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A set {by, by, by ©41,2,..., NJ is said to be a difference intersector set if
{ay, @y ey @y ©{1,2,.., N}, j=>= eN imply the solvability of the equation
a, — a, = b" ; the notion of sum intersector set is defined similarly. The authors
prove two general theorems saying that if a set {b, , by ,..., b;} is well distributed
simultaneously among and within all residue classes of small moduli then it must
be both difference and sum intersector set. They apply these theorems to in-
vestigate the solvability of the equations (¢, — a,/p = + 1, (@. — a,/p) = —1,
(a, + a,/p) = +1, (@, + a:/p) = —1 (where (a/p) denotes the Legendre symbol)
and to show that “almost all” sets form both difference and sum intersector sets.

Throughout this paper, we use the following notations:

¢y, €y ... Will denote positive absolute constants. We write e* = exp(x).
For real «, we put e(x) = e**. If p is a prime number and » is an integer
then we denote the least nonnegative residue of n modulo p by r(n, p), i.e.,
r(n, p) is defined by

r(n,p) =n (modp), 0 <r(np) <p— 1

The number of the elements of a finite set S will be denoted by | S |. A4, B,...
denote strictly increasing sequences of positive integers. We write

A = Y 1 (=[A0{1,2..m),  Bm) =Y 1,...
a<n ben

If the infinite sequence B = {b, , b, ,...} is such that the equation
a;, —a, = bz U)

is solvable for every infinite sequence 4 = {a,,a,,...} of positive lower
(asymptotic) density (i.e., B intersects the difference set of each of these
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sequences A) then we say that B is a difference intersector set. (This termi-
nology is due partly to R. Tijdeman.) Similarly, if

a,+a,=b, (2)

is solvable for every infinite sequence 4 of positive lower density then B is
said to be a sum intersector set.
We shall use this terminology also for finite sequences B C {1, 2,..., N}. In
lact, 1f
A(N) = eN (3)

implies the solvability of (1) (if N is large in terms of €) then again, B is said
to be a difference intersector set. In the definition of (finite) sum intersector
sets, (3) must be replaced by

A([N]2]) = eN.

Namely, if @, .a, > [N/2] then a, + a, > N thus B does not intersect the
set of these sums @, + a, .

In [4] and [6], respectively, the second author showed that both sequences
22,2 band {2 — 1,3 — 1,5 — 1., p — 1,...} form difference inter-
sector sets. More exactly, he proved that

(log log V)@

A(N) > N =i

implies the solvability of
a, — a;, = z*

(where z = 0) and

Nﬁ(_l_og_log log N')* log log log log N

A(N) = ¢, {;log" Ibg _N]ﬂ

implies the solvability of
Ay — dy = p — I

(both for large N).

In this series, we are going to continue the investigation of difference and
sum intersector sets. In particular, in this paper we will discuss the case
when the intersector set is well distributed simultaneously among and within
all residue classes of small moduli.

In Section 2, we will prove two general theorems, saying essentially that if
a sequence B is well distributed among and within all residue classes of small
moduli, then it must be both difference and sum intersector set.
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In Sections 3 and 4, we will apply these general theorems to investigate the
solvability of the equations

(Bom) g, (o)

and

(_gr ! as}_ ey (Et;_‘?._) —

for “large” sets {a, , a, ,...} of residues modulo p.

Finally, in Section 5, we will apply Theorems | and 2 to show that in a
well defined sense, “almost all” subsets of {1, 2...., N} form both difference
and sum intersector sets.

2
In this section, we will prove the following two theorems:

THEOREM 1. Let N be a positive integer, and let A = {a,,a,,..; C
{1,2,.., N}, B=1{b,,b,,.} C{1,2,.., N} For 0 < o < 1, we write

BI(N)
Gla) = z e(bn), (4)
B(N) &
D(x) = G(o) — N Z e(no) (5)
and
M = max | D(). (6)
Then
AN) > 3 max }M%, 11 0

implies the solvability of the equation (1).

THEOREM 2. Let N be a positive integer, and let A = {a,,a,,..}C
(1,2, N2 B = {b,, by ... T{1,2,..., N}. Define G(x), D(x) and M by (4),
(5) and (6). Then

AQNJ2D > 2 s max(M, 2 ®)
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implies the solvability of the equation
a, +a, =b,, £ 9)
(The condition x s y does not play an essential role; however, in some
cases, we may need this restriction.)
Proof of Theorem 1. Let us write
ALN)

F(a) = Y, e(aa).

=1

Then

E=[ | FPG(a)da = j ' F(—a) F(a) G(a) dax

0
1 AlN) AN} B(N)
= j Y e(—a) Y ela) Y e(b.x)dx
0 r=1 y=1 z=1

AIN) A(N) BIN)

= Z Z Z [ e((—a, +a, + b,)x) dx = Z ]

w=1 z=1 "* T

—tta, 4+ b=0

Thus to prove the solvability of (1), it suffices to show that

E = 0. (10)

By (7), and using the Parseval formula, we obtain that

i s
- [ 170 22 § sy
a1 / Y
- AR (G — 2N b e(n)) do
1 AlN) A(N) N
= BE&?EJ‘ Y e(—a) Y ela,n) Y e(no) du [] | F(2)[* D(x) dox
0 oy w=1 n=1 g

AIN) AIN) N
== E% Z Z Z j e((—a, + a, + ma)ydx -+ [1 | F(x)|% D(x) d
r=1 n

y=1 n=1 0

_ B(N) L , .
T I — | | F(e)]? ]| D(x)i e
N lgz.éd(h‘y J;:
l<neN
2 -a,=h
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'Bfgl > 1l—M I|'I | F()[? du
loy<aos AIN) Yo
- Bﬁf) (A(M) — MA(N) = A(N)(E(N“’.l. :“.(Q’%.:l — M)

which proves (10) and the proof of Theorem 1 is completed.

Proof of Theorem 2. We start out from the integral

Allnrzh

F(a) = Z e(a;x)

S

~1
E.— | FPA(x)G(—x)dx  with

%
and we proceed in the same way as in the proof of Theorem 1. We obtain that
By = X 1

Lol
1,4 ayﬂb:

1
BNy [N Pl | D)l da
N 1<v. < AN/2]) “0
leng N
ri —a =n

A v — [y

B(N (A(IN/2D)2 — MA(IN/2)D).

Hence, with respect to (8),

Y 1= % 1= % 1
T.U.E Y. r.z
L£EY a ta,=b, 2a,-b,
a+a, =b,

B Gy - MA({NQJ}{ —24(IN72)

— aan2) (B a2y — M —2) > 0

which proves the solvability of (9).

3
In this section, we will apply Theorems I and 2 to prove the following two

theorems:
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Tueorem 3. Let p = 2 be any prime number, and let A = {a,,a,,...} C

I e — A
A(p — 1) = 6p"¥(log p)'/2.
Then both equations
(@, — a,/p) =
and
(a, — aylp) = —
are solvable.

THEOREM 4. Let p = 2 be any prime number, and let A
(1,2, p— 1,
A(p — 1) = 16p"¥log p)'/2.
Then both equations

(a,+ ayfp) = +1, x#y
and

(ay + afp) = —1, u v
are solvable.

(1)

(12)

(13)

= {al s Ay s---.lr C

(14)

(15)

(16)

Proof of Theorem 3. Throughout the proof, we use the same notations as
in Theorem |. We put N = p — 1, and B in Theorem 1 will be chosen as the

set of the integers n such that 1 < »n << p — 1 and (n/p) =

In order to apply Theorem 1, we have to estimate M. Obviously, for any

0<<a<l, .
Do) = G0 — %M Y e(n)

=1

Y elba) — 2ze(m} : Z( ) etxa).

1<hsp—1 n=1
(/P =+1

Hence,

| D(x)]* = D(x) D(— )

Irlnl

T ) e
== 1”21 “Z ( )e((\ — V)
1 2 (t-+)
R 1 —%—2} ; ‘J::.’h’gﬂ—l (_ ”F;y—v_) L’(fd}

lgtty<p-1



436 ERDOS AND SARKOZY

| p—-2 ., }'2 + l'y \
= AR T E{f’)ﬁ}
4 t -—%J- 2) tmax{l—t.\)gvsmin{p—t-1,p-1} ( )
s, | ¥yl v+ 1y
= — —] + = SO . l
4 1 #gﬂ--l ( P ) 4 |!.;;}—-2 max{l—t. 1 cy<min{p—t—1, p—1) ( P )
#
p—1 1 y2 4ty
e D) (T” (17)

[tjgp-2 "' max{l—t V<y=min{p-1—1,p-1} °
w0
We need the following lemma:

LEMMA 1. Let p = 2 be a prime number. Let a, b, ¢, R, and Q be integers,
such that

(a,p) — 1, (b* — dac,p) =1 and 0<R<R+ 0 <p (18

Let
RO ax® 4 bx + ¢
d = —.
P e

Then

| T| < §p**logp.

For this lemma and its proof, see I. M. Vinogradov [8, Chap. VI,
Problem 15].

To estimate the inner sum in (17), we apply Lemma | witha = 1, b = t,
¢=0,R=max{l —1,1,,Q0 =min{p —1t—1,p — 1} — max{l — ¢ 1} +
1. Then (18) holds trivially (with respect to —p < ¢ << p, t % 0). Thus we
obtain from (17) that

2 - P— ]__ | I :7' 3/4
| D@ < F—+ 3 rZ 27 log p
10
=1 3 a0 a/4 N T T
== tg Up =2 pllogp <G+ zp " logp <pilogp.
Hence
M — max | D()| < (p"* log p)'® < pii(log p) /2 (19)

Thus the right hand side of (7):

N } = 3 max{p'¥(log p)/* - 2, 1}

o Y Y gl
3m.1x’.M B(N)'I‘g

- 6p7(log p)' 2. (20)
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(11) and (20) yield (7). Thus we may apply Theorem 1, and we find that (1) is
solvable. In other words, there exist a,, @,(e4) such that @, — a, € B, ie.,

(2= ) = 4,

which proves the solvability of (12).

The second half of the theorem (the solvability of (13)) follows from the
first half of it. Namely, let d denote a fixed integer such that (d/p) = —1.
Then applying the first half of the theorem with the sequence {r(da,, p),
r(day ., p),...} in place of 4, we obtain the solvability of

Ll - (_r@“p);_r{da,.,p) ) __(dan-p-da,,) :(%)(au;av)

Gy — Ay )
=5 1
and the proof of Theorem 3 is completed.

Proof of Theorem 4. (14) implies that either
; z= l )
A4 (F5—) > 8p7(log py'*% 21)

or

-1
2

Ap—1)— A (2

) > 8p"/¥(log p)*/2. (22)

Assume at first that (21) holds. Let us define N and B in the same way as
in the proof of Theorem 3. Then (19) holds. (19) and (21) yield that

p—1y . 4Pl a4 N s
A( ; )_A(;v;2)>8M—-"f(p_n;z‘¢{‘4B(N)M>ZB(N)M
and

u - 7/8 2> R = 2 E
A4 (P5—=) = 42 > 8p7(og py 12 > 8 =B *

Thus Theorem 2 is applicable. We obtain that (9) is solvable. In other words,
there exist a, , a,(e 4) such that x = y and a, -+ @, € B, i.e., (15) holds.
Now we are going to show that (16) is also solvable.
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Let N = p — 1, and let B, denote the set of those integers n for which
1l <n<p—1and(np) = —1. Let

Go(o) = Y e(b),

beB,

Dy(a) = Gy(o) — % Y e(na)

and
My = max | Dya)|

(while B, G(«), D(x), and M are defined in the same way as in the proof of
Theorem 3). Then

By(N) <

Dy 2) = Goa) — =5~

Y e(nx)

n=1

1 B-1

= Y elnn)—35 Y e(nx)
lgngp—1 2 n=1
(n/p)=—1

=
=3 Y en) — Y e(na)
n=1 lgngp—1
(n/p)=+1

E{j\fl Z e(na) — G(x) = —D(a).

Thus
| Do) = | D(a)]. (23)

(19), (21) and (23) yield that

My = max | Do(e)| = max | D(x)| < p'/(logp)'/*

<%A(p_1) -——%A(N,Q).

2
Hence
N N
AN2) > 8My = 4" s nfz My = 4 s Mo > 2 5 My
and
AN]2) > 8p"¥(log p)i1* > 8 = 2.2,

By(N)
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Thus Theorem 2 is applicable (with B, in place of B). We obtain the solvability
ofa, + a,e By, u + v, ie., (16).

Finally, if (22) holds, then let 4, denote the set of those integers which can
be written in form p — a; where Nj2 << a; < N. Then 4, C{1, 2,..., N/2} and
by (22),

A(N[2) = A(N) — A(N[2) = 8p"/*(log p)'/2.

Thus (21) holds with A4, in place of 4. Hence, by the first part of the proof,
there exist a,, a,, a,,a,suchthatp —a,,p —a,,p—a,.p —a,c 4,,
X = y, u = v and

((p—a,)+(p—ay)\  (—Iya.+a,\
e=edtioma) Chjata)
(‘ (p—a,) _;J_ (p—a,) ) (_p_]){ a, I(l) dy ) T

This proves that both (15) and (16) are solvable also in case (22) and the proof
of Theorem 4 is completed.

B

In this section, we will investigate how far Theorems 3 and 4 are from the
best possible.

Assume that p = 1 (mod 4) and Theorem 3 is true with f( p) on the right-
hand side of (11), 1.e., for

A(p — 1) = f(p).-

This implies that the set 4 — {1, 2., [f(p)] -+ 1} contains some integers
(I1=<)uw < o(=[f(p)] + 1) such that (v — u/p) = —1. Here 1 << v — u <
[ f(p)], thus the least quadratic nonresidue modulo p must be less than f(p).
Hence, at the present time, it is hopeless to prove Theorem 3 with O(p9) on
the right side of (11). (In Theorem 4, the situation is similar.)

On the other hand, in [5], the second author proved the following estimate
from the opposite side:

THEOREM 5. If p is a prime number satisfying
p =1 (mod4)

then there exists a set A = {a, , ay ,...,a;} C{1,2,..., p — 1} such that

k—A(p—1) = []“gg’g4 +1] (24)
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and

(2>%) = 44

is not solvable.

(See [5, Lemma 2].)

Thus the right-hand side of (11) in Theorem 3 can not be replaced by, say,
4 log p.

Theorem 5 implies also that for p — 1 (mod 4), there exists a set A* C
{1, 2,..., p — 1} such that

ax(p— 1y — [ 18— 1) 1] and (ff.fﬂi_)._._.

log 4 P
is not solvable. In fact, let 4 = {a,, a, ,..., a,} be a set satisfying the con-
ditions in Theorem 5 and let 4 denote any integer such that (d/p) = —1.

Then A* can be chosen as the set formed by the integers r(da, , p), r(da, , p),...,
rida , p).

Also, the method of the proof of Theorem 5 can be used to prove the
analog of Theorem 5 with (a, -+ a,/p) in place of (a, — a,/p).

THEOREM 6. For any prime number p = 2, there exists a set AC
11, 2,..., p — 1} such that (24) holds and

(a; +ayy L
(f) FL, x #) (25)
is not solvable.

Proof of Theorem 6. Let us define the graph G,_, of p — 1 vertices
0,,0, ..., 0, in the following way:

The vertices Q;, Q; (where | < i < j = p — 1) are connected if and only
if
(i +Jjp) = —1L
By a Ramsey-type theorem of Erdds and Szekeres (see [1]), if & is a positive
integer satisfying
o 2k = 2
=127 21)

then either G, or its complement contains a complete subgraph of k vertices.
We are going to show that (26) holds with

- [loglp — 1)
k= [ log 4 | l]‘ (27)

(26)
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In fact,

22k-2 . 2loglp—1) logi+1j-2 = 22 loglr—1)/logd p— 1.
Combining this with the trivial inequality =

(F = <o

we obtain (26). Thus the theorem of Erdos and Szekeres can be applied “vith
the & given in (27).

Assume at first that G, ; contains a complete subgraph of k vertices;
denote its vertices by O, , 0 ... Q; . Then obviously, the set 4 =
iy s Iy 4.y @) satisfies (24) and (25) is not solvable.

Assume now that the complement of G, , contains a complete subgraph
of k vertices. Let us denote the vertices of this subgraph by O, , Q; ..., Q; ,
and let 4 denote any integer satisfying (d/p) — — 1. Then it is easy to see that
the set 4 in Theorem 6 can be chosen as the set formed by the integers
r(djy . p), r(djs, p)a..., r(dji, p).

Again, it can be shown easily that the statement of Theorem 6 remains
valid with

( u }l, .‘.I_”_) = —]1, o,

in place of (25).

5

If k, N are positive integers such that | = k < N then let I'(N, k) denote
the set of those sets B for which BC {1, 2...., N} and | B| = k hold. In this
section, we will show that for

Ne < k < N, (28)

“almost all”” sets B € I'(N, k) form both difference and sum intresector sets.
(Note that on the other hand, there exist relatively many sets BC {1, 2...., N}
which are neither difference nor sum intersector sets; in fact, if BC {1, 3,...,
2k + 1,..., 2[N — 1/2] + 1} then B is neither difference nor sum intersector
set.)

We remark that replacing (28) by the slightly weaker

N'N <k < N  where ey — 0, arbitrary slowly, (29)

and in case of difference intersector sets, this statement can be proved also in
an elementary way, relatively easily. In fact, (29) implies that for almost all
B e I'(N, k), B contains an arithmetic ri~ zression of form d, 2d...., td « here
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! = t(ey) — —— o0 as €5 — 0. But it can be shown easily that such a set B is
a difference intersector set.
For Be I'(N, k), we write

e BT T 1
jez"u ] A‘]’ _réu
j=uitmod ) J=mimod ¢
iEB
« k
L I — W Z I = n(m.-?)(83 f?)
.l'=r.lr;_;__;1’:}11 ) e m:;ﬁtld 'l
and
,max | him. (B, )| — H(B). (30)
l=n N

Tueorem 7. Let k, N be positive integers, satisfying
Nlog N < k < N. (31)
If N is large enough then for all but (1/N*)(Y) sets B I'(N, k), the conditions

2/3 172
ACI{,2....N'  and ﬁ%\'} - 2400(5_-1'_‘331‘_’) (32)

imply the solvability of Eq. (1).

TureoreMm 8. Let k, N be positive integers. satisfving (31). If N is large
enough then for all but (1/N2)(Y) sets B € I'(N, k), the conditions

ll-') L 2|"3 f
AC{L2.. [N2}  and AUN2D o 1600(‘-”-{ S logd

imply the solvability of Eq. (9).

(Note that if k/N*?log N —» -+ co, then for large N, A(N) = €N, respec-
tively A([N/2]) = eN, implies that (31) and (32) hold. Thus in this case,
almost all sets B € I'(N, k) are simultaneously difference and sum intersector
sets.)

We shall need two lemmas.

LemMmA 2. [f the positive integers k, N satisfy (31) then for all but
(1/N2)() sets B e ['(N, k), we have

a

k 1
H,(B) < 100 (? log N) (34)
Jorall 1 < q < N*B.
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Proof of Lemma 2. We use the same method as in [7]. Let 4 denote the
set of those sets B e I'(N, k) for which

1/2

/2

H(B) = 100 (-’; log N)

holds for some ¢ with

I <q <N, (35)
In other words,
w8 = 100 (4 1og N) (36)
for some ¢. m, n with
1 <=m < g, 1 <n = N. (37)

Let 4A(g, m, n) denote the set of those sets B e 4, for which (36) holds for
some g, m, n, satisfying (35) and (37). Then

4C Y 4dg, m,n);

l-a‘ugN‘”
lgmey
lgﬂgh
hence
[IN¥3] o

idl= ¥} 3 z | A(q, m, n)|. (38)

q=1 m=1 n=1

Thus in order to estimate | 4 |, we have to estimate | A(g, m, n)|.
Let us fix ¢, m, n and let B € A(g, m, n). Let

B = B, UB,,
where
B, C ::m, m - Lo+ [ ’___ﬂl_] qi
and
B, N u':, m + g,...,m -+ 3—'——; i’—i—] q: == B

Let us write

jgn
Jmimod )
jeB
and

o q
j=mimod a)
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Then
[n/gq] =t < [n/q] + 1, (39)
by (36),
k _ k Y
‘IH—W!! --IOO(?IogN) ; (40)

and with respect to Be I'(N, k),
| Byl =8| —|B| =k —u (41)

For fixed u (and m, n, ¢), B, can be chosen from the t integers in
im,m -+ q....,m + (t — l)g}, thus it can be chosen in at most (/) ways.
Similarly, B, can be chosen from the N — ¢ integers in {I,2,.., N} —
im, m + g,....m + (t — 1)q} thus with respect to (41), it can be chosen in at
most (¥=!) ways. Summarizing, we find that for fixed w, B can be chosen in at
most ({)({ ) ways. Thus with respect to (40),

g < 3 () =

[
[ (e /NYE| =100((h fa) log N)V2
( t )(N -— I)
u/\k — u

| ) CE-)=5+2. @

WGk NYEFL00TA /g Tog Np/2 M

uth  NI—1000(K 'q) log N)V/E

Let us write
o - (1))

First we estimate X, . Let (k/N)Y — u = d. Then for d = 0, u == 0, we have

Flu—1) ) ;I(N_r)l

TR w—We—uf+ DN k—u+D(N—t—k+u—1!
) t:‘[!—u)’(k—u)T{N—r—A—I—u)‘

(N —1)!
_aEN= t —k + u) ___l_fk~—th Fhk 4+t —2u-+
(t—u bt Dk —utl (F—u-t+ Ik —ut+1
N+t Ghk—w+@—w+1 ,  dN
(t—u+t Dk —u-+1) i (t + Dk +1)
dN

J'”,{( 1), (43)
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since k —u =0, t — u = 0 follow from d — (kt/N) — u == 0. Let us put
r, — [kt/n] and

5 [; - 100(% IogN]IIZ] <r+l- [IOO IogN ] (44)

Then by (43), we have

kt \

r r — —u| N
o e B e i (o)
F(sy) —= F(r)) “ l:lIhl —~ S F(r:]'u —Iu,]u | =— Ak

fors, -~ 0. Writingu —r, — j:
- kt 5

=1 ( (_J_V_ = f1] N 4 J'N)

F(s,) = F(ry) | -
1 1 ﬂ, Atk
ri—s5;—1 51

. iN y | N
F(ry) ,nn (V= %) Firy) exp | > SEFt

it

N (ry— 85— D) —s9)

b esn -

4tk 2 }
; N
Hr,)cxp: a1k (r, — s, — l)": (45)

since | — x = e~ for x - 0. By (35), (37), and (39), we have

,_[r_r]___[ N N o 5N

L] < 2L ) - NI
q ( : q 4N 4 q 40)

for N - 4% Furthermore, by (31) and /3.

ke L1/2 N:uog‘)\_ . pe
[_ = log N} ( NEm 1o ,V} log N, (47)

thus with respect to (44) and (46),

N "

8k (ry— 5, —= 1P ([ .—— log N) ]—2

4 q
q A l,‘éiz
& .,50( ' N) T 25010g N
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for large N. Putting this into (45), we obtain that

: - |
F(sy) << F(ry) exp{—2501log N| = D F(ry).

Thus for large N,

‘“I ) . . A’ l
2 = HZ:{] Fu) = (s, + 1) Flsy) < N F(r,)
| N
< s Fln) < Nm % F(u) = Nm( - )

(since F(u) is increasing for 0 << u < s, , by (43)).
2, can be estimated similarly. Let e = u — (k/N)t. Then fore = 0,u = 1,
u =k, k—u=N—1, we have

Flu-t+1) (r_—u)(l\—u)
F(u) '(uJ—I)(J'V—r-—kiuﬁ—l)

_eN+WN—=t—=k+u+1l)+4
(u+1DN—t—k+4+u+t+1

eN e
T 2u- 3N B 6u (%)

(obviously, 0 < 1 — ¢/6u = 1).
Let us put r, = [(k/N)t] + | and define the integer s, by

K k s
o — 1 <1+ 100 (- log M) s,
Obviously,
. k 1/2
so = e — 1+ 100 ;o N) (50)

and with respect to (31), (35), (37). and (39),
+ IOO(Llog N) : ([H] + ) + IOO log N) '

;’\
.
A et (gl

‘2

53— 1 -

Lk N2 log N\ .
27!(1 + 50 (—2=) ) <102 (51)
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By (47), (49), (50), and (51), we have

/ k
gyl —1 U — —1
F(s5) = F(ry) H F(r;(—'—)” < F(ry) H ( 671:\!)

ot [ (n—et) £ oy .
= F(r) ] (1————.— <Fe) T (' - 557)

&t 6(ry + 1) 6(ry + /)
Sy Ty -1 P P Sg—ra—1

)2 _d e L _J

= F(r,) exp )=8 Jzn T F(r,) exp E} e E

"'F{rg}exp:_l. . (85 —rs — 1)(s5 — 1y) E

6 85— 1 2
i - 2!
‘T‘F(rZ)exPi_l_sg—l(“\Iz_rg_l)‘
| 1 k )
SFr)exp | — g5 — - (100 (7 log N)  —2
12 102% ( (q ) )

& ) R — ST N = %F(rz).

Thus for large N,

= ¥ F(u) < (t+ 1) F(s;) < 2:-1—,\%5(@)

[‘=P12

< Fr) < o5 3 Fa) = (V). 6)

u=0

Equations (42), (48), and (52) yield that for fixed ¢, m, n and large N,
1 /N 1 N\ _ 2 (N 1 (N
g < g () e () < 3 () <5 (%)
Thus we obtain from (38) that

(N3] ¢
= N 1 /N
(4] < ) ZZ|A{(;:MH)|<_N3 ( )—( )

qe=l =l mel

which completes the proof of Lemma 2.

LemMA 3. Ifa, q are integers, g == 1, B is a real number, B € I'(N, k), and
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G(o), D(a), H(B) are defined by (4), (5), and (30), respectively, then we have
[p(5+8) = |6 ~4ﬂ—wzeﬂ +B)|| < eHBY@mN 181 + 1.

Proof of Lemma 3.  For any real number «, we put

Ga(x) = Z e(jo),
=

n

To(x) = Y e(jo),
=1
and
: k
D,(x) = Gn(a} - N ,,(a:)

(so that Gy(x) = G(o) and Dy(x) = D(a)) Then forn =1, 2,..., N,twe:have

b.(9) - )\

Jgn
jEB
% k a
= Z( Y 1—-= Y l)e(m-)‘
=1 ign ign q
i=mimod q) ji=m(mod q)
]

| 3 hmatBme (m)

m=1

= Z |h(m.0‘)(Ba n)|

< Y H{B) = qHB).

m=1

Thus we obtain by partial summation (putting Dy(«) = 0) that

o2 +8) - »~(f+ﬁ>1—- 3 (0(3) = 2 (3) 08

nwl q
= ‘ Z D, {e(,,ﬁ) e((n + DB)} + DN( )e((N < l)B)‘

N

= E

n=1

mghhww+p4ﬂ

N
< Y qH((B) - 27 | B| + qH(B) = qH(B)2nN | B | + 1)

n=1



DIFFERENCES AND SUMS OF INTEGERS 449

since
|1 —e@) <27|B]

for every real number £ and this completes the proof of Lemma 3.

Completion of the proofs of Theorems 7 and 8. Assume that a set
B e I'(N, k) satisfies (34) for all 1 = ¢ < N2/, For any real number «, there
exist integers a, g such that

1 £ g < N3,
(a,q) =1,
and
| a 1
B

Thus writing § = « — (a/q), Lemma 3 yields that

D)= | D (5 + B)| < gHABX27N B+ 1)

<q- [00(% log N)]"'2 : (27:Nﬁ +1)

= 100 ;2rr (1;- log N)”2 N12 L (kg log N)Usi

=2 100{27(k log N)V/* N1/® -1 (kN?%% log N)'/?|
= 10027 + 1)(kN33log N)'/* < B0O(KN2/3log N)'/2;
hence
M = Jmax, | D(x)] << BOO(ANZ3 log N2
This holds for all the sets B e I'(N, k) satisfying (34) and by Lemma 2, (34)

holds for all but (1/N2)(Y) sets B & I'(N, k) (if N is large). Thus for large N and
for all but (1/N2)(}) sets B e I'(N, k), we have

| WN_ | < | 2/3 1,-'2£ f
3 max ’M BN 15 < 3 max (SOO(kN log N) o l,’
B ﬁ N2J.-31—0g N 1/2 E
= 3 max 800 (-k_—) N, 1

(53)
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(with respect to k =< N) and

.N N .
e PHE STl fone | -N2/3 1/2 9
2 .B(N} max{M, 2, 2 - max18{)0(AN Iog N) L2}

= 1600 (- Plog N 4"y (54)

Combining (32) with (53), we obtain (7). Thus Theorem 1 yields the solvability
of Eq. (1) which completes the proof of Theorem 7. Similarly, (8) follows
from (33) and (54) thus Theorem 2 yields the solvability of (9) and this
proves Theorem 8,
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