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§ 1, Introduction

The aim of this note is to correct a mistake the first two
authors made in I:l] o Set theoretical notation will be standard

otherwise we will use the graph theoretical notation described in

el

graph of chromatic number > (W
[’C;U;] for L<w o

One of the main results of [l] Corollary 5.6 states that every

At the end of our paper in 12,1 we claimed the following gene-
ralization of this result for uniform set systems,
1 K=< H? 35 o uniforn set system with X (32) =k
2sk<w , P Zzw then either the colouring number of
H is at most A  or there is H'e H ) |H|I= At

lﬂHl|?-k—l . For k=2

€.8. \:l:l 5.6, In tl] we omitted the "proof",., We verified the result
for (W)=« =p” and thought that the induction method de-
gcribed in [l]{} 4 yields the general result. However, this is not

true and we are going to state a correct version of the theorem.

contains complete bipartite graphs

this is a trivial consequence of

To have a brief notation we introduce 2 relation

R("(,ﬁ,h‘,%f) .
Definition. Let « (3, r

s i<k, Rx 6,8, %)
uniform set system '3 =<h H>
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be cardinals,

is said to hold if for every

s, with

2<k <w

o« ()=

such that



K(3) =k either there is H'c H JH =

with | NH) 20 or Chr(R)< p.
The false theorem claimed that ‘R("jﬂ,ﬁ;", K, K-t) holds
for g2w , 2K < W , and for every
Theorem 1., Let /3= (,ug , 3 k< . Then
R, e, pY, & k=) holds for o =p"
R(*iﬁ’;ﬂﬂk, 2.) holds for « < L')§+k-2_
_ EXP (i)
Put  @Xp (A)= B MpKH(ﬁ): g for k<

On the other hand we have
Theorem 2., Let /b—_-wg , 3<kew , 220 <k~
a +
and put °(“C%Pg";(ﬁ))

Then R(“(fﬂ’z 1;|'(rt- ) is false.

If we now denote by F((s,klf) the minimel o , for which
R(“"-IG,Q;K.L‘) is false for fB22w ’ 3<ckcw
2<t < k-1 then assuming G.C.H. we obtain the following

Corollary:

-ﬁfe‘! ki2) = Wik
f(ﬁ}k, k'l‘) = Lug+z

f(ﬁ’zkgll)é w§+k_': + for 2 < v < ke

We have an example to show that the upper estimate is not best

possible,

Theorem 3. Assume L(-‘-(i) . o« = (MPﬁvl[ﬂ))Jr j k >
7 G_Ll)+l . Then R(s{’{s}zﬁk’f) is false.

As a corollery if G.C,H, is assumed and /} =Wweg we get
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1;03) K )@t Jo1) < We s

E.g. in case k=6 L=t we get
i(BEC’L’)EwE,{,l while W-{41=3

liote that assuming G.C.H., the simplest unsolved problem is the fol-
lowing:
Does R(WZ;&JJZ,S-,E) hold?

3 1
We can not determine ?(&,k,t) for other values of 1

however with Galvin the first two aunthors have a number of similar
but more complicated results giving sharp upper estimations for the
chromatic number of uniform set systems not containing certain types
of finite subsystems. These will appear in a forthcoming triple pa=-
per of Erdds, Hajnal and Galvin,

Before we turn to the proofs we mention a few other problems
which led us to discover our mistake.

Let 4 be a cardinal, Let H,(A) be the minimal §* , for
which there is a partition ] of length { of (:P(f-") i lee

(-\D(ﬁ) :'&“')&" IV such that no IV containg three different sets,
A B, C with AvB=C

The function Ho was introduced by Hanson for finite pb .

Hangon proved
C <H,(p)< P
(1) ‘((—3 (p) C+2 for /A <W

A theorem of Erdés and Komlds implies that in (1) we have

T? <Ho (p) as well.

For fAzw , G. Elekes proved recently that Ho(ﬂd)?c\)
see (23, For more problems arising here see [3:[ .
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Later Erddés considered the following similar problem,

Let Ht(lﬁ) be the smallest ¥ for which there is

Pp)= UI.,- such that there are no distinct A,B,C, D ¢P(p)
vep
in the same IV satisfying

(2) Aup =C Ank =D

/
For finite p a theorem of Erdds and Kleitman gives

i I
¢ ﬁ{q< H, (&) ‘Cz_ﬂ‘fz

Meditation shows that R(Zﬂ; &2, 43) implies H, (B)< g4
hence, by the false "theorem", H,[ﬂa)é Q for every p .
Investigation of H, (ﬂl) led us finally to the simple proof of
Theorem 2,

It is worth to remark that by the above consideration and by
Theorem 1 we have

P
(3) &2 = (3+ implies H,[.fb) = for (HRw

H,()  will be studied in the forthcoming Erdds-Galvin-Hajnal

paper as well,

§ 2., Proofs
Proof of Theorem 1., Let j{" <"L, H> be & uniform set system
with 0((?(.)=n(_, % (3¢) =k and assume 95['-&1\'-—['
/A<t and
(4) anII"(L for HICH) \H"l: (3‘*'
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It follows easgily from the Lemmas stated in [lj§ 4 that then there
is a sequence B% sy £<« of digjoint subsets of « , satis-

fying the following conditions

(5) lBE__\ < for §¢-<) \_)E) =h
§<-(

(6) 1£ C%= %ﬁ?ﬁ ) XeH , [XaCglzv

then XcCg for £<«,

To prove statement (i) of Theorem 1. let o = B+ U =k-
Then, by (5), B lsp for &< . Then there are sets DV ’

v<n suchthat h=UDy aa |D,n B, I<I for
vep §

V<p, E<« . Then, by (6), X¢D, for XecH
otherwise there is a meximal £ with Xn B =$uj for some
wu o, and X-4ujc C§»‘ [ X~ ~dul =k~ inmplies \.Lc-_Cs
a contradiction, Hence Chr ()< p
To prove part (ii) we apply induction on o . We assume that
(11) is true for every ' with «(3Ie') <« , k(@)= 3<8<
Since R(ﬂ,ﬁ,._ ) is true we may assume pP<x < W

€+ k-2
and that (4), (5) and (6) hold with ( 22 and we have to prove

Chr(3t) < p .
By part (i) we may assume K>3 .

For XGH let %(X):f‘ma_x{§<-d: B;OH#.- ﬂj
H§={>(GH’-§CX)=§_§/. H= U K,

g<x
Then, by (6), ‘X(]B |z k-1 23 for XG,—I-—{‘.E . Hence

there is a uniform set system 'I{ <Bg} H, > such
that

&
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(1) ()= [B] <y for each &<« N(IR)= k-l

E+k-2

andthereis\/eHg; ; Y& X for XEH§

. I ' #h H' Gl
Then obviously lﬂ H'\ <2 for H e H@ R
Applying the induction hypothesis for the set systems ‘g‘f

§

get that there are sets

. 2B - UDbg, =B
%’v § ) v<p 5
A
such that y‘f-DgJ for Ye l“lg ) §<o(_) V<o,
Put D, = U'D .Then UD, =H
f<o V<an

Let v <y : )(GH . Then Xeé (—~|E for some § <«
Then by (7) there is Y € H§= g Y EX
Since y ¢ DEJ-U ) '3( ¢ DV « Hence

Che(3e) <

Proof of Theorem 2, Put
K-t + 1

k: Ed] 9 & k-t #1 <K&

Let X € [-(]k ; X = { X, ¥} , xe<---<>‘k-|}
We define 'Z(x) c D\.] by

Z(X)= {{udhifehs e et W= X gy

for V <k- j’
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i.e. Z(X) consists of the k intervals of length W—i'4+1

of X considered in the cyclical order Xo<-- < X, _ <X,

By k-l4+1<¢k ; \2()(’1\“"’&
Put H={2Z(x): X'é[‘o(_—lki

-
3’E= <h-l H? . Then O(C?ﬁ)= oL = (%Pk_‘. (6))
L4
Let now X"’Y € [«j , then there are
xe X=VY , Be Y-X . Hence

| Z(x)-2(y) | 2 k-t+1 | | ZCy) ~ZX \ 2 k-'+1

and thus

IZ(X)(\?(V)\ & = i(k""*') = (o)

Thus H‘C H, \H|\'-'1 implies I(']H' I‘l'-l
We prove Chr(3) > a
et = UD, be a partition of W . Then by
keigy YO
L’L = [o{] and as a corollary of the Erdds-Rado

K-t +1
n

which is _homogeneous, i,e. there is V <p guch that
[x]k_'ﬂc: D, . 3Butthem Z(X)cD, , ZK)eH
for this X . Hence ' pss the properties to show that
R(q’,ﬁ,z,k,f) is false.
As to the proof of Theorem 3, take

=G5, W= D0t xeTY | FH=<ig HY

theorem (elxpk-f (fﬁ})+"9 (ﬁ+) there is X € « , IX[=k

It follows quite similarly as in the proof of Theorem 2 that "3{
disproves R(_ﬂ(, »,2 kK, '-)
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