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THE ARITHMETIC FUNCTION :E?ESE
din

The need to examine the ssymptotic behavipur of the arith-

metic function
E leg d
]

dlno 4

which we shall denote by £(n), arose in connection with work
on good lattice points modulo composite numbers (see [2]).0b-
viously,

lim inf #(n) = O
n -=opo

the purpose of the present note is to prove the following:

Theorsem.
] -2 ]
lim sup (log log n) #(n) =&,
T e O}

where 1 is the Euler constant.
Prootf. Iat
r
an r“] pa
i=1

where Das +e+y Py, 8TE distinct nrimes,and o.(1), «es, o(T)
are positive integers. Then
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2 1) e ”
N $(n) = Z f ——--ng Z -
v=T

o i 4l
Hence
log p S =2
(@  #@)< i L+ D log S e
P P a’
i=1 P4 i=1 ve=e Pi Hin

But if, as usual, ¢(n) denotes the sum of all the div-
isors of n, we have (see, for instance, Theorem 323 in [1])

(3) lim sup (log log m) 12-: Sl ppe——n) ¥

n - oo dln n - B 108 logn

On the other hand,
=)

. < .»_._"(_3:;__+_;P2_2).;p_g,
i

SmPp PR -1 (B -

and consequently

() Zluniz——s i.““_:;,m]_

=2 P = pf

Except for the trivial case when 1 =1, p; =3, if r is
given, an upper bound for the sum

S
i=t P4

is obtained by assuming that p,, +..y P, 4re the firstr
consecutive primes. But any n bigger than 6 has fewer than
log n distinet prime factors.Thus r<1log n,and by the prime
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The arithmetie function Z(log 4)/4 3

number theorem, p.~T log r. Hence there exists a constant A
such that if r>1,

prﬁu log r<A log n log log n .
On the other hand (see, for instance, Theorem 425 in [1]),

(6) Z 1°: - = log x + O(1).
PeXx

Here and in what follows,p i & géneric symbol for a prime.In
particular,

log p
—1--:195 log n + log log log m + log A + 0O(1),

Py

and therefore

o log p
(7 lim sup (log log n)~7 Z —d g 1
n =00’ i=1 Pi

In view of (2), according te (3), (5), and (7), we find
(8) Tia sup (208 logn) 2 W(d) & o° .
n== oo

In order to prove the inverse inequality,note that for the
seguence
-] 8
pia
(see, for instance, the proof of Theorem 323 in [1]), we have

(9) Jl_i:: (log log “.1} -1 Z P e ;
d'ln

But, according to (1), if the prime factors of ny are
P.‘! sxey Prl
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log p
’f“a”i b > o 3

i=1 Pi =1
dI(Pi nj}
| and since
i 1 1
S dow 1 L i S O
=7 2 dln ¢ B dln $
' dl(p; By 3 3
we have
I 14:-;; Dy L, log p %
(10) o LB i T S R T
(log log njja log log n log log 11‘j

The limit of the second fraction in the right-hand side of
this inequality is given by (9). To determine the limit of
the first fraction, we note that log ny = ;jq‘?{ej}, where

2(x) = Z log p-

psx  °

But (see, for instance, Theorem 414 in [1]), H(x) is exactly
of the order of =x. Consequently,

log log ny = Jd+ 1log J+ O(1),

and further

1 ilogpi 12 log p 3
log log ng by N3 P i+ 1og J+ 0(1)

i=1 péej

<l

The first factor in the last expression tends to 1 asccording
to (8), and so obviously does the second factor. Hence, owling
to (5),
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r r
log p, . log p
; =1 ¥ i
1 & — T = ‘11
’ lugo (log log nJ} ( E = P )
fh-se =1 Fi i=1 P4

In view of (10), combining the last result with (9), we find

lim inf (log log 11‘_}}_2 i(nd} = eq’ B

n -=— oo
Together with (B8), this concludes the proof.

It can be proved that <(n) has a continuous purely sin-
gular distribution function.In other terms,the density y(e)
of integers for which #({n)>¢ exists and is & continuous
gtrictly increasing purely singular function (see a fortheom-

ing paper by P. Erdbs and R. R. Hall in the Journal of Number
Theory).
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