s — k)s*ds

where p is defined in (1.11). We deduce from (3.8) in §6 that a} is
a rational multiple of ¢” for & > 1. The integral representation is
investigated in §6 and this leads to pretty connections with some
related problems.

The next section is devoted to obtaining upper and lower bounds
for S,(x, k), i =1, 2,3, 4. This enables us to deduce the first four
asymptotic relations in (2.3). It is only §5 that we prove (3.7) and
(3.8). But the upper bound method in §4 is used in §5 to take care
of the error terms arising out of (3.6) and (2.3). For the reader
who does not want to go through the detailed proof, see [1], where
some of the ideas of this paper and an earlier paper by the authors
[2] are summarized.

We now move on to the proofs of our results.

4, Upper and lower bounds. In what follows, ¢, ¢, ¢, ---
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denote absolute positive constants whose precise values will not be
our concern. Also exp {#} = ¢*. We begin by proving

THEOREM 1. There exists for each positive inleger k a constant
b, and a real number xz, = x,(k) such that if x =, then Sz, k) >
b.-x/(log 2)** for 1 =1, 2, 3, 4.

To prove this we need

LEMMA 1. Let s be a vositive real number. Then

1 1

el eI

Proof. We use the Prime Number Theorem [4], [9] in the form

(4.1) | () — li(x) | = O(x exp {—c.V'logx}) .

Now write
o P E"“ da(y) _ S” dy * di{zn(y) — li(y)}
»>= p(log p)* =+ y(log ¥)* = y(log y)*** «+  y(log y)’

1 w(y) — li(y)
(4.2) ~ s(log 2)"* ¥ y(log y)’

Vo, S0 =lisle).

Lemma 1 follows from (4.1) and (4.2).

=t

Proof of Theorem 1. It suffices to prove Theorem 1 for the
smallest of the four sums S,(z, k).

Assume first that & > 1. For « sufficiently large choose a prime
p, in the interval

(4.3) kle ' < p, < o'* .

Now choose primes p,, P, *--, 0, satisfying

Y4 y g 8 i . L.
k_l<pk—1<k—"_2< <3<pa<2<?’<3’

(4.4) %‘ T

Consider any multiple m <« of 0.+ D,
(4.5) m=n'pp; - D .
Because of (4.3) and (4.4) we have

(4.6) DD P =0
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and

[ m x 1 1
(4'7) L g D Dy = (;G!)‘_I‘J:MH'I < GRS
By (4.7) and (4.4)
(4.8) Pr)Ysw <oa* =k — D0ag*" < p, .

Thus by (4.5) and (4.8) we see that P}(m) = p,. So any multiple
<z of p - p, has p, as its kth largest prime factor (P}). So

_ v Pim) Piln)
(4.9) Sda, k) ez's P(n) = ’=2n5§‘l_‘f.” Pn)

(p; satisfying (4.4))

We can estimate the second sum in (4.9) by using the well known
result [11]

(4.10) is‘i% = log log # + ¢; + O(exp {—¢,V']loga}) .

Observe that the second sum in (4.9) is

NI A

et/ gny <al/k pilocp,<p) pyl3<pg<py /2 prlk<pg<pylte—) Prres P Dy

41y = “’Ef{(ﬂ ) | T Y|

= b 1

— > bua/(l e
wmhé . 5. TR TT «x/(log x)

by virtue of Lemma 1 and (4.10). Theorem 1 follows from (4.9) and
(4.11), for ¥ > 1. For &k =1, Theorem 1 is trivially true.
Now for an upper bound.

TrHEOREM 2. All four sums S,(x, k), © = 1, 2, 8, 4 are O(z/(log x)**)
where I is an integer =1, and the O-constant depends only on k.

We need a few preliminary results before proving Theorem 2.
LEMMA 2. Let Ik be a nonnegative integer and
Six) = 3, (loglogz — loglog p)* .
15952
Then

4 k= z-log log x
S¥(z) = K% __ 4 o (®:loglogw
$#) = fog oy (( (log 2)** )
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Proof. If we write Si(x) as a Stieltjes integral, use the fact
that

dr(y) = Id”-" + dia(y) — L),
ogy

integrate the second integral by parts and then use (4.1) we get

4.12) %) = S" (log log  — log log #)* , . O( x )

d
' log ¥ v (log 2)*+*
Next

Ty = S” (log log « — log log y)*dy
. log

= (log log z — log log ¥)*1i(%)

E 1
4

(4.13) » - .
% ks li(y)(log log # — loglog )**
+ ylogy
“lq e k—1
= O((log log ©)*) + k li(y)(log log = — log log ¥) i
¢ ylog y
But
(4.14) R ( - )

So the integral in (4.13) becomes

“(log log @ — log log )*™* . ({*(log log  — loglog )*"* ;
(4.15) S; log*y i (S4 log*y y)

=IL+1.
We split I, into

(4.16) I = kS””"”H + k§

.
i z/(log 1 k+3

Clearly in (4.16)

(7™ = of e gl'"';jﬁlk_l )=(gzar)

(4.17)
Regarding the second integral in (4.16) we observe that

ks:-’tlog:s)*H =il {10; T ¥ O(%)}

(4.18) " § (log log » — loglog y)*™* 4
z/(log z)k+3 log ¥

Y .
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Now the last integral in (4.18) is

a(log log)*—*\ _ x
(4.19) T\ i(2) + O(w) = Typu(x) + O ((I_OQT)HE) .

From the definition of 7, we have

— i x
(4.20) Tio) = 2o+ O<]og‘2 m) .

Now make the induction hypothesis that for k =1

_ (-1l x(log log x)
(4.21) L@ = S i+ o( . )s

Then from equations (4.16) through (4.21) we deduce that

ke +O(mlog10ga:) )

4.22) ' log ) (log )+

By analysis very similar to the above one can show that

(4.23) L= O(W) .

So from (4.22), (4.23), (4.15) and (4.13) we see that (4.21) is true for
T.(x) and so by induction for all k = 1. Lemma 2 follows from (4.12)
and (4.21).

LemMA 3. Let z, y = 4 be real numbers and k= 0 an integer.
Then

s (log log # — log log p)* _ (log log # — log log y)***
yEpEe P k -+ l

+ 0,((log log = — log log »)* exp {—¢, 1V Tog 9}) .

Proof. As in the beginning of the proof of Lemma 2 we convert
the above sum into a Stieltjes integral and replace dz(y) by dy/log ¥.
Lemma 3 can be easily proved by making the substitution log log & —
loglogy =¢t. We do not go through the details.

Proof of Theorem 2. It suffices to prove Theorem 2 for the
largest of the four sums S|z, k). That is we will show

Am) — P(n) — ==+ — P, (n) _ z
ot Py(n) 0 ((log z)* )

for k¥ = 1 an integer. We claim that it suffices to prove (4.24), for
% > 1 because for k. =1 we have

4.24) Sz k)=
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B =3, A8 5 14 5 AW B

(4.25) 2dnzz Pi(n)  2dnze 25nss P,(n)
=z —1+ Sz, 2
= O(x)

assuming that (4.24) is true for k = 2. So from now on we assume
that &t > 1.
We write

A(n) — P(n) — P(n) — -+ — P, (n) _ Py(n)
Pl(n) Pl(n)

P, (n) T
<4 —__P,(n) + .

(4.27)

Let us denote a general nonzero term of (4.27) by p,/p,. We would
like to know how often this term oceurs in S,(z, k). The term p,/p,
occurs as often as we can find integers n = p,p, - D, P < 2
where the p, satisfy », <p,., <+ =<9, and P(m) < p,_,. If we
fix the primes p, to satisfy these conditions then the number of such
n is given by

7 . S
(229) V( PD:eve Dy pH)
where +r is defined in (1.10).
Thus we may rewrite (4.27) as
S@kh=3 3 s

IEP|SE PRSP PEEPE_1SP| PL_12PE_o=7

2 )

(4.29)
S
Pg=mspy NPy e Py i3

We first consider a subsum of (4.29) with a restriction on p,. That
is we choose 8 with 0 < 8 < 1, whose value will be specified later,
and consider p, in (4.29) satisfying «’ < p, < 2. We shall get an
upper bound for this sum.

Observe that the sum in (4.29) with this extra condition on p, is

T aBEp ST pLEPy PRSPE_15PL PgEpeEp Py cec P P,
Sy = 1 1 ... 1
xﬂsplss_’p} PEEP1  PRSEPR_1S5P Ppy p3=mpsm Py
(Note: If & =2 in (4.30) we have only
1
(4.31) x >, =31

zF S P ET pf PSPy
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and no other terms. For k > 2, there is no confusion in (4.30).)
Because of this difference assume for the moment that & > 2. Then
if we use Lemma 3 we infer

(4.32) > 1~ 0(log log p, — log log p,) .

PgSpeEpy Py
Again by Lemma 3 and (4.32)

(4.33) > X > 1 O((log log p, — log log p,)") .

PysPy=ry Py Pazre=r Py
Iterating this process we get in (4.30) for k& > 2

1 k—2
(4.34) o(mxﬁszwﬁpk% (log log = — log log py)*~*)
by repeated use of Lemma 3. Now observe that because of (4.31)
we see that (4.34) is true even for kt = 2. Thus for % = 2, we may
replace (4.30) by (4.34). Thus from now on we drop the assumption
&k > 2, but of course still assume % > 1.
To estimate (4.34) we use Lemma 2 which gives

1
O AP M L Ty Vs
(4.35) (m zﬂs.z‘mszpl(log pl)"")

Finally Lemma 1 and (4.35) imply that the sum in (4.35) and hence
in (4.30) is

(4.36) O(Eg_l(—lfw)

where the constant on the O-term in (4.36) depends only on %k and
not on B.

So (4.36) gives a bound for the sum in (4.29) with the condition
2 £ p, £ z. For the sum corresponding to p, < «f we write

(4.37) 3 =3

2=py<af m=0 2B/2M gy < 82m

To estimate (4.37) we use the following result of de Bruijn [3]; If
y = x/* then

(4.38) Y(x, y) = Oz exp {—c,a}) .
In (4.37) consider the case
(4.39) 2™ < p < A",

Then in (4.29) with the restriction (4.39) on p, we have from (4.38)
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the following:

«-mlepeania(8)/(£) - 25

(4.40)

We choose 8 = 8(k), depending on %, so small that

2m — kB _ 2m
> > .
(4.41) @z = Z

Then by (4.38), (4.39), and (4.41) we will have in (4.29) for the
subsum corresponding to (4.39)

(4.42) a,-’r(ﬁ, Dy ) = O(ﬁ exp {—ca2"‘“/a6’}) :

If we substitute (4.42) in (4.29) and analyze this sum just the way
we derived (4.36) we get

(4.42) 0( g (m;im iy OXP {—052"‘“/6})

i w@2mR)
a O( (log ©)* " exp {652""/6}) '

But then

0 (2m;—1jﬁ)k—1 -
E exp {¢.2""'/6} =

This means that (4.43), (4.42), and (4.36) imply that in (4.29)

(4.43)

S(z, k) = O(z/(log x)*)

for & > 1. That completes the proof of Theorem 2,

It is interesting to note that Theorems 1 and 2 actually imply
the first four asymptotic relations in Theorem B, as will be shown
below. Before establishing this we prove the last part of Theorem
B namely

THEOREM 3. For each positive integer k we have
Aln) — A*(n) _ O(x exp {—¢; 1/ log « log log «})

tZnsz Pi(»n)

Proof. First let 1=y =« and y = 2¥*. N. G. de Bruijn [3]
showed that if 3 < a < 4y'*/log ¥ then
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(4.44) (z, y) = O(xlog*y exp {—alog @ — aloglog a + ca}) .
Take y = exp {VIog # log log «}. Then from (4.44) we have
(4.45) ¥(x, ¥) = O@ exp {—c;1/ Tog wlog log =}) .

Next observe that

(4.46) M},T(T“r(”—) < Q(n) = O(log ) .

We now split

A%
5 A(_‘"')P_M = 5 4+ § =¥4S,
2in=z 1(ﬂmn,) les(:]s;y lest;]g)xy 1 z

(4.47)
Clearly from (4.46) and (4.45)
(4.48) zl‘, = O(log z-¥(x, ¥)) = Oz exp {—¢,, 1/ log x log log x}) .

But then by Theorem A, (2.2), we have
(4.49) Es} < exp {—Vlog z log log :z:}MEé (A(m) — A*(n))

= O(z exp {—¢,, 1V log = log log x}) .

The first equation in Theorem 3 follows from (4.47), (4.48) and (4.49).
The second equation is a consequence of Theorem 1. That proves
Theorem 3.

THEOREM 4. For every integer k =1 we have
S,(, k) ~ Sy(x, k) ~ Sy, k) ~ Sy, k) .
Proof. The smallest of the four sums is S,(z, k). By Theorem 1
(4.50) Si(x, k) = S,(z, k) > byw/(log ) .
The largest of the four sums is S,(z, k). Consider the difference

Sz, k) — S, k) = 3, A — P(w) — -+ — Ppy(m) — Pi(n)

2dnzs P,(n)
- A(n) — P(n) — -+- — Pi(n)
515 2imzs P(n)
’ Pyn) — Pi(n)
& B

=S5@k+1+ 5 L *("“)P—(;)’ in) |

By Theorem 2
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(4.52) S,(z, & + 1) = O(z/(log 2)") .
But then

(453 A(m) — A*(m) = 3, Pi(m) — 3, Pi(n) = 53 {Py(m) — P5(w)}
= Pyn) — Pi(n) .
So by (4.53) and Theorem 3 we have

Pyn) — Pi(m) A(n) — A*(n)
(4.54) 2in=z P,(n) T 2dmze P(n)

= O (x exp {—e¢,V log x log log «}) .
Clearly from (4.51), (4.52) and (4.54)

(4.55) S,(x, k) — S,(x, k) = O(x/(log x)*) .
Thus from (4.55) and (4.50) we deduce
(4.56) Si(x, k) ~ S, k) .

But since these are the smallest and largest sums, Theorem 4 follows
from (4.56).

While proving Theorem 2 we did not use Lemmas 1, 2, and 3 in
the forms in which they were stated, but used only the upper bounds
they implied. These lemmas will play a role in obtaining asymptotic
estimates, which we take up in the next section. We refer to the
method of proof of Theorem 2 (namely the choice of 2 and the con-
vergence of the series (4.48)), as the “upper bound method” and use
this method to take care of the error terms arising out of the
asymptotic estimates in what follows.

5. Asymptotic estimates. Our goal in this section is to prove

THEOREM 5. Let k be a wositive imteger. Then all the four
sums Sz, k), 1 =1, 2, 3,4 are asymptotically equal to

ax/(log x)*!

where
gl = r,o(s — K)¢*-ds .

We need some lemmas before we go to the proof.

LEMMA 4. If a=1 and ¢ > 0 then
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| ola + &) — p(ar) | = O(ﬁ) .

Proof. It is well known (see [10]) that p satisfies
ot — 1)dt
(5.1 o) =1 — | "= Dt

Furthermore (see [10], [3])

Cis
(5.2) pla) < Ta+1
Combining (5.1) and (5.2) we get

05 0@ —pla+o = | XDt s LA~ 0 o)

because p is monotonic decreasing.

LEMMA 5. There exists constants ¢, ¢, and ¢, such that if
a=1and y= 2", =1, then

2
z, %) — apla) | = 2max( CisT ” Cubd )
% ) ola)| exp {e, V']og ¥y} e**-logx
Proof. Lemma 5 is obtained by combining certain results of de
Bruijn [3]. For the function A(z, /%) defined by de Bruijn, it is
known

(5.3) | (e, &%) — A(w, #'/7) | < exxa® exp {—e,V log y}
and
(5.4) | A, %) — xp(a) | < enza/(e*-log x) .

Lemma 5 follows from (5.3) and (5.4).

Proof of Theorem 5. Because of Theorem 4 it suffices to prove
Theorem 5 for one of sums S;(z, k). We consider S,(x, k). So we
start with (4.29). (We assume & > 1 since Theorem b is trivially true
for k = 1. (See (5.1), (5.2) and Theorem 4.)

In (4.29) we first look at the contribution due to numbers for
which

D 1

(5:8) p,  (log p)**

We will get an upper bound for the contribution due to such numbers.
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Let 0 < 8 < 1 be a real number whose value will be specified later.
Then write

(5.6) F=35 +F =

2Epsx ofEpySe m=02B/2M Tlgy xpA I

In the interval «2™"" < p, < 2™ one has an upper bound for + given
in (4.42), while for 2 < p, = © we use the trivial upper bound

X €T
T q,"f(——————-,ip,; &=
o powd ) P D

Then for numbers satisfying (5.5) together with #* < p, < x, we have
the following bound in (4.29)

1 1 1 1
Oz —_— el = .
5-8) ( ”"gl“ﬁ” p,(log p,)** Pk%“l y2 Pkg?%xsﬂ Pr—1 ”s*—‘%“éh ps)

Analysis similar to (4.32), (4.33) and (4.34) yields

1 1
0 R — (log'l — log'1 k=2
(:13 1-552915',\: p,(log pl)kﬂ p%l 2 (log log p, og log p,) )

D (log log p,)* z(log log a)**
- O(xxﬂszﬂléx p(log p)**! ) - O(W>

using Lemma 1. To estimate the contribution due to integers satis-
fying (5.5) for the case p, = z°, we use the decomposition of the last
sum of (5.6). Then the upper bound method yields

O( x(lagéz:gjkf?k-i) i ( (Io: 2)F )

(5.10)

provided 8 is suitably chosen. Thus from (5.9) and (5.10) we conclude
that the contribution due to terms satisfying (5.5) is given by (5.10),
and is smaller than the asymptotic term we are seeking.

Next we observe that the contribution due to terms for which
p, = p(n) is small is negligible. For that purpose set

(5.11) y = (exp {(log x)*°}) .
With % as in (5.11) we have by (4.38)
(5.12) Wz, ¥) = O(x exp {—c,(log )} .

So, if p, = P(n) < y, then

5 40) Bl o Bl g 5 .Q(nuéo( by log“’\)
(B.13) 2=v=2 P,(n) 25mze tinss :

Piini=y Pyln) Sy

= O(log y/(z, ¥)) = Ox exp {—cy(log 2)"*}) .
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Because of (5.18) and (5.10), we assume from now on that

(5.14) = pi £ pi; P(n) = p, > exp {(log 2)*7} .

D,
(log p,)**

Once we assume (5.14) we can rewrite Lemma 5 as

“:ﬁ‘(ﬁ’ y ) = xP(IOg(ifglp‘k'_; ’Pk))

n O( e e )
Do Delog oy

(5.15)

where a = log (2/p, -+ pu)/log p;_.

The idea is to substitute (5.15) in (4.29). It is then easy to take
care of the contribution due to the error term in (5.15) in (4.29) by
observing that (5.14)

(5.16)  log Py, = log p, ~ log », > % logp,, 2z=u.

This means if we substitute the O-term of (5.15) in (4.29), and use
the upper bound method we get

(5.17) O(x/(log x)*) .

The convergence of a series like (4.43) is ensured this time by the
e~ term in (5.15). Since (5.17) is smaller than the asymptotic term
we are seeking, we may forget the contribution of the O-term in
(5.15), in the sum (4.29).

As to the leading term of (5.15) we observe that

p( log (Ia;go;);: D) ) =p (log z ;gz;i::log p() _

(5.18)
By (5.14) we have

(5.19) log p, = log p, + O(log log p,) , 145k,
Substituting (5.19) in (5.18) we get

) 2 1 ofnigien),

(5.20) ©(

Using Lemma 4 to estimate (5.20) we get

(5.21) o(Log2 ). o(logz-loglog )

log », log® p,- I'(@)

where a is as in (5.15).
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Thus the factor o in the leading term of (5.15) is equal to the
quantity in (5.21). Recall that our idea is to substitute (5.15) in
(4.29) and estimate the sum. The contribution of the O-terms in
(5.21) can be obtained by the upper bound method. There is a loga
in the numerator, but a log®p, in the denominator. This time the
presence of /(@) in the denominator ensures convergence in a series
like (4.43). Thus the upper bound method yields

(5.22) O(x log log x/(log x)*)

as the contribution due to the O-term of (5.21). Thus we deduce
that the main contribution from (4.29) comes by assuming (5.14) and
replacing v (2/p, +++ Di, Pet) by

(5.23) = logz _ k) ;

P+ D \logop

So we replace (4.29) by

" p(log x/log p,) — k)

expl{log )2 3} sp Sx pf
(5.24) 1 1
5 S 2 s =
pyitleg piktispLSey P2 5p Proi rasrg=PL Py

To estimate (5.24) we use Lemma 3. First we get

ok o (log log p, — log log p;) + O(exp {—e;1 Tog py}) .

py=pe=ry P

(5.25)

The contribution due to the O-term in (5.25) in (5.24) is taken care
of by the upper bound method. This time the presence of p in (5.24)
ensures convergence of a series like (4.43), because of (5.2). Actually
every error term that arises in (5.24) by repeated use of Lemma 3
can be estimated by the upper bound method, yielding

(5.26) O(x exp {—¢sV log x}) .

So we need only look at the leading terms arising out of Lemma 3
in (5.24). After k-2 applications of the lemma we are left with

o((log x)/(log p,) — k)
expi(log 2)2/3=p == pf
(log log p, — log log p,)*

#yftlog ppk+isppspy (k — 2)1

€

(5.27)
b4

In (5.27) we use Lemma 2 to get
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p((log z)/(log 2,)) — k)

mexpmog 73 sy 52 _‘Pf
(5.28) " [ P, 2 O(pl(log log p,) )] .
(log p.)** (log p,)*
As before, the O-term in (5.28) contributes
(5.29) O(z log log z/(log )*)

by use of the upper bound method. Finally the leading term in
(5.28) is estimated by writing it as a Stieltjes integral. That is

p((log &)/(log p,) — k)

xexp!{log )23 =p p,(log p,)*
s Sw'* p((log z)/(log y) — k)dz(y)
epx{(log z)3/8)= y(log y)kwl
(5.30) s S p((log z)/(log y) — k) 4.,
expi(log )Y} y(log 'y)k
i r* o((log x)/(log y) — k)
expi{log )28~ y(log 'y)k_l

X diz(y) — iy} =L + I, .

We can bound I, rather easily. First observe that |p| <1. Ignoring
o0, we integrate by parts, and use (4.1) to deduce

(5.31) I, = O((x exp {— e, (log x)'"*}) .
To estimate I, write ¥y = 2¥*. Then

(log x) /3
I = LS
' (log 2)*

(5.32) - ﬁ‘ [V a V ]

o(s — k)s* *ds

1

' x x
ecilioc. BB gt L
: (log z)** N ((log m)")

because of (5.2). So Theorem 5 follows from (5.32) and the preceding
estimates.

REMARKS. Note that we have actually shown that
Sz, B =a X 0 x log log x )
(5-33) i, k) L (10g m)k—l + ( (103’ :’.t})k )

Observe that S,(zx, k) is the largest of the four sums and S,(x, k) is
the smallest. Therefore, because of (4.55), we deduce a stronger
form of Theorem 5, namely
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Sl iy =k @ 0 x log log
(534) (:'.B, ) ak(log x)k—r. o2 ( (Iog :’,U)k )
fori=12, 3, 4.
Thus we have proved all the statements of Theorem B, except
the relation between a, and ¢. We do this in the next section.

6. The constants a;. It is obvious from Theorem 4 or (5.1)
and (5.2) that @ = 1. So we suppose k = 2. For k = 2 write

6.2 = rp(s — K)s*—ds = X:Dp(s ~ k)s*-'ds = S:p(t)(t + k)

k=2

S5 oo e

F=0 =0

where
(6.3) fi={ owpiat .
In a recent paper, Knuth and Pardo [8], have studied the behavior of
(6.4 v = 35 1.
P imisy

In the course of their investigations they show

(6.5) fi=¢g;

where v is Euler’s constant and the g, are recursively defined by

(6.6) 9'0291:19 g; = 1 E (3)g,ﬂ'—i! 320-

J1éEi g

Combining (6.2), (6.5), and (6.6) we infer that a; is a rational
multiple of ¢ for £ = 2. For instance

a;=f,=e'g, =e".
That completes the proof of Theorem B.
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