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ON DIFFERENCE SETS OF SEQUENCES
OF INTEGERS. I

By
A. SARKOZY (Budapest)

1. A set of integers wy<u,=... will be called an 7-set if its difference set
does not contain the square of a positive integer; in other words, if w,—u,=z*
(where x, y, z are integers) implies that x=y, z=0. Let 4(x) denote the greatest
number of integers that can be selected from 1,2, ..., x to form an .«/-set and let
us write

A(x)

a(x) =
L. Lovasz conjectured that
(1) a(x) = o(l)

(oral communication). The aim of this paper is to prove the following sharper
form of (1):

THEOREM.
2 a(x) =0 [M]

(log x)1/3

(We remark that (1) has been proved independently also by H. Fiirstenberg:
his proof is unpublished yet.)

To prove this theorem, we are going to use that version of the Hardy-Littlewood
method which has been elaborated by K. F. Rots in [2] and [3].

Theroughout this paper, we use the following notations:

We denote the distance of the real number x from the nearest integer by | x|,
i.e. |xi=min {x—[x], [x]+1—x}. We write e(x)=e*** where o is real. L,, L,. ...,
Xy. X1, ... denote absolute constants. If @, b are real numbers and 5 =0, then we define

the symbol min {a, %} by

3) min {a, -g} =a.
Finally, if |g(xy, >3, ..os X,)[=f (31, Xa, ..., X,) then we write

g(xlvxﬁ'l Laey r:) = G(f(xl’ X veey xn))'

2. Following Roth’s method, we are going to deduce a functional inequality
for the function a(x).
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126 A. SARKOZY
Let N be a large integer and let us write M=[}VN]. Let

[y¥l M
T(@)= 3 e(z?a) = g e(z%a).

z=1

Let uy, uy, ..., 4y be a maximal o/-set selected from 1,2, ..., N and let

AN)
Fla) = 2 el(u,a).
x=1
We are going to investigate the integral
1
() E= [|F@)PT(@) ds.
a

Obviously,
1
(%) E= f F(@) F(—)T () da =

f é‘ e(u,o) Z’ e(#u o) Ze(z’:t)dcx— ,§: 1=0

=1 Uy =, 4 z2=0

-

Since iy, Uy, ..., U,y IS an of-set.

On the other hand, we shall estimate this integral by using the Hardy—Little-
wood method. For this purpose, we need some estimates for the functions T'(x)
and F(x).

3. In this section, we estimate the function 7'(x).

LEMMA 1. If @, b are integers such that a=b, and B is an arbitrary real number then

b 1
2 0P ’ EW} -

(For |Bll=0, the right hand side is defined by (3).)

Proor. Obviously,

= min {b—a+l

|z"’e(kﬁ) s Ssbegl

for all a, b, § (where a=b).
Furthermore, for || ]| 20,

!1——6((b~—a+1)ﬁ)| 2

k:ae("ﬂ)l =B el

2 1 1 1 1
= R <GP ~ Fnhl ~ snrlfl = 2 R = 306

which proves Lemma 1.
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ON DIFFERENCE SETS OF SEQUENCES OF INTEGERS. 1 127

LEMMA 2. Let p, g be infegers and «, y real numbers such that g=1, (p, g}=1 and

a—£| = —1

gl ¢

Then
5" mi { I I 871
min g, —————¢ < 8glog g.
2o g | T 07081

This lemma is identical to Theorem 44 in [1], p. 26.

LeMMA 3. Let p, g be integers and o, y, P real numbers such that ¢=1, (p,q)=1,
P=1 and

(6)
Then
g=1 1
@) xé; mlu{ S ”} < 8P+ 8qlogg.
Proor. For g=1, (7) holds trivially (by P=1).

For g=1, the left hand side of (7) can be rewritten in the following way:

x_z}gle.

®) S mi {P 1 ]
miniP, —————¢ =
el ly+az]
= > min {P . }-f— 2> min ‘P el }*
0=x=g-1 ’ ffy +oexl] 0=x=g—1 ’ lp+oxfi) —
il)'+uﬂ-<£~ Il}f+axl§$
1 1
= Pi sl L+ { : }
DD I ey Sl P LD W) LY e
|'|:-+u||-=§ I.I?-f-uxn‘-_:% ilr-[—axllq% 1lw+:r|.i¥%

=7, 21+ E e g
= Z I+Zm1nq,m.

b=x=g-1 x=0

1
Iytaxll=-=
q
We are going to show that
) > 1=8.

0=x=g4-1
By 4axll =—
q

Let us assume indirectly that the left hand side of this inequality is =9. This in-
direct assumption implies the existence of integers x;, x,, X3, X4, X5 such that

(10) Iy +ox) < —:_; (for i=1,...,5)
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128 A, SARKOZY

and which all lie either in the interval [0, 3—%—{] or in [f—_-z;l-, q-—l]; in either case
. q S %
(1) Of:rxi-xjr-czi (forl=i=j<)).

By (10), there exist integers p; and real numbers 8; such that

(12) ?+axi:yi+% doE $1, ee0 )

and
—1=8<1 (for i=1,..75.

Using the matchbox principle, we obtain the existence of indices g, v such that
l=pu<=v=5 and

1
(13) 10,=0.] < -

Writing i=p and v in (12), respectively, and subtracting the equalities obtained
in this way, we obtain that

Bl
a(le_hxv) =yﬂuyl'+-ia_‘-‘
Hence
; 9,—0, 1
(14) hg(xp'—xw)ir = _q_ = E
(by (13)).

On the other hand, we obtain with respect to (6) and (11) that

a0l = |2 65,50+ (2] )| =
= |[PCa—%) Bl o Yo Mot B L
= I E Ty

in contradiction with (14), which proves (9).
(8), (9) and Lemma 2 yield (7) and Lemma 3 is proved.

LeMMA 4. Let N, p, g be integers and « a real number such that N=1, g=1,
(p.)=1 and

1
Then
M
(13) [T@) = Lg; e(k?x)
(where M=[}YN]).
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PROOF.
T@PF=T@)T(—0) = Z Ze((x —y9a) =
x=1y=1

M M —1 min{M M-u

= 2 Ze((x N(x+y)a) = Z' > e(u(u +2y)a) =
x=1y=1 u=1—M y=max{l—u,1}

M=1 | min{M, M=u) M-—1| min{M, M—u}

= 3 > elu+2pa) = X eQuya)| .

u=1—M |y=max{1—u1} u=1—M |y=max{1—u,1}

To estimate the inner sum, we apply Lemma 1 with f=2ux, a=max {l—u, 1},
b=min {M, M —u}. Then obviously,

b—a = min {M, M—u}—max {1-u, 1} = M—1,

thus Lemma 1 yields that
M-1 1
- . - . S
[ T@)? = uzgmmm {(M D+1, 2|12ua11}

TR R I R
TR e e B N B

1 [aM—4)/q] 2—2M+(j+1)g—1 { 1 }
=_ min{2M,
2 ,é.; o=s—‘§4+fq floz|l

The inner sum can be estimated by using Lemma 3 with y=(2—2M +jg)o, P=2M.
We obtain that
1 [Car—4)/q)

(16) [T (®)|?= 3 2 (16M+8qlogq) =

j=0

s %[{4Mq“4]+ 1] (16 M +8qlogq) < [iij-+l](8M+4qlog g) =

2
= 32% +8M+16M log g +4q log g.
For g=1,

while for ¢g=2
M < Mlog4 =2Mlog2 = 2Mlogg.
Hence
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130 A. SARKOZY

Thus we obtain from (16) that

M? M?
|T()|2 < 32-7+ 8[T+2Mlog q}+ 16Mlogg+4glogg =

M? M?
=-40—q-+ 32Mlog g+4qlogq < 49 [T+Mlcg q+qlogq).

With respect to the inequality
(E@+bB2+c)V2 = g+-b+c (where a,b,c=0),
this yields (15) which proves Lemma 4.
LeMMA 5. Let N, p, q be integers and o a real number such that (p, q)=1,

(17N N=3,
(18) 1=g= N"3logN
and

P i
(19) !I""E] - -q"'é'.
Then

IT (&)} < 21 [-‘;f]m.

Proor. Applying Lemma 4, we obtain with respect to (17) and (18) that

M
7] <7 (B + O Tog gy 2+ @log ) =
1/2
=7 [[E] + NV4(log ¢)'*+(q logq)W] =

N 1/2
& 7[[5] + NV4(log N)V2 4+ (N2 log N}Uz] 5y

N i/2 : log N 12 N 1/2 N /2

LEMMA 6. Let N, p, q be integers and «, B real numbers such that

(20) N=09,
(21) r,g =1,
(22) 1=g=VN,
p
3 il
(23) o q+ﬁ
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and
logN 1
(24) =l < ——.
2qYN
Then ;
log N i
25 T(x)] < 30 [—-—-—
(25) |T() 21F|
ProOOF. Let
7l
= |—=|+1.
) e [q 18]
Then obviously,
1
26 o
(26) Ce qBl
hence
1
27 s b
(27) 1Bl 20
By (24),
1 o
28 — = VN
@) alfl
Thus
29 0=+ = i W= i =
q|B] qiﬁi elﬁi q1ﬁ1 g8l
By Dirichlet’s theorem, there exist integers r, s such that
(30) r,s)=1,
(31) l=s=0
and
r 1
(31) and (32) imply that also
Wt
{I—-'S—i - S2

holds. Thus we may apply Lemma 4 with % in place of —‘Z— . We obtain that

(33) IT@)| < 7[ 7+ (Mlog sy/2+(s 1ogs)1f2} =

N 1/2
= 7[[—5—] +N”’(logs)”2+(slogs)m].

To deduce (25) from this inequality, we have to estimate s in terms of ¢ |#| and N,
respectively.
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132 A, SARKOZY

By (29) and (31),
(34) FED et
hence with respect to (20) and (24),

Thus (33) implies that

(35) W@N{T[%raﬂNm+W%&%NWﬁ-
We are going to show that

(36)

Let us assume indirectly that

(37

e
H
rnl"f

o
u:j"'t

By g=1, s=1, (21) and (30), this implies also g=s. Thus in view of (23), (27)

and (32)
1= [5-+l-5)l=

r
of ——
s

i —L.
q

=

r 1 1
5170 0"

in contradiction with (37), which proves (36).
(36) implies that

(38)

= [Be-

VAT . )
g s gs = gs

On the other hand, with respect to (22), (23), (24), (26) and (32),

p r p r p r
2 rarie ’{T )+[°=—*;)| = “*?l* “‘?‘ =
qu{ 11 1
= [Bl+ fx"“ iﬁl+ < Bl+— lﬁH"&:‘E'V*—‘- = fl+5— T
(38) and (39) yield that
1 =| 1
o ﬁ[+_2—,§?f'
Thus by (24),
e o= g = ¥
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ON DIFFERENCE SETS OF SEQUENCES OF INTEGERS. I 133
In view of (20), (34) and (40), we obtain from (35) that

N 1/2 < N1/2
IT@)| <7 [{?] +25s12(log N)lfz] = 7sV2 (log N2 [.Wﬁ-l- 2] =<

2 1/2 log N 1/2
<752 (log NYV2(1 +2) = 215V2(log N)V2 < 21[m] (log N2 < 30 [—qlgﬁl ]

and Lemma 6 is proved.

LeMMA 7. Let N, p, q be integers, R, Q, a real numbers such that N=1, (p, q) =1,

@n 1=R=q=0,
(42) VYN=Q=N
and
_p_1
(43) ol <=5
Then 4
(44) T ()| <7 [%] + 14(Q log N)¥2,

Proor. (41) and (43) imply also

P 1
O = e
QI 7
Thus with respect to (41) and (42), Lemma 4 yields that

1/2

7@ < 7[%-1—(}\’”2 log 9)"2+ (g log q)lfz] =

1/2
=7 [[%] +(Qlog N)24(Qlog N)“"-’]
which proves (44).

4. In this section, we estimate the function F(x) by using Roth’s method.
Lemmas 8 and 9 follow trivially from the definitions of the functions A(x)
and a(x).

LemMA 8. If x, y are positive integers such that x=y then A(x)=A(y).
LEMMA 9. For any positive integer x,
1
—=a(x)=1.
%

For any integer b and positive integers g, x, let A, ,(x) denote the greatest
number of integers that can be selected from b+g¢q, b+2g, ..., b+xq to form an
of-set.
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134 A. SARKOZY

LemMma 10. For any integer b and positive integers q, X,

A(b_qz)(x) = A (x)

Proor. This follows trivially from the fact that the numbers b+u, 4% b+uyq°,
., b+u.q® form an o/-set if and only if also the numbers u,, u,, ..., y, do.

LemMA 11. For any positive integers x and y, we have

(45) A(x+y) = AX)+A(y),
(46) A(xy) = xA(y),
47 a(xy) = a(y),

(48) a(x) = [1 - %] a(y).

ProoF. Applying Lemma 10 with b=y, g=1, we obtain that the greatest
number of integers that can be selected from y+1, y+2, ..., y+x to form an «/-set
is =A(x). (45) follows easily from this fact.

(46) is a consequence of (45).

(47) can be obtained from (46) by dividing by xy.

Finally, by Lemma 8 and (46),

A(x)f-A[[ ]+1] ] +1 A(y)ﬂ[—-}»l]A(y)
Dividing by x, we obtain (48).

LemMmA 12, Let g, t, N be positive integers, p integer, o, B real numbers such that

(49) a—LZ = p.

Let
a(f) sp N
0= 0(5.(2) G,
so that if (p,q)=1 then

N
(50) Fy(a)={°® Z () for g=
0 for g=1

(where (p, g)=1).

Then

(51)  [F@—Fi(®)| = (a(t)—a(N)N+2a(t)tg*(1+x=|B|N) = H(, N, g, B).
ProoF. We are going to show at first that

(52) Fo) = “Z Z' 2 elw)+0(a()ig?).

1 j=1 j=Su~<j+t
U =5(modg?)

Let us investigate the coefficient of e(az) on the right hand side.
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If t¢?=u, =N then we account e(oz;) exactly 7¢? times, namely for the follow-
ing values of j:
J=u—tg®+1, u—tg®+2, ..., u,

Thus the coefficient of e(aw,) is

tq’%—l

in this case (and its coefficient is the same on the left hand side).
If
(53) 1 =y, < tg?
then we account e(aty) on the right of (52) forj = 1, 2, ..., u,, thus its coefficient is
1

1
(v ﬁ)u,"? < tq*-—-é— =1

on the rlght and 1 on the left of (52). The numbers Uy satisfying (53) form an .o/-set
thus in view of (46) in Lemma 11, their number is

= A(1g®) = A g = a(t)1g>.

These facts yield that, in fact, the error term in (52) is 9(a(r)tq2)
The term e(a,) in the inner sum in (52) can be rewritten in the following way:

ami=e ) (e -
[ ]e(ﬁ.})e(ﬁ(u’k—}»“e[ ]e(ﬁj)(1+9(2n|ﬂ(uk—1)|))—

= ¢(Z) et +0(n1pus—) = e (2] ea+onpisa?

since |u,—j|<tg* in the inner sum, and

le()—1] = le(/2)—e(—7/2)| = [2sinmy| = 2|ny| = 2x[y|

for any real number 7.
Thus the inner sum in (52) can be estimated in the following way:

(54) S elu)= 3 [e (2 e(ﬁj)+9(2ﬂlﬁltq*)] =
jEu <j+ gt R ) q
w, =s{mod g%} . =5(mod g¥)
~ [e(&) ewwr+oenipign] 3 1
u,,:-?(‘;f:c'l

Let us define the integer v by
v<j=v+gqg? v=s(modqg?.
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136 A. SARKOZY

Then by Lemma 10,
> 1=A, s = A@) = a(n)t.

i=w=<j+1q®
u, =s(mod %)

Thus if we define D(J, 1, g, 5) by
2> l=a(t)t-D(j1,4,59)

iSm<=j+igt
u,=s(modg?)

then D(j,t,q,s)=0. Putting this into (54):

> elowy) = {e [—g—s] e(Bj)+6Q2r|B Ilqz)] (a@®)t—D(j, 1, q,5) =

J=u<j+ig®
=5 (mod g%

=e [?]e(ﬁj)(a(t)z—l)(j, t, g, 5))+0(2m|Bla(r)1®g?).

Thus (52) yields that
q*

| N P . .
(55) F(x) = -—-5 g ;l'{e[?] e(Biy(a()t—D(j, t, q. s))+n9(2n [ﬁ!a(:)zzq”)}+

(a(r)rq*)——)[ﬁe (2 ][Ze(ﬁj) = 5 (B etppii s

s=1 _q-

+0( ¢t N 201Bla)Pg?) +6(a(1g") =

= Fy(a)— rq Z‘ Z [?S] e(BD(, t, g, 5)+0(2n |B| Na(t)tg®)+0(a(t)1q?).
Putting here «=8=p=0, we obtain that

: N
AN) = a(t)- N—'—lg;c:l DG, 1, 4, 5)+0(a()1g?).

j=1
Hence

(56) —1§‘

-, ZN’D(J', t,4,5) = a()- N— A(N)+a()1g* =

= (a(t)—a(N))N+a(n)tg®.
With respect to (56), (55) yields that

,EM%.

|F(@)— Fy(@)] = —'-— = 2 D(j, 1, 4, 9)+2n|B| Na()1g*+ (g =

= (a(t)—a(N))N+a(I)tq +2n|B| Na(t)tg® +a(t)tg* =
= (a(t)—a(N))+2a()tg*(1+ = |B|N)
which proves Lemma 12.
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5. In this section, we are going to deduce a functional inequality for the function
a(x), by investigating the integral E defined in Section 2. This inequality will contain
four parameters: £, N, R, @ whose values will be fixed later.

LemMma 13. Let ¢, N be positive integers, R, Q real numbers such that

(57 N = e
(38) t/N,
(59) 1= R = NYlog N,
N

1/2
(60) 2N {leogN'
Then
(61) a¥(r) N2 < 1260a(t)(a(r)—a(N)) N¥2loglog N+

+12600a2(t)tN (log N)12Q-12
+120(a(t)— a(N)) {TN¥2 R¥2 log N+20N?(log N)V2Q~12 R 4
+26000a2(1)12{3N~12(log N)* Ri\2 + 2N*(log N)V2Q -2 R} +
+140a(r) {N¥/2 R-V2 + INQV2(log N)V%}.

Proor. Let us write

G(x) = a(1) gﬂ:’ e(jo).

Then
E= [[FQPT@dx= [|G@PFT@)da+ [(IF@P-IG@))T () da

where E=0 by (5). Hence

1 1
(62) [ I6@PT@ de = — [ (F@)*~G@)?) T(@) da.
0 ]

Here

(63) j |G(@)]2T (a)dee = ‘)fl [a(t) jg'ﬂl e(joc)] [a ) kg’ e(— er)] Cgle(zza)] do =

= a%() f > Ne((j—k—i-z?)a)da = a2(1) __kg;ﬂ 1.

1=j,k= 2
- 1=j,k=
i ieats léiﬁﬁ
(©4) 1;:25%_1, =i,
(65) l=j= §+l
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138 A. SARKOZY

then the numbers j, k=j+z® =z satisfy the conditions

j—k+22=0, I=j, k=N, l=z=yN

k=j+22= [%+l] [—_1] N.

since

By (57), the number of the positive integers z satisfying (64) is at least

V- - [)- Fe 22

while (65) holds for [%]-i— 1 :»%r— integers j. Thus (63) yields that
1
(66) f [G@ET()de=a?(t) 2 1= a*()- Ci = i.s:"(f‘).N"“‘.
P Jj~k+z3=0 8
1=j,k=N
1=zsfN

To complete the proof of (61), we have to give an upper estimate for the right
hand side of (62).
For g=1,2,...,[Q] and p=0,1,...,¢-1, let

_ [p 1 p 4 1
P \g pQ’ q qQ
and let S denote the set of those real numbers a for which

_l —g=]-—
g="=

holds and
(67) w¢l,, for 1=gq=R, 0=p=gq-1, (pg)=1
Then
(68) | [ (F@!~|G@))T(x) dof =

1-1/Q +1/Q

=| [ (F@P-16@»T@dy= [ [[F@F-|G@P|T@]|dx+
~1/0 -1g

3]

+2 2 [|F@F-I6@PIT@)|dat
TR T

+ [|IF@P—-IG@P IT@|dx = Ey+Es+E;.
5

Let us estimate the term E, at first.
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For any complex numbers «, v, we have
(69) [lul2—[ol?] = [uiz—vd| = |(u—v)d+v@E—0)| =
= [u—ollal+lo|[g—2| = u—ov|(ju|+ |o]) = [u—v|((u—0)+v|+[of) =
= |u—o|(ju—v|+2[v]) = Ju—vP+2u—v|p].

Furthermore, applying Lemma 12 with p=0, g=1,a=8, we have F(0)=G(x)
there, thus we obtain that
(70) |F(@)—G(x)] = H(t, N, 1, o).
(69) and (70) yield that
+1/0

an E= [ |F@F-IG@P|IT@)|de=
-0
+1/Q +1/Q
= [ F@-G@PIT@|da+2 [ |F@)-G@|IG@ITE)] dx =
—i/0 -1/Q
+1/Q +1/Q
= [ HY N, L,o)|T@|da+2 [ H(t, N, 1,0)|G@)||T(@)|de = Ef+2E].
-1/Q —-1/Q

E{ will be estimated simultaneously with E,; here we estimate only Ey.
The function |G(x)| can be estimated by using Lemma 1. Furthermore, for
|¢l|=log N/N, we use the trivial inequality

M M
De(z2o)| = 21 = M = N2,

z=1

(72) T(@ =

while for log N/N<|«|=1/Q(<1/2/N, by (60)), we apply Lemma 6. In this
way, we obtain that

@ E< [ {(a(t)—a(N))N—}-Za(t}r(l+ar--1—-N]}-a(.r)N-N1"2do:+
la|=1/N
+ [ {(a@®—a@)N+2a()t(1+7)|a| N}- a(t)—l— - NV2dy+
1N <la|=log N/N !
1/2
+ [ {(a(f)—a(N))N+2a(t)!(l+n)fm|N}-a(t)~2—{l&-l--30[bLN] do <

log N/N<|a|=1/Q fox|

< %{a(r)(a(t) = a(N))N5’2+2a2(r)t 5. N3’*}+

1
o a@)(a@—a@)Ne 1a| dut2. BN gaqyr.s. ooy
1/N<|x|=logN/N
+15a(t)(a(t)—a(N))N(log N)V2 lm do+
losN!‘V<|¢|51f01 i
+30a2(t)t- 5N (log N)1/2 f '—]lu—zd“-

log N/N < |a|=1/Q lC(
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Here

—-—da = 2loglog N,
lfﬂc.atﬁloENxNI 1
+oo —1/2 1/2
logN N
—da =2 -——da:=2-2[ ) :4[ )
d log N/N< [c:|==11f\{,?b 13“ Iogi\'[;‘h' o N IOgN
an

i

1f2 4
Tog N/N-= 2] =1/Q Mm =2 f = 2[ ] o
Thus with respect to (57), (60) and a(f)=a(N) (by (47) and (58)),
(74) E < 2a(t)(a(t)—a(N))N¥2+20a>(e) N2+
+a(t)(a(t)—a(N))N*2loglog N+ 10a%(t)tN* 2 log N+
+60a(t)(a(t)—a(N)) N2+ 600a2(t) tN(log N)2Q 12 <

N 1/2
< 63a(t)(a(r)—a(N)) N*2loglog N+30a(1)tN2log N{l +20 [W] } =

= 63a(t)(al(t)—a(N))N32loglog N+630a%(r)tN(log N}/2Q 2

Now we are going to estimate Ej +E,.
If 2=9=Q, 1=p=g—1 then wclJ, , implies that
1 1 1 1 1

ol =
4 90~ q 2
Thus for 2=¢g=0, 1=p=g—1 and (p,g)=1, Lemmasl and 12 (where F (x)=0
in this case) and the trivial inequality (72) yield that

J IF@P-G@tIT@lde= [ FQPT@|det [ (G T(@Ide=
JF-G
= [ P T@]dat f a*(0)+ (20)° o

P‘I

1 2 1 =
= ,f 1F(a)|2]T(a)|da+§a—é-2a (1)gENY2 =

g
+1/gQ

= [ H'@Nq ﬁ)‘?[£+ﬁ]1dﬁ+a2(r)sz.
—1/g0 q

Hence
+1/Q

(75) El+E= [ H@N,1,0|T@|de+

-1
IR} +1/gQ ! p
B E { H(1, N, g, ﬁ)tT (——+B]1 dﬂ+a*(t)N”“} =
g=21=p=g-1 —1/gQ
(p,@)=1
7] +1/gQ
=3 s Twenen|r(Zes)|areoms

g=10=p=g—1 _3
(p,@)=1 e
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To estimate T(-‘;T-{-ﬁ] ,weuse Lemmas 5 and 6 for || =log N/Nand log N/N<|8|=

=1/qQ, respectively. We obtain with respect to (57), (59) and (60) that (for ¢=R,

+1/3Q

[ H:, N, qp IT (%+ﬁ]| dp <

—1/gQ

< f {2(a(®)—a(N))PN2+16a*(2)r2g*(1 +“252N2)}21[%]md,8+

|1Bl=log NN

& f {z(a(f)‘a(N))2m+lﬁaz(r)tzq“([.f.nzﬁzNg)} 30 [logiﬁjl\’] T

logNIN<|BI=1/qQ

log N

1/2
{2(a(f)—a(N))2N2+Iﬁaﬂ(r)rsqq[l+ 2log NNS]} [}:] i

+60(a()—a(WM)* N2 (log N)2g=22 [ |p|=2dp+

log NiN <|pi=1/gQ

log N\/2
q!8| ] “

< 84(a(t)—a(N))* N*2log N- g~V +-32-log N- N~V2a%(r)r2g"2 - 11 - log? N- 21 +

+ [ 480a(r)i*qt- 11BN? (
log NN=<|8|=1/4Q

1/qQ
+120(a(2)—a(N))*N*® (log N)2g~1/2 f B2 dp+

1/q0
+10560a%(t)t2g"/* N? (log N)\/2 f B2 dp =
0

= 84(a(r)—a(N))*N*2log N- =12 +7392a%(t) 12N ~12 (log N)*q" +

+120(a(r)—a(V)) N* (log NY/2q /2. 2(40) "2+

+10560a2(¢) £2¢"/2 N* (log N2 _i. (q0)~" =
= (a()—a(N))*{84N32log N- g~1/2+240N? (log N)V2Q~12g~1} +

+a(¢)e2{71392N -2 (log N)*q"/2 + 4224 N? (log N)2Q—5/2q}
(x+y)? = 2x2+42)?
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for any real numbers x, y. Thus (75) yields with respect to (57) and (59) that
(76)

R) ¢—1
E+E < 3 3 {(at)—a(N))(84N*2log N- g~V + 240N (log N)2Q~"2¢ 1) +

g=1p=0

+a2()12(T392N 172 (log NY* "/ + 4224N? (log NY/2Q /2 q)} +a*(6) RENV* <
[R]
< > {(a(t) - a(N))(84N*2log N- g2 + 240N* (log N)*Q~ %) +
g=1

+a%(£) 12(7392N V2 (log N)*q2+4224N? (log N)2Q~5/2¢%)} +
+a%(t) (NY2/log N2 N2 =
= (a(t)—a(N))*{84N¥/2 R3/2 log N+240N* (log N)M2Q 12 R} +

+a2(t) 12{T392N 12 (log N)® R1"/2 + 4224 N? (log N)Ifzg-afzm}Jrng a%(t) N3,

Finally, in order to estimate E,, we use Lemma 7. Namely, if «€ § then there
exist integers p, g such that

l=¢g=Q, 0=p=g-1, (p,g)=1
and
. p‘ L
oo cas
q] 4@
by (67), g satisfies also R<gq. Thus (41) and (43) in Lemma 7 hold (and also (42)
holds by (60)). Hence, Lemma 7 yields that

12
sup (T()| =7 [——] + 14(Q log N2,
acs R

Thus we obtain applying Parseval’'s formula that

(77 Ey= [||[F@P—|G@P||T @) dx =
s
= sup 7@ ([ 1F@P dz+ [16G)de) <

< {(INV2R-12+ 1402 (log N2} ( f [F(@)? do+ fl |G () der) =

= {INYV2R-124 1402 (log N)/2}(A(N)+a*(t)N) =
= {INY2R-V24- 140V (log N)2}(a(N) N+a%(t) N) =
= {INY2R-124 1402 (log N)V2}(a(t) N+ a(t)N) =
= a(r){14N%2 R~V 1 28 NQ'2 (log N)V2)
by Lemma 9 and since a(N)=a(t) by (47) in Lemma 11 and (58).
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Collecting the results (62), (66), (68), (71), (74), (76) and (77) together, we
obtain that

1
%az(z)w < [ IG@PT(@)da = E,+E,+Ey =
0

= (E{+2E)+Es+Ey = 2F{ +(E{ + E)+ E; <
< 126a(t)(a(t)—a(N)) N*2loglog N+ 1260a%(t) tN(log N)12Q-1/2 +
+(a(t)—a(N))?{84 N2 R¥2 log N+240N? (log N)V/2Q~12 R} +
+a(t)12{7392N 12 (log N)® R"/2{- 4224 N2 (log N)V2Q 5/ R} +

+ 6—15 a*(t) N¥2+a (1){14N*2 R-V2+ 28NQV2 (log NY2).

Subtracting %(ﬁ(l)!\f’"2 and then multiplying by
1 1) [7]“ 64
[Ta] =l —=7=1
we obtain that

a*(t) N*2 < 1260a(z)(a(1)—a(N))*'2 log log N+ 12600a%(1) N (log N)/2Q V2 4
+120(a () —a(N))*{IN** R** log N+ 20N* (log N)V2Q V2 R} +
+26000a(z)12{3N ~12 (log N)® R1/24 2 N2 (log N)V2Q ~5/2 R3} +

+ 140&(:){}\’3"2}'\"”2 Gl 2NQ”3 (log N)”g}
which proves Lemma 13.

6. In this section, we are going to simplify the functional inequality given
in Lemma 13. It can be shown that we obtain the best possible estimate for a(x)
in the case when the order of magnitude of the product QR is N/log N; thus we
choose

N 1
B 0 TogN’
Furthermore, we put
e o A
t’ o’
Then
s
R=m‘-

The inequalities (59) and (60) can be rewritten in form

s N1/2
= —
logN — logN’

(78) logN =5 = N2

1=
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and
N N
TR, W
¥, s = log N’
(79) -%—N”g = s = log N,

respectively. (79) implies (78) thus it suffices to assume that (79) holds.
Finally, if we divide (61) by N®?2 then we obtain that

a’(ty < 1260a(r)(a (£)—a (N)) log log N+12600a%(z) =152 (log N)V2+
+ 120 (a (1) —a(N)*{7s*2(log N)~V2+ 2053 (log N)~/2}+
+26000a2(t) r =2 {3512 (log N) =524 25"1/2 (log N)~5/2} +
+140a(r) {s-—l.-"2 (log N)”2+ 2¢—1/2 (log N)lfz} =
< 1260a(t) (a(r)—a(N)) log log N+
+130000a2(1) {r—lslfﬁ (log N)l;"! 4p—2glifa (log N)'5"2}+
+3240(a(t)—a(N))*s**(log N)~1/2+420a(t) s~/ (log N)'/2.
Thus we have proved the following

LemMA 14. Let t, N, r be positive integers, s a real number such that

(80) N=é,
(81) N=1r,

(82) logN=s< -;—N”’.

Then

(83) a*(t) < 1260a(¢)(a(t)—a(N))loglog N+

+ 130000a2(2){r 152 (log N)/24+-r=2s112 (log N)~5/%} +
+3240(a(t) — a (N))s¥2 (log N) ~1/2-+420a(r)s 12 (log N)V2.

7. In this section, we are going to complete the proof of our theorem by showing
that the functional inequality given in Lemma 14 implies (2).
Let us put
_ (loglogx)*®
P)= Ttogay

for x=3. Furthermore, for L=3, 4, ..., let us define the sequence #(L)={b,, by, ...}
by the following recursion: let b;=L, and for k=1,2, ..., let

birr = b4+ 10%(0 (b)) "2 (log b))

Obviously, (p(x))~*—++e as x—+oco. Thus there exists a real number X,
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such that (¢(x))~*=>1 for x=X,. Letus put L,=max {X,, 3}. Then we obtain
(by straight induction) that for L=L,,

(84) "% = [4-10%(p (b)) "2 (log b)¥2] = [4+10%2-1.1] = 4.10% > [,
k

Hence
(85) L:bl"‘:bz{ ba I (fOl' Lng).

We are going to show (by straight induction, using Lemma 14) that if L is
large enough then for k=1, 2, ...,

1
(86) a(by) = il @ (by).

For k=1, the right hand side of (86) is

1 e bt 1 e

thus in this case, (86) holds trivially by Lemma 9.
Let us suppose now that (86) holds for some positive integer k. We have to
show that this implies also

1 ,
37 o a(by.y) = o) @by +1).
Let us suppose indirecily that
1
(88) a(bysy) = o(D) @ (br+1)
By the construction of the sequence #(L),
(89) by/by 1
Hence,
(90) a(by) = a(bysr)

by (47) in Lemma 11.
We are going to show that for sufficiently large L, Lemma 14 is applicable
with t=bﬁ’ szk-{'ls
r=Nft="5b,/b. = [4. 1022(@ (bk))—lﬂz (log b,‘)m],

s = 5:10°(a(by)) 2log by 4y = 5-10%(a(z))~2log N.

Then by (85),
1) N=t=L (for L=1L).

Thus (80) holds for L=max {ef, L,}.
(81) holds by the definitions of N, 1, r and Z(L).
By Lemma 9,

s =5+10°%(a(by)2log N = 5-10°log N > log N.
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Finally, we have to prove that

5 < é—N”?.
With respect to (84), (88) and (89),
92) s =5-10%a(b)) 2log by, =
-2
= 5.10%a(by1p) *log bysy = 5+ 100( PYT8) @(bnn)] log by =
3 _ St (log N)*'3
=35 105((,0(bg+]_)) 2108393“ =35 10“((9(3\)) 2IOgl\r= 5. IOSW

for L=L,=X,. Thus it suffices to show that

(log N*® 1
(loglog NB T

But this holds trivially for large A, ie. for L=L, (in view of (91)).
Thus Lemma 14 is applicable and it yields that (83) holds. To deduce a con-
tradiction from (83), we have to estimate r and a(f)—a(N) (in terms of a(¢) and N)
Obviously,

5-108 N s,

b

(93) r="- p = [4-10%(p(b) ™ (log b)) =
a2 -11/2 3/2 22 (108 log ) - 3/2
= [4 . 10" (qﬂ(f)) s (lOg {) ] = [4' 10 {W} (IOg )‘) S
Qo | _ 1 (o8O
22 . 1022
[ "4 (loglog )11 Gl (loglog Hy1/3
and with respect to (84),
N (logz)‘“f’* (log t)lufs

(94} F = T = |4.10% W] 2.10% W (fOI' L= LE)

In view of (91), (93) and (94) imply that for L=L,,

(95) 0 <)logr =log N—logt =

= %log fogt+6(1)-log(4-10*)+-0 [%log log log t] <

< dloglogt (for L = L)
hence for L=L,,

(96) logt = log N—4loglogt > log N—4loglog N =
= —;—logN (forL= L)
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and for L=L,,

97) loglogt = log [% log N] = loglog N—log 2 = %Iog log N (for L= L;).

(86), (88), (91), (95), (96) and (97) yield that for L=L,,

a(N) (P(D) TNy
20 =0~ Goren) -
) (logz)V/* ((log log 1)/* _ (loglog N)m]
- (loglog?)?3 \ (logt)'3 (log N)1/3

(log t)1/3 [(log log N)** (loglog N)EIS]
2/3 173 1/3

(Liogtogn]” \ CoE™  GogM)

® a0 =a0(i-

(1) —(N)
o(t)

= a(0)

= a(r)

(log N)'*—(log 1)!'*

a(t) (og 1) (log N)' =

2 (log 1)

log N—log ¢
(log N)"*((log N)2’3+ (log Nlog 1)+ (log 1)) ~

= 2a(t)

loglog N
2/3
(log N)2 [% log N]

4loglogt

< 200) Gog M) 3 (log T~

ﬂ(f)

loglog N
s )t gir

By (88), (90), (1), (92), (94), (96) and (98), (83) implies that for L=L,,

Iog log N
gN

_y, (loglog 1)1 [ (log N)*3
1 22 % il s o
Aredl (log )7 el (log log N)'/3

g BoBIoB I g, gy
i ggre Bl I
+eio-= ) (519 Gogieg iy

a*(t) == 1260a(t)-6a(t) -loglog N+

12
$ 130000a3(r){ ] -(log N2+

11/2
] - (log N)""'"zl +

logl gN]

+3240 [6 B

(5:10°(a(n)*log N (log N) =12+

7560 (log log N)*

106 —2 —1/2 2 =
+420a(1)(5- 10°(a (1)) *log N)~32 (log N) log N

Q)+

5-1.10-2 (loglog N)Y1/3 .3 107 (log N)¥3

\ 10842 o e Moo loo A2
+130-10%a%(r) ( i g V]ws (loglog Ny *

147
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2, 10~ (log log N)*/® . 51/2, 55, 1% (log N)™"

+2° 20/3 Tooia st T
[_L log N] (loglog N)
2
2
+4-10°-36- a2(r) SOBIB N 12542 10%(a(1)) ~* log N+

(logN)?
+(212-22.10%/500 - 22+ 102 25)12a2(¢) <
(loglog N)®

(log N)*

) (loglogN)z( 1 ]‘3 [441 1]"’2
102, 2 T 2
+144-102.12a%(2) T qo(L)(a(N) o 55| a*@) <

< % a*(t)+a*(0) {130- 10-18.278.3. +130.10-%.2-2.27.3. 55}+

< % a¥(t)+a2(r) {Tl(ﬁ 390. 10*3}+2 . 10‘502(1‘)@3(1,)—1——;—.4.12(!) =

= %az(t}f—ag(z) [%+%] +%a2(:)+%a2(:) = 22%(1)

provided that
2-10%¢%(L) “_é’ p(L) < 107167

but this holds for L= L.

Thus for large L, the indirect assumption (88) leads to the contradiction @*(f)<
<=a?(t) which proves (86).

Finally, if x is a positive integer satisfying x=b,=1L, then there exists a positive
integer k such that b,=x<b,,,. By (48) in Lemma 11, (86) implies that

(. be 1
(99) a(x) = [1 +E] ab) =2z p(b) =
1 (loglog b2 5 1 (loglogx)¥3

=20M logh)™® =25 (ogbh

With respect to (96),
1 1
log b, = Elog P Elog x.
Thus we obtain from (99) that

2 (loglogx)mﬁ 4  (loglogx)*®

o) : (_12_ log x]n‘a =@ - (log x)'? (forx=1L)

(100) a(x) =

which completes the proof of our theorem.
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We remark that L can be chosen as the least positive integer L satisfying
L={é’ L,, L,, ..., Ly}. All the constants L,, L,, ..., Ly are explicitly computable
thus also the constants in (100) are explicitly computable.

8. In Part II of this series, we will give a lower estimate for a(x).
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