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PROBLEMS AND RESULTS IN RATIONAL
APPROXIMATION

by
P. ERDOS (Budapest) and A. R. REDDY (Princeton)

Several mathematicians have discussed (cf. [3]—[9]) the problem of
approximating reciprocals of certain entire functions by reciprocals of poly-
nomials under the uniform norm on the positive real axis. The question of
approximating reciprocals of non-entire functions by reciprocals of polynomials
is left open. In this note we obtain, a few results for non-entire functions (we
approximate functions which are continuous and tend to zero by reciprocals
of polynomials, proofs of these results are very simple) and also a few results
for entire functions. Finally, we present some open problems.

Norarions. Let 7, denote the class of all algebraic polynomials of degree
at most n, @} denote the class of all algebraic integervalued polynomials
(polynomials which assume integervalues at integers) of degree at most n.

Let f(x) be any non-vanishing continuous function on [0, o). Denote
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: Yo p(ﬁf.; flz) () ||L=(0,=)

8,(z) denotes the n-th partial sum of f(2) = 3 a,2%. ¢;, 65, ¢y, . . ., ¢ are
suitable constants. k=0

TaEoREM 1. Let f(z) = ja,‘z". a, = 0 be an entire function of finite
order p. Then for each & > 0, *=°

(3) lim inf (A.,_,,)eni < (1.4)-1,

N=+o
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Proor. From the notation it is clear that

2‘ a,

1 k=2n
4 0
) = %@ Syna() f(‘c) =2 an 2"
Since f(z) is an entire function of finite order p, we get for any ¢ > 0,

1 1
lim ne*s |a, " = 0 ([2], p- 8)-

Then there exist infinitely many » for which

L., o Lo 1
(5) (n+10)2*¢ |a "t < ne¥e g, |”, 1=0,1,2,8,... .

From (5), we obtain by takingl=n-+j4, j=0,1,2, ...,
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Then from (4), (6) and (7) we get
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On the other hand, let
1 1
|@,|"x > (1.96)¢*.,
Then

1 1 1 1 1
(9) ——

T Syna(@) Py f(@) = San—() = ap " = (1.96}1%5 .

From (8) and (9) we get the result (3).

REeMAREK. This result improves a recent result of Erpfs and REppy
([3], Theorem 3).

TrHEOREM 2A. Let g(z) = (2 1)". Then
iO,ﬂS2_n: ﬂ=1)2,3,....
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Proor. It is easy to see that for all x > 0

(10) g g [E T
zn‘lﬁllx" rEve P M
k=0 k
Set
0z <<1.
Then
(11) [ Z_ "~ g-aen
z+ 1 '
On the other hand for x > 1
1 1 1
12 0 = <o,
a = T (x+1}~+1g2"n+1]xr
k=0 i\ &

Therefore we have from (10), (11) and (12) the required result.

ReMARKS. It is natural to ask whether one can approximate (z+ 1)~"*?

by reciprocals of unrestricted polynomials under the uniform norm with an
error much better than a 8" (0 << 8 <<1). We show in the next theorem that
one cannot.

TaEOREM 2B. Let f(2) = (24 1)""'. Then

lim inf L 1
m inf (4, )" > —.
lnl (D.)Zl

ProoF. For each ¢ > 0,0 <x <1 — ¢ and all large =,

(13) 0<f@) <f1— ) < (2 — eyl <2ng —,

‘;‘D.n

(cf. Theorem 2A). Now consider ¢, (x)€, which gives best approximation in
gsense of uniform norm, that is

1
14 n= _— ;
(9 B (@) g,(2) [0, )
From (14) we get, with a simple calculation for 0 < oz << 1 — ¢,
() J(=x)
(15 — < g.(2)— e
) 7@+ g = 1 IO = S

Since the right-hand side of (15) is monotonic increasing with f(x),
we can write from (13),

(186) |gn(z) — fla) | <

(2 . 5}2(n+1)

1 —e¢.
G —(@_epn  O=F=1TE
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Now let
(17) En[(x+ l)n+1] — infsuP ]pn(x) - (z + 1)"+l [[0,1-8]'
PnE7in
From (16) and (17) we get
) S (2 _ 8)2(n+1) -
(o) — (2 —g)**?
To obtain a lower bound for E,, we use a result of BERNSTEIN [1, p. 10]
which gives for the interval [0, 1 — £]

(18)

(1 —g)n+?
(19) B2
Now by (18) and (19) we have
(1 — g)n+l (2 — g)2n+D)

(20) for all large n.

9zn+1 (;lo'n)—l — (2 — B)n—rl
From (20) we get with a simple calculation

cy(1 — )"
[2(2 — &)

¢ being arbitrary, (21) gives us the required result.

(21) Aon=

ReMARk. It is very likely the limit may exist in Theorem 2B.2

TaEOREM 3. Let f(2) = 2-‘ (k+ 1)z, Then for all large n,

k=0
(22) ha 22,
n
ProoF. As earlier we get for 0 <z <1
3 (k+ 1)t
b o m < (n+ 2) .
Sk+nzt @ f@) 3@+ 1)
k=0 k=0
Set
e 2logn ]
n
Then
(24) (n+ 2t < B,
n

! Added in proof: Recently D.J. NEwMAN has shown the limit to be (-2‘%]




ERDOS, REDDY: RATIONAL APPROXIMATION

On the other hand we get for

2 logn

z>1—

1 1 1 1

@) 07— ———< — <
S+t TOT e+t SE+1)
kw0 k=0 k=0

(2 logn)? log n)?
) <=5

Iog n)k

We obtain the required result from (24) and (25).

TarOREM 4. Let f(2) = j‘z". Then for all large n
k=0

¢s logn log n

(26) Aon< ——

ProoF. As usual

> o
(27) 0< nl 5 L=kl gni,

S ok g

k=0 k=0

Set
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Then

(28) Zn+1 S( <n n .

log n}’” 241

On the other hand for z > |1 —

log n]
n

1 1 1 1 logn
R T S . o o

Sk St S z[pl"ﬂ] n

k=0 k=0 k=0 k=0

because for all large n

a2 Fh

k=0 k=0

_log n] __Ga(n—1)
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The result (26) follows from (28) and (29).

THEOREM 5. Let f(z) =1 + 2 é Then for all sufficiently large n

(30) don<
logn
PrOOF. As usual it is easy to see for 0 <z <1 — g
n
o o
1 1 k=n+1 *
(31) 0< i~ o xkg n+ < gn+l S_ﬂ_

1+3= 1+233 1+;=2Mc N

k=1 ;;-_—.0

On the other hand for

mzl_logn
n
(32)
1 1 c
0< << —— :

= :
1+2 1+2 1425 L+ %1 103“] = logn

k=1 k=1 k

Hence the result.

CoNcLUDING REMARKS. By observing Theorems 3,4 and 5, it is easy to
note that the error (1,,,) becomes less when the function f(x) grows faster. This
fact is quite contrary to the known case of entire functions (cf. [4]—[7]),
where the error (for all large n) becomes smaller for functions which grow
regularly and of small growth in comparison with those which grow regularly
and of fast growth. Whether or not this is only an isolated case or there is

a general result for non-entire functions is not clear.

Open problems

ProBrEM 1. Let f(z) = Za,,zk, a, >0, a, >0 (k=>1) be an entire
k=0
function of order p (0 << p <C =0), with the further assumption that

1
lim sup (4, ,)* < 1.

-+

Then there is a ¢ (0 < ¢ < 1) such that

2

lim inf (4,,,)

o=

=c.
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ProBLEM 2. Let f(z) = zw'akz", a, >0 (k> 0) be an entire function
k=0

of order p (0 < p < o) with the further assumption that 0 < w = 7 < oo
Then there is a 6 > 1, for which
1
lim (1, ,)" = 8-1.

n—eo

ReMmagk. For f(z) = €%, = 3 (cf. [9]).

ProBrEM 3. Let f(z) = Zakz (>0 on [0, =)) be an entire function

with the additional property t.hat it grows on [0, oo) as fast as anywhere else
in the complex plane, then for each & > 0, there exist infinitely many » for
which

—n
)l-l-l :

%Sp[

n
ProBrLEM 4. Let f(z) = Eakz", ay >0, a, =0 (k=>1) be an entire

k=0
function of order p (0 < p < o0) type t and lower type w (0 < &0 < v < oo).
Then for any polynomials P(z) and Q(z) of degree less than n, thereisac, > 1

for which

1 _ P
f@) Q@)L

Remagk. For f(z) = €*, ¢; = 1280 (cf. [8]).2

—n

=[8,00)

ProBLEM 5. Let f(x) be any non-vanishing infinitely differentiable and
monotonic function tending to + oo. Then for infinitely many n

don =

ProBLEM 6. Let f(2) be any non-vanishing infinitely differentiable and
monotonic function tending to +oo. Then, there exist polynomials of the form

log n
%
Q) = 3 a"
i=o0

with no=0.nu<n1<n3<ﬂ,<...,2nl=oo, for which for infinitely
=1 M
LI

many k
‘ flz) Q)

1 Added in proof: A. R. REppY has settled this problem.

1
log log n;,

Lot ve)
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ProeLEm 7. Let f(z) = Za,,z", @y >0, g, =0 (k=1) be an entire
k=0
function. Then for infinitely many % and any ¢ > 1,

Prosrem 8. Let f(z) = 3 a,2", @y >0, ¢, >0 (k= 1) be an entire
k=0
function of order p (0 << p < oo) type 7 and lower type w (0 < w =< 7 << oc).

Then there exist polynomials of the form

Qz) = zk'a,-x"‘,

i=0

1

L_,{.,..,;— (log n,)° ’

LN ]
fl) Q)

where

=2t |
0=n,< Ny <Ny <...<Ny, 2-—-:0«:,

i=1 %
for which for infinitely many &
1 1 1
i A
ProBLEM 9. Let f(2) be any entire function satisfying the assumption

that lim f(z) is finite. Then there exist rational functions of the form—}%m;
X-=mo n x
of the degree at most n for which for each & > 0 there exist infinitely many =,

such that,

1 P [;1‘_ ,
‘f(x) 0@ oy, = (logn)”‘]

ProBrLEM 10. Let f(z) and g(z) be entire functions of perfectly regular
growth (p, 7), (o + &, ), respectively for any & > 0. Then for all large »

o} <[4

REFERENCES

[1] S. N. Ber~sTEIN, Legons sur les propriétés extrémales et la meilleure approximation
des fonctions analytiques d’une variable réelle. In: 8. BERNsTEIN and C. DE LA
Varpte PoussiN, L'approxzimation, Chelsea Publishing Co., Bronx, N.Y., 1970,
XTIT + 204 pp.; VII 4 150 pp. ME 40 4 2511

2] RMI})? Boas, fﬂér& Functions, Academic Press, New York, 1954, X 4 276 pp.

16 — 91




s

——

ERDOS, REDDY: RATIONAL APPROXIMATION 55

[3] P. Erpés and A. R. REDDY, Rational approximation to certain entire functions
in [0, 4-cc), Bull. Amer. Math. Soc. 79 (1973), 992—993. MR 49 % 3390

[4] P. Erp6s and A. R. REpDY, Rational approximation on the positive real axis,
Proe. London Math. Soc. 31 (1975), 439 —4566.

[5] P. Erpds and A. R. REDDY, Miintz’s theorem and rational approximation, J. Appro-
zimation Theory 17 (1976) 393 —394.

[6] P. Erpds and A. R. REDDY, Rational approximation, Advances in Math. 21 (1976),
78—109.

[7] G. MEmwarDUS, A. R. REDDY, G. D. TAvLor and R. 8. VAreA, Converse theorems
and extensions in Chebyshev rational approximation to certain entire functions
in [0, o), Bull. Amer. Math. Soc. 77 (1971), 460—461. MR 424:7911; Trans.
Amer. Math. Soc. 170 (1972), 171—185. MR 4649603

[8] D. J. NEwmaAN, Rational approximation to e™%, J. Approzimation Theory 10 (1974),
301—303. MR 51 4 1214

[9] A. ScE6NEAGE, Zur rationalen Approximierbarkeit von e™* iiber [0, o0), J. Approzi-
mation Theory 7 (1973), 395—398, MR 49 4 3391

(Received September 3, 1974)

MTA MATEMATIKAI KUTATO INTEZETE
H—-1053 BUDAPEST

REALTANODA U. 18-15.

HUNGARY

SCHOOL OF MATHEMATICS
INSTITUTE FOR ADVANCED STUDY
PRINCETON, NJ 08540

U.B.A.

3%




	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9

