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Abstract: A simple construction of & graph with %,
vertices and with the chromatic mumber 4, whose every sub-
graph spanned by g vertices has chromatic number &,
is given,
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Assume the generalized continuum hypothesis. Consider
the unit sphere of the Hilbert space of o2 dimensiona.
We Jjoim two of ite points by an edge if their distance is
greater than %— « Sinece % < V3 the chromatic num-
ber of this graph is by the following theorem thecaq Ln
graph ia called m-chromatie if one ecan eolor its vertices
by m colora so thet two vertices which get the same color
are not joined, but ome cannot do thie with fewer than m
colors). On the other hand every subgraph spanned by #_,
werticea has again by the following theorem chromatic num—
ber & %, . A different comstruction of such graphs is
given in [11.

i o s e e

This note was written at the Durham symposium on the rela-
tions between infinite-dimensional and finite-dimensicnal
convexity (1975).
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Theorem. ILet 5, £ mn<m be cardina] numbers. Then
(i} = (iii) are eguivalent and imply (iv), moreover, under
generalized continuum hypothesis they are sguivalesnt to
(iv).

(i) For every ¢ > V 2 the unit sphere in a Hilbert
space of m dimensicna csn be written as & union of n sets
with diameter < e,

(1) ‘here is a number ce {( V2, V3)  such that
the unit sphere in A£,(m) can be written as a union of n
sets with diameter < c.

(iii) There is a family ¥ of subsets of m such that
card (€) < nand € separstes points of m (i.e. for
o, Aem ek (3 thers ia & set C & ¥ with
card (€ n fec,[33) = 1),

(iv) m&2®

Proof. The implicatioms (i) =} (ii) and (iii) = (iv)
are obvicus. (ii)==> (iii): Let {A_; e n}l be sets in
-Ezin]' with dismeter < V3 covering the unit sphere in
£ofm). For «, 3 € m, x+f3 put

1.5 (X)) = MVItor p=

= YVEtor y=pp

2 0 otherwise.
Put Cy=4ot ¢ mj there existe (B e m, 3 + o such that
Xep € Apd e
If o, 3€ m, «c % (3 then there is a J° such that
Tep € A . Consequently, = € Cp and (3 # Cyp since
!:“ﬁ - X o Il 2 V'3 for any 9 . Therefore the family
4Cp; de nl separates points in m,
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(148) => (1): Let 0 < & < 7 - lat A be a family
of subsets of m uparuting points of m., We may and will sup-
pose that A is closed under complements and finite inter-
sections, let B be the system of all paira of finite se-
quences {{11,...,5}, {rl,...,rp}} where Ay,... A, & A
are nonempty and disjoint and rl....,rp are rational numbers
that 114'_%1 ri:-[l -£)2, For e B, d'ﬂ-i,ul,....lp},
Erl,...,rpli put Cy= 4x ed,5(m); x| =1 and there ere

2 2

«j & A, such that i_%.4 (x( =r.iJ -r)< e i . Piret pro-
ve that the family {Cj; € B} covers the unit sphere
in £y(m). If x ely(m), N xll =2 find e i, gy such
that ly - xl<e where ylai;) = x(ec;) and ylec) = 0 for
81l other e, Since A 18 closed under complements end fi-
nite intersections, we can find disjoint setas 4; 8 & e
= 1...0;p sush that X € Aj. Choosing Ty sufficiently clo-
se to x{ct;), we obtain x€C,-, where o -{ul'""!‘p}l
{rlt---.rp}} .
lat us estimate the dismeter of Cp~. If x,¥ ‘Cn,- ; Chooze
w6 A, (Bpe Ay, (4 =1,...,p) such that

e ;

= iR a . 2 2
-?-;‘1 {xlogg) = r;)%< & and ifid{ﬂ i) - e )=,

Put xl{ﬂi} =x{=a;), xzincii =r; for i = 1,..4,P,

x () = x;3(=c) = 0 for all other =,

yilfag) =l i)y ¥l3g) =7y for i L3 PO, o

71(B) = y,((3) = 0 for all other f3 ,
Then 1 =lx - x; § % ¢+ Ix 022 hx =12+ (Nxyl-
- Hxl-:zllzzix-zl'ia + (1 -28)°

thus Iz-:llgﬁii- - -tii £ 4%
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gimilarly we prowve that [wa—;rlI&E Ve 3 ‘therefore
lx-yl&lx=xml+lz -xl+ lx, =gl + Hys -
_Ilu"‘ ||I'1-YI‘_" ﬁ"‘ 4\"‘? +2¢ .

{iv) == (iii): We can suppose that m = 2" and n is &
set of ordinmls such that card Tﬁ:-: n for any o & n. For
=€ nand Bc X, wtlﬂ(*as-i(!:n; CnT_=B1 .

The family 41“?5 i & n, BeT  } separates points in 28
and, sirce gheed X n, its cardinality is £ n.

Remark 1: WNot using the contimum hypothesis we can
prove {in the same way ss in (iv) == (iii))that (iii) holds
for such cardinals n, m that

(a) m<2®
(b) If n'cn then 2% n.

Remark 2: If 4, & n<mo are cardinsl mmbers satis-
fying the condition (iii) of the theorem and if n*" = n then
the unit sphere in EE{M ean be written as & union of n
seta with diameter £ V2, (One can take the covers R
with diameter < V2 + -:; and put‘f:{ﬁflﬂﬁs Ao € k)
Therefore the graphe obtained ty Jjoining two points of the
Hien =-dimensiomal Hilbert spaca if their distance ia

= 2 has the chromatic number “ur.w .
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