UNSOLVED PROBLEMS IN SET THEORY

P. ERDOS AND A. HAJNAL

|. Introduction. Since 1958 we have published a number of joint papers on
set theory [1]... [12] and some triple papers with R. Rado, E. C. Milner, J.
Czipszer, G. Fodor [13]. .. [17]. During this period we collected a fairamount of
problems we could not solve. Some of them are stated in the papers we have
published, some are connected with unpublished results of ours. We were both
enthusiastic when we learned that the organizing committee of this symposium
was willing to give us an opportunity to publish a paper on these problems.

After having started the work, we immediately realized that the task we have
undertaken is not quite as easy and pleasant as we thought it was. First of all, we
have problems of very different types.

(A} There are some which seem to be unsolvable, or connected with problems
whose independence has already been proved.

{B)} There are some which we tried very hard to solve and failed and that is why
we feel thev are difficuit.

{C) There are some which seem to be difficult but we suspect that the difficulty
is only technical.

(D) There are some which we only know of, we find them interesting but we
simply did not have the time to look at them properly.

(E} There are some which would seem uninteresting to anyone who did not
think about them and we would like to publish them all the same, since for one
reason or other we are interested in the answer.

On the other hand, there are many cross connections between the different
problems and, for lack of time and space, we will be able to give very few of them.
in many cases, it will be difficuit to tell whose problem it is we are going to state.
There are many other problems which arose. but. to make a long siory short, we
have dzcided to accept the following principiss.
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We will restate here quite a lot of the published problems for two reasons. They
seem to be more 1mportant than some of the unpubhished ones, and it is quite
difficult to understand the latter without knowing the former

We are going to collect all our problems of type (A}, the time and the place
being appropriate to put them in the hands of logicians.

We will make comments only on some carefully selected problems, and we will
state a lot of others, giving only references (if any) and leave the reader to find out
for himself what they are worth. The only help we can give is to indicate to which
of the categories (A) . . . (E) we believe the problem stated belongs.

We will try our best to make the references and historical remarks as complete
and as fair as possible. If nothing else is stated, we think that the problem in ques-
tion is due to the two of us, except in §3 where all the problems, if not indicated
differently, are due to P. Erdés and R. Rado.

if an open problem depends on several parameters, we usually formulate the
mstance of it which seems to be the simplest for us.

The order in which the problems are stated does not express any opinion on
their importance. We will try to give them in some logical order and to avoid as
much new notation as possible.

During our work in set theory, whenever we could not solve a problem, we
tried to solve it assuming the generalized continuum hypothesis (G.C.H in what
follows). If we still could not solve it, we said that even assuming G.C.H. we donot
know the answer. This will be done in this paper too. The word “even" used here
is not intended to express any considered opinions or preference. It just describes
the way we have been thinking about these problems. [f a problem is stated in
§§1-7 under the assumption of G.C.H., it means that for various reasons the
problem as stated there does not make sense if we do not assume G.C.H.

In the end of our paper we do not bother to state problems without assuming
G.C.H., since this would complicate the notations, or the formulation. We
think it will be clear for the reader in many cases how to formulate a corresponding
problem without assuming G.C.H.

Though many of the difficulties mentioned before seem insarmountable, we still
hope that this survey of our problems will be useful.

2. Notations, We are going to use the usual classical notations of set theory.
It is not appropriate for our present purposes to identify cardinals with initial
ordinals. However, finite cardinals and ordinals will not be distinguished.

We point out one difficulty. In many of the different papers on the subject,
different kinds of — (arrow) relations are introduced and the same notation has
been used for different purposes in different papers. Whenever an — relation occurs
in the text, we will give its definition.

P ST R I denote cardinals,
Egsid denote integers,
o, B Vi s B il Yy denote ordinals.
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If @ is a cardinal, a* is the smallest cardinal greater thana. . and + are used
to denote both cardinal and ordinal addition. If @ is a cardinal, {J(a) is its initial
number.

By a graph ¥ = (g, G}, we mean an ordered pair where g is the set of vertices,
G is a set of subsets of two elements of g. The elements of G are the edges of #.
For a detailed explanation of the terminology we refer to our paper [10].

3. Problems formalized with the ordinary partition symbol. If Sisaset, ra
cardinal, we put

Sr={X¥cs:X|=r}; [SI"={&csiXI<r}

I [S} = U, .., the sequence (F,), _, is said to be an r-partition of S of type
fel

DerNITION OF SymBoL-1.  Let a, b,, ¥ < Q(¢) be cardinals or order types, and
let ¢, r be cardinals. Assume further that each b, is a cardinal if g is a cardinal.
We write @ — (b,) if the following statement is true.

Let S be a set if @ is a cardinal and let S, < be a (simply) ordered set if a is an
order type, such that [S] = a or typ S( <) = a respectively. Let (57,), .o, be an
r-partition of type ¢ of §.

Then there exist a » < Q(c) and a subset S’ < § such that [§') = 7, and
IS = b, or typ §'( <) = b, if ais a cardinal or an order type, respectively.

We write a-— (b,)] (and in the case of all other symbols to be defined) if this
statement 1s false.

If all the b,'sequal b, wewritt @ — (8).. Ife = ¢+ ** - + ¢, and ¢, of the
b,’s equal b, for i < n < N, we sometimes write

a-—= ((bo)c,' e {bn—l}e.;._l)r-

If ¢; =1, we omitit. Using this terminology, Ramsey’s classical theorem [33]
can be expressed as follows:

R, — (R if k.r< R,

P. Erdds and R. Rado were the first who started to investigate consciously and
methodically the possible transfinite generalizations of this theorem, though several
other people, e.g. D. Kurepa, have published results which can be expressed using
the ordinary partition symbol. A survey of the history of the problem is given in
{13]. Erdés and Rado have published with other authars a series of papers on this
subject. The symbol in this generality was actually defined in [21]. In their paper
[21] they gave a survey of the results and problems known at that time. It is fair to
say that their work started ail the investigations we are now talking about and
though the different problems crystalized by theorems proved by different people
it seems to be logical to attribute ali the problems concerning Symbot-1 (except
those involving inaccessible cardinals) to P. Erdds and R. Rado.

3.1. The ordinary partition symbol in the case of cardinals. Note that by an
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early result of P. Erdds and R. Rado, we have
a++ {8, R)¥e  for every a;

hence we can always assume that r < X, and the case r = 1 is trivial in case of
cardinals.

It was realized by F. Erdds and A. Tarski in 1942 [23] that while a direct generali-
zation of Ramsey’s theorem fails for cardinals not strongly inaccessible there might
be cardinals for which a — (a, @)® holds.

The history of this problem is well knownand in this chapter we avoid mention of
any problems for Symbol-1 in which strongly inaccessible cardinals are involved.

In [13] with Rado we gave a discussion of Symbol-I for cardinals, Using G.C.H.
our discussion is almost complete. See main Theorems I and II of [13] on pp. 130
and 138 respectively. The only unsolved problem not involving strongly inacces-
sible cardinals is highly technical.

Problem 1. Assume G.C.H.

Rmuqﬂ = (Rmm (4)&}3?
(See [13, Problem 2}.)

Recently we have been investigating how far our results and methods cover the
problems if we do not assume G.C.H. In case r = 2, b, > X, one can obtain a
rather complete discussion. These results will be published in detail in a forth-
coming book by the three of us. We would like to mention some of the open prob-
lems.

In [13] for obtaining negative partition relations our major tool was the negative
stepping up lemma,

Problem 2 (Erdds, Hajnal, Rado). Assume 2 <r < ¥y, a > ¥, b, (v < Q(c))
are cardinals and a +» (b)), holds. Does then 2° + (b, + 1)[*' hold? (Here +
denotes cardinal additions, i.e., b, + 1 = b_if b, > &)

Lemmas 5A, 5F of [i3] give this result under different additional assumptions,
e.g. if two of the b.’s are infinite and one is regular. One might guess that thisis a
problem of type (C) and the answer is affirmative. The most difficult case is when
r = 2, one b, is singular and the others are finite. In this case, we cannot prove the
statement even assuming G.C.H. (see Problem 1).

Problem 3 (Erdos, Hajnal, Rado). Assume that there is an increasing sequence
of integers (my) ., such that the sequence of cardinals 2% is strictly increasing and
W s N_. Does then

a=73 2% (R, R )"
k<w

Note if ¥, is replaced by X, we havea —- - ora+> - -ifa <wora > o,
respectively.

Problem 3 might be important, since (without speaking too precisely) it might
give an opportunity to show that the truth value of ¢ — (b, €)%, a, b, ¢ = X,,
cannot be computed from the function Rz,
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The only other typical instance in which we cannot tell the truth value of the
Z» in case r = 2 with infinite cardinal entries is the following:

Problem 4 (Erdés, Hajnal, Rado). Put ¢ = Q((2%)*) and assume that the
sequence R, o < ¢, is not eventually constant. Pura =3 _ 8%, Does then

a—~ (X, 8,)*
hold?

{The answer is affirmative if we assume G.C.H. orsome other additional assump-
tions on the function R¥s.)

In case some of the b,s are finite many of our results given in [13] make use of
G.C.H. heavily. It follows easily from the results of [13] that

N:"H (Roras (Ro)wo)*
and using G.C.H. we proved [13, Theorem 10]

xm-n. = (Ru-rlx (3)3,)!'
We cannot fill up the gap between these results if we do not assume G.C.H.
Problem 5 (Erdos, Hajnal, Rade). Can one prove without assuming G.C.H.
that
;{m-.-l 2o (x«h’-!a (3)50)‘
halds?

The general problem of Symbol-I for order types seems to be very ramified.
There are only scattered partial results even in case of ordinal numbers.

3.2. Symbol-l in case of denumerable ordinals. Note that of always denotes
ordinal power. It seems to be reasonable to consider powers of w in the first entry.
It is easy to see that %+ (w + [, 4)® (where 5 denotes the type of rational numbers);
hence we consider only the case r =2. w — (&, w)* follows from Ramsey’s
theorem, « 4+ (w + 1, w)? is trivial for every 2 < w,.

E. Specker proved in [37]

. w?— (w?, k) for k < o,
M w"++ (w*, 3)? for 3Ln< w

E. C. Milner proved

@¥? 4 (0™, 32 for o < w,.
@ wt > (@, 3"
wl— (w-LkP for Lk<w

P. Erdés proved

(3) Wl — (@™, 4 for o« < w.

A. Hajnal proved recently the following theorem. Let S = {(ng, .- -, M)
n, < wfori < k}and [SP = U, 7, be a 2-partition of type / < wof 5. Then
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there exists an infinite set N of integers, for which the partition ("), _, is canonical
on 8§ = {{ng, ... ,m_1): n, €N fori < kj, i.e. for every pair

(g« - - o My )Ma, oy Mg y), 1, m; €N
n<p<>m <m; and n,=m<>m=m

implies that {(ng, ..., M1}y, . . ., Ny )} €7, holds iff

{(mg, ..., )myy oo My )} €T
for every » < I.
ADDED IN PROOF, We learned recently that this result was obtained independ-
ently by F. Galvin,
This certainly implies that for every n < w

(4) " ++ (w?, f(n))* holds for some f(n) < w.

If f(k, n) denotes the least integer for which w” + (%, f(k, n))*holdsfork > 3,
the above mentioned result reduces the determination of f(k, n) to a finite combina-
torial problem which is not quite easy to answer. We have computed, e.g. that

f(3,4) = 5, but we still do not know whether

Problem 6. «®—(«?, 5)%7

However, this is obviously a problem of type (C). The real problem is to deter-
mine f{k, n) generally.

None of the results mentioned gives any information about the following prob-
lem of type (B):

Problem 7. w®” — (e®, 3)*?

ADDED N PROOF (May, 1970). C. C. Chang proved recently o” — (w®, 3)%;
@ — (™, 4)% is still open. See C. C. Chang. A theorem in combinatorial set theory.
Preprint.

3.3. Symbol-1 in case of nondenumerable order types and ordinals. Whenever
we have a positive arrow relation a— (b)), for cardinals, this obviously
implies a corresponding relation for initial ordinals « — (3,)7, where «, 5,
are the initial ordinals of a. b, respectively. If 3 < « for some v < Q(c) one
can ask for what ordinals 2, [3]] = £, does the same relation remain true. Usually
the method used for the proof of g — (b,)7 vields a slightly stronger result than
« — (B.). There are some results of this type in [21], but most of the problems
remain unsolved. By Theorem I of [21], we have X, — (R, ¥;)* and the proof in
fact gives @y — (w,, @ + 1)%. A. Hajnal proved, using G.C.H. [25] that e, +
{wy, @ + 2)2 holds.

Problem 8. Can one prove without using the continuum hypothesis that
w; 4+ (0, @ + 2)* holds?

This might be a problem of type {A).
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Using G.C.H. the result of [25] gives 2,.; += (w1, &, + 2)% if 8_ is regular
and, e.g. Theorem I of [13] implies w,.; — (@, ., Werryy + 1)* for every a. These
leave the following problem open.

Problem 9. Assume G.C.H. Does w, ; — (wy.y, @ + 2)2 hold?

On the other hand, G.C.H. = w,.; —+(w, + 1, &, + 1)* for every p.
There is no counterexample for the following:

Problem 10. Assume G.C.H. Does then w, , — (§,£)* hold forevery £ < w,,,
and for every p?

By Theorem 8 of [25] we have w, — (© * 2, w - k)* for every finite k.
Thus the simplesi unsolved instances are

Problem 10/A. Does

wy — (- 2, w?)?

or
o, —+(w-3,w- 3P
or
oy —(w+n,w+nw+n? foreveryn<aw
hold?

In cases p > 0 the problem is even more difficult.
ADDED IN PROOF (May, 1970). F. Galvin communicated to us in a letter
that he proved w; — (- 3, © - 3)}; @y — (%, ) is still open.

Problem 10/B. Assume G.C.H. Does w? — (w, + o, w; + w)? hold?

10/B might be a problem of type (D) but @, — (1, + 2, @, - 2)* (if true) certainly
requires new ideas,
It would be easy to formulate Problem 10 without using G.C.H. We formulate

one special case.
Assume a > ¥, Does then Q((22)*) — (£, £)* hold for every & < Q(a™)?
Let / denote the type of real numbers. There is no counterexample for

Problem 11.  Does i — ()} hold for every a < wy, k < «?

By Theorem 31 of [21] we have A — (w + /)i for [ < w.
It was proved in [25) that A — (@ -/, @ +1)* holds for every / < w and 2 —
(#, « or «*)* holds for every 2 < w,. The simplest unsclved instances are

Problem 11/A.
i — (0, w?)??
A (w227
A= (w+ 02 for 2L<1<w?

ADDED IN PROOF. F. Galvin proved & — ()2 for every real type ® and
a < w,. A— (x)? is still unsolved and seems to be difficult.
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'We mention that all the known results remain valid if 4 is replaced by a *real
type” @ (D is a real type if w,, wf £ @). This explains our interest in the follow-
ing problem of type (E).

Problem 12. Can one prove a relation 2 — (9, ©,)* which does not hold for
every rea! type ®© instead of A7

Naturally, one can ask the problems stated in 3.2 for w, instead of w, but there
are fewer results,

Specker’s result w¥+> (@, 3)* stated in (1) of 3.2 generalizes easily but the
proof of w?* — (w?, k)® uses finitely additive measures and breaks down for w,.

In a forthcoming paper [22] P. Erdés and R. Rado state

(1) for every & and for every finite k, / there exists an n < @ such that w, - n —
(‘”g 3 k ] f)",
and A. Hajnal proved

(2) assume G.C.H., then w,, - p+ (@, - @, 3)* for every p < w,,, and for
every é.

The following remained unsolved:

Problem 13. Assume G.C.H.
w? — (0, 3)27

Wy * w — (wyw, 327

The first one seems to be of type (B). Note that w?- (w, + 1, ®)* is known
for every a.

ADDED IN PROOF (May, 1970). A. Hajnal proved G.C.H. = wf + (o], 3)%.
See A. Hajnal, A negative partition relation, Proc. Nat. Acad. Sci. U.S.A. (to
appear).

4. Problems for Symbol-11.

DerinviTioN OF SymBor-I11.  Let a, b, r, ¢ have the same meaning as in the
definition of Symbol-I.

We write g —— [b,I if the following statement is true.

Let Sbeasetifgisacardinaland §, < be a (simply) ordered set if a is an order
type such that [S] = a and type S{ <) = & respectively. Let further (), _q,, be
an r-partition of type ¢ of S. Then there are a subset S* < § and an ordinal
¥ < Qc) such that [S') < U,., a7, and |8 =5, or typ S'(<) =b,
respectively.

We will use the same self-explanatory abbreviations in cases when some of the
b,’s are equal which were introduced for Symbol-I.

Symbol-II was first defined for cardinals in [13] and was not yet so thoroughly
investigated as Symbol-1. It is obvious that, e.g. 2+ [b]7, ¢ > 2 is a much stronger
counterexample than g+ (b, b)" <> a+» [b, b}

We mention that in [9] we have proved that if a+— [¢]] for some r < o then
there is a Jonsson algebra of power a.
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4.1. The case of the infinite exponents. One would expect that as in case of
Syvmbol-T we have a best possible negative resuit for r > K,. There is no counter-
example for the following.

Problem 14. Assume a, b > r > R, are cardinals. Then a+ [b].

Note that b — [b]T is trival for ¢ > b". Using an idea of J. Novéak described in
[1] we can prove the following result.

THEOREM (UNPUBLISHED). Assume a, r > R, are cardinals. Then a + [r]}.
The following simple instance of Problem 14 remains unsolved.
Problem 14/A. Is it true that
a+ [2%) T+
#olds for every a? Or assuming G.C.H. is it true that a+> [R,]§; holds for every a?
Note that for a < ¥, this might be a consequence of —I|I—+- relations with finite
exponents. See Problem 17/A, and that assuming G.C.H. we can in fact prove the

> relation for the special case a = N,.
4.2. Symbol-Il, in case r < w. Theorem 17 of [13] states that G.C.H. =
R+ [, +‘}'='¢+; for every = and it is well known that 2%+ (X_,,, ¥, ) i.e.

ety [R, 12
Problem 15. Can one prove without assuming C.H.
O RE or 2% 2% or R4 (R
This might be a problem of type (A).
ADDED IN PROOF (May, 1970). We learned from a letter of F. Galvin that

he proved 2% — [2%]} for n < w and R, +> [X,];.
We would like to stress the importance of the following:

Problem 16. Let a be an inaccessible eardinal for which a+>(a, a)* holds.
Does then a+ [a]? hold?

We do not know if @+ [a]? holds for the first strongly inaccessible cardinal
a> N,

We think that the problem whether @+ [a]? holds is strongly connected with
the following. There exists an a-complete field § of subsets of a set X of power a
generated by at most  elements [X]<* £ § in which there is no a-complete proper
ag-saturated ideal [ such that [X]=2 < I

Asto further details of the results concerning @ — [b,]’ a, b, cardinals we refer to
[13]. We formulate only one more »roblem.

Problem 17 (Erdds, Hajnal, Rado). Assume 2 > R, 2 <r <Ry, b, > r are
cardinals and a + [b,). Does then 2° +» [b, + 1]} hold?

We cannot give a positive answer even assuming G.C.H.
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Problem 17/A. Does 2¥% +» Rk, hold? Or does G.C.H. =R, + R}
and X, + {Rd“{l’for I<w?

This should be compared with Theorems 17, 25, and Problem 3 of [13]. As far
as we know no one has investigated Symbol-II for types. There are some very
simple problems we cannot answer. Here is one of them.

Problem 18, o — [w‘”];’?

Note that o* — [f]} , k < w follows from the theorem of A. Hajnal men-
tioned in subsection 3.2.

5. Symbol-III and related problems.
DermaTioN oF SymBoL-TII.  Let r, ¢, d be cardinals, a, b types or cardinals but

b should be a cardinal if a is a cardinal.

11 : §
a —[b]; , denotes that the following statement is true.

Let S'be a set if # is a cardinal and let S, < be an ordered set if a is a type such
that [S| = g or typ S( <) = arespectively. Let further (7,), .q(,, be an r-partition
of type ¢ of S. Then there exist an 5' < § and a set N of ordinals less than Q(c)
such that |¥| < 4, [ST € U,ex7 , and |§'] = b or typ §'(<) = & respectively.

Symbeol-IIT is Symbol-V of [13] defined in [13, 18.3]. We collected a number of
results and problems in [13, 18] which we do not repeat here; we only point out
one of them (Problem 3.1(a) of [13]).

Problem 19. Assume G.C.H. Does then

xz l.i‘!f» [Rd?{;.&
hold?

We came to this problem when considering a problem of S. Ulam. Several other
people have independently considered this problem and though we were unable to
collect references we know by hearsay that both X, — [Rx}i..x., and ¥, +» [ Rl}il_no
are proved to be consistent with the axioms of set theory and G.C.H. E.g. F. Row-
bottom proved that the negative relation follows from Gédel's axiom V' = L.

We formulated this problem because we will formulate a series of other problems
related to it and some implications between them.

Let (4,), ., be a sequence of disjoint sets. The set X is said to be a transversal
of the sequence (4,), ., if [4, N X[ =1 forevery v < ¢.

Problem 19/A. Assume G.C.H. Let (4,
such that {A,} = R, for every » < w;.

Does there exist a system F , |F | = R, of almost disjoint transversals (i.e. X, #
Y e Fimplies |[X N Y] < X)?

y<w, bea sequence of disjoint sets

Problem 19/B.  Does there exist under the conditions of Problem 19/A, a system
F, |#F| = R, of almost disjoint transversals satisfying the following additional
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condition? If X, YeF and X N A, =Y N A, for some v < &, then X N 4, =
Y O\ A, for every p < v.

It is easy to see that Problem 19/B is equivalent to the well-known Kurepa prob-
lem. Itisalso quite easy to see that Problem 19/B = Problem 19/A = Problem 19.
We cannot answer the following problem.

Problem 19/C. Does either of the implications

Problem 19 = Problem 19/A,  Problem 19/A == Problem 19/B
hold?

All these problems are well known.

Let a be a regular cardinal, g > R,. Let X be a set of ordinals less than Q(a).
A function f defined on X with ordinal values less than Q(a) is said to be regressive
on X if f(£) < & for every £ € X. X is said to-be stationary (in Q(a)) if for every
regressive function fon X there is a p < Q(a) such that {f~(p)) = a.

It has been recently proved by R. Solovay that every stationary X is the union
of a disjoint stationary sets.

Problem 19/D.  Does there exist a system F, | % | = R, or 2™ of almost disjoint
stationary subsets of w,?

We do not know the answer for any regular a in place of w,. It is easy to see
that a positive answer to Problem 19/A implies a positive answer to Problem 19/D.

Some problems related to 19/A will be considered in a forthcoming paper by
E. C. Milner and the two of us [17].

We mention one more problem of Kurepa type. We do not know if its inde-
pendence has already been investigated.

Problem 19/E. Assume G.C.H. Let |S| =R _. Does there exist a family &,
|F| =N, F < [S]® such that F [ X={F N X:Fe%} has power ¥, for
every X < S, [X| = R,?

We turn to a problem concerning Symbol-I11 in case of ordinals. We mention
that even Symbol-I yields interesting problems for ordinals in case r = 1, but these
had been solved and completely discussed by E. C. Milner and R. Rado in [32].
One of their surprising results states that p +» (w$)} holds for every p < w,,, and
for every &.

This can be formulated in terms of Symbol-III: p+> [0¢]} g, holds for
every p < w,,, and for every ¢.

(Symbol-III was not defined with < N, in place of 4, but has a self-explanatory
meaning.)

A straightforward generalization of this would be the following:

Problem 20. Let p < 0,4y, { + 1 < §. Does then

hold? p > ["-’?"Hlé;ﬂ.'ﬁ{
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This is certainly a problem of type (A) and we would be interested if a positive
answer for it is consistent with the axioms of set theory.
We wish to make some remarks on a special case of it.

Problem. 20/A. Let p < w,. Does then p + {w;“l;h_“. hold for every p < ,?

We know the following partial results:

(1) p+ [0 Tkx, for p < of

(2) If oy [wilh, «,» then the answer for Problem 19/D is affirmative.
We formulate two more problems of this type.

Problem 21. Let p < w, Does there exist a sequence (ff),., of type p of
Junctions defined on ordinals < w, with values < w, satisfying the following condition?

Whenever v; < v, < p then the set

©) (¢ < o f2(8) 2 f2(8)} is nonstationary in w,.

Problem 21fA. Does there exist a sequence of functions satisfying the reguire-
ments of Problem 21 and the stronger conditions?

If w<w<p then

(00) |{& < wy1f2,(8) = f1(ON < Ry

We can prove

(3) A positive answer to Problem 20/A implies that the answer is positive for 21.

(1), (2), (3) will be published in a triple paper with Milner. It is obvious that
Problem 21/A = Problem 21,

It is also obvious that a positive answer for Problem 21 and Problem 21/A
in the special cases p = w, + 1 implies a positive answer to Problem 19/D,
Problem 19/A respectively. On the other hand, we do not know if the consistency
of Problem 21 or Problem 21/A has already beer investigated.

6. Symbol-1V, a — (b)™% and related problems.

DeFniTioN OF SymBoL-IV. Let a, b, ¢ be cardinals. a — (b) =% denotes that
the following statement is true. Let § be a set [§| =a. Let (F7),_q, be an
r-partition of type c of S for every r < w. Then there exist an rq < w, a function
v(r) < Q(c) for r < @ and a subset §' < §, |S'| = b such that [S') < I, for
every ry < r < .

Symbol-IV is Symbol-1I of [13]. We have proved in [1] that @ — (4)“*s holds
for ¢ < a if @ is a measurable cardinal >R, J. Silver has proved recently [34]
that @ +» (X )7 holds for a very large section of cardinals. For other results,
history, and references see [13) and [34].

We will speak about some strongly related problems.

DermaTion oF SympoL-IV.l. Let a and b be cardinals. a = (b)<¥» denotes that
the following statement is true. Let .S be a set, |S| = a, and let (F7, ) be an
r-partition of type 2 of § for every r < e, such that

(0) X < S, |X]=r + 1 implies [X] & F, for every r < w. Then there exist
anr,<wand § < Ssuch that |S'|=band [ST < I forevery ro £ r < w.
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It is obvious that a#>(b) <® implies a2+ (b);"Xe.
We have proved several years ago that all the negative results stated for
Symbol-1V (i.e. Symbol-II with ¢ = 2 in [13]) are valid for Symbol-IV.1 as well.
The following problem (of type (E)) arises.

Problem 22. Does a#>(Ro)~®¢ hold for the first strongly inaccessible
cardinal a > R, (or for a large section of cardinals)?

We can prove that if we had defined a symbol a=>, (6)<*: by replacing the
condition (0) of the definition of Symbol-IV.1 by the stronger condition

(00) X < S, |X| =r + 1implies |[XT NT 4| <r + 1 — Iforr < & wewould
have had 2®e=>, (¥;)=®s for some / < w, but we do not know if / can be replaced
by L.

We define a Symbol-I'V.2 which is in the same relation to Symbol-1V as Syr.bol-
I1 is to Symbol-I.

DEeFmNITION OF SYMBOL-IV.2. Let g, b, ¢ be cardinals.

a — [b]7%e is said to hold if the following statement is true,

Let S be a set | S| = a. Let further (F7), .. be an r-partition of type ¢ of §
for every r < w. Then there exist S < §, r, < @ and a function »(r) < @ for
r < o such that

[S;r ¢ U 77 forevery r<a.
vvlr)v<fie)
It is obvious that a+» [5]"® for ¢ > 2 is a stronger counterexample than g ++
(B)5%.
We cannot even decide

Problem 23. Ro—l—b- [¥olgRe?

We always suspected that there is a +> relation. We do not know if a— [X]5¥
holds for any “relatively small” cardinal.

This might be a problem of type (D).

ADDED IN PROOF. Let @ — (b) R0 ...in.. Genote the following statement:

Let S be a set, |[S|=a. Let furthcr (J'J, y < Q(f ) be an r partition of type c,
of S for every r < w.

Then there are sets B, of ordinals less than Q(c,) and §* < § such that

[ST<yUJ;, |S1=band|B)|<d forr<o.

veB,
J. E. Baumgartner and independently R. Rado and we proved that R,—
RelSKe . ... holds provided ¢, < and d,— +co if r—+o. This
1rnphes obkusly a negative solution of Problem 23,

7. Polarized partition relations and related problems.
DEFINITION OF SyMBoL-V {see [13, 3.3]). (1) Leta, b, c,d,, e,.f,. g0 ¥ < £2(c)
be cardinals.
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(d) (d' fv)
— v
b ev g’ €
is said to hold if the following statement is true.
Whenever S, 8; are sets such that [Sg] = 4, |S)]=0) and «F ), ., is 2

partition of S, X S; then there exist », < £(e), Sy < S, 8] < §; such that §§ x
§; © F,, and either |S| = 4, and |S]| = ¢, or |S;| =1, and |S§}| = g,.

We write
()~ ()
b e/,
ifd, = f,, e, = g, for v < Q(c).

2) Letr=ra+-*-4+r_j,I<oforanr < w.
Let a;, b, ,, c be cardinals fori < 1, » < Q(c).

ao b'.' ,.’ e
¥ —
a1 by,

is said to hold if the following statement is true.

Whenever S, 1 < / are sets such that |§;| = a, for i </ and (7,), .q, 15 2
partition of [S)e X -+« X [§,,]7* then there are subsets §; < §; for i <1
and v, < Q(c) such that |S}j = b, for i < /and

[SaT X+ X [Sial™ €T,
()= ()
(a) = ()

One could give a definition of Symbol-V for types under obvious restrictions
for the entries as in the case of the previous symbols. It is also obvious that as in
case of Symbols-1,-II a corresponding “square bracket” symbol can be defined, e.g.

in the definition of
a e b.'
(5) = (&),
8§, x §; <, has to be replaced by

SexSic U g,

w=v;r<fllc)

Obviously

means the same as
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In [13] we have investigated the symbol as defined in (1) with ¢ = 2, and assuming
G.C.H. in almost every case.
We mention the following

Problem 24 (Erdds, Hajnal, Rado). Assume G.C.H. Does then

()~ o )
hold for 0 < i,j < 1?

Problem 25 (Erdés, Hajnal, Rado). Assume G.C.H.

(“wﬂ) - (RﬂIA Rl)’
aﬁ-ﬂ-‘l Ka aa -

See Problems 12 and 14 of [13). For a discussion of the known results see [13].

We think that both problems might be of type (A).

We mention that unlike in the case of Symbol-I most of our results use G.C.H.
essentially and even the simplest problems seem to be unsolvable.

We do not know the answer to

Problem 26. Does
2o RO IRo
(1) ()
¥, X, X,
hold if we do not assume C.H.?

ADDED IN PROOF (May, 1970). We learned from a letter of F. Galvin that
Laver proved that
R, R, R
X, R, R,
is consistent with ZF + AC.

C.H. implies even
N, R, N, X R
() = (v )
We did not investigate the case ¢ = X, in detail. We mention that a surprising
number of set theoretical problems can be formulated with the help of the polarized

partition symbol.
We mention, e.g. that

is equivalent to Problem 19/A.
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The following slightly weaker statement seems to be of type (A} as well.
Problem 27. Assume G.C.H. Does then

() ()
hold?
Note that the methods of [13] give the following results: G.C.H. =
(1) = ()
() ~ (- ()
(=)~ (v )

We never investigated Symbol-V as defined in (2). The methods of [13] would
give a positive relation if the cardinals 4y, . . . , 4,; are large and far from each
other but the other cases must lead to compilicated and involved problems.

We know, e.g. from a result of Sierpinski [35] that

AN
\RI_ + | R
R, 2

holds. We state the following problem of type (D).

Problem 28,
(“1) (x;)l.l.,l
K j—= ¥ ?
R, s

8. Furtber problems on parfitions. Let § be a set and let ()., be a
disioint partition of it. Let A = (F,), .., be an r-partition of S. A issaid tobe
canonical with respect to (S}), . if X, Y€ [ST, [X N S| =|Y 0 S for every
£ < g implies that X €9, and Y €, are equivalent for every v < Q(c).

Problem 29. Assume G.C.H. Let|S] = R, (S,). ., a disjoint partition of §,
IS.) = R,. ELet further A, = (J;, 7} be an r-partition of type 2 of S for every
r< o

Does there then always exist an S” < S, |§'| = R, such that A, is canonieal with
respect 10 (S )n ., Jor every r < w (where §, = §' N §,)?

This should be compared with Lemma 3 of [13]. Note that one can ask the
problem without assuming G.C.H. for a singular strong limit cardinal instead of
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R, and a corresponding version of Lemma 3 [13] remains valid for singular strong

limit cardinals.
b
()4

Let
denote that the following statement is true:

Whenever |S} = g and (7, &) is a 2-partition of type 2 of S, then either there
exist §, §", § N§" =0, |§]=2b, |§"] = ¢ such that xe §’, ye S5 implies
{x,y} €T, or there exists 8’ < §, |§'| = d such that [§']* = F,. It is obvious
that a more general symbol corresponding to Smybol-I can be defined and with the
help of the methods of [13] we can discuss alinost all the problems, e.g.

GCH= ¥ ((:u) x.]

holds. We mention one which remains unsolved.
Problem 30. Assume G.C.H. Does
R, ¢
e (7))
hold?
Note that as a corollary of Theorems I, 10 of [13] we have
Ry — (R, R X .
_— X RMH(( M,)' x‘))
Rt (R, R R
Problem 31. Can one prove without assuming G.C.H. that

== {{i ()
(o) ()

Problem 32. Assume G.C.H. Does there exist a graph & = (g, G) with
lgl = R,, not containing a subgraph of type [R,, Ry} for which there exist a set
{81 = R, and a 2-parrition (T o, T ) of S such that neither the graph (S, 7 ;) nor
the graph (S, 7°,) contains a subgraph isomorphic to %?

or at least

ds?

This could be expressed by R, ++ (¥, ¥)? and would be a further strengthening
of the relation
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=l ()

(For the graph terminology used here see, e.g. [10].)

9. Problems on set mappings. Let S be a set. A function [ with domain
[S1° or (S]<® and with f(X) = § — X, | f{X)| < b issaid to be a set mapping on S
of order <b and of type a (< a) respectively.

§' = Sissaid to bea free subset if f(X)N S = Ofor X & [S')* (or X € [§]<9),
respectively.

DEFINITION OF SYmMBOL-VI. (m, a, b) b (or (m, <a, b) .7 n) is said to
hold if for every S, | S| = n and for every set mapping of type a (of type <a) and
order <b there exists a free subset §' < §, |[S'] = n.

We introduced set mappings of type >1 in [I. We will point out some
problems stated in [1].

In (1] Theorem 7 we proved that (m, <R, b) 2, i holds for b < m provided
m is 0-1 measurable. In view of the recent results one can expect a positive answer
1o

Problem 33. Doe.r {m <N, 2) 1—+ R, or at least (m, <N, ¥y) —4—» R, hold for
those m for which m -|—» (R8¢ holds?

As a matter of fact we could not prove this even for m = X,

See Problem 1 of [1].

This problem is a]so relevant to Jénsson’s problem, see [9, p. 22].

We know that m —— (m)t implies {m, k, b*) L, 7 but here we do know that
the positive results thus obtained are the best possible.

Problem 34.
(A) Assume that misregular and m —|—> (m, m). Does then(m,2,2) —|—> mhold?
(B) Assume G.C.H. Does then

(R, 3,204+ 8, or (X, 3, Ry X,
hold?
(Note that m 4+ (m, m)? implies m+> (m, 4)° (27] and R+ (R )3, Ky (R},
holds if G.C.H. is assumed. See [13].) If m is a singular strong limit cardinal then
m+> (m, my® but (n,2,2) — m.

Problem 35 (Hajnal). Assume G.C.H. Let Sbeaset [S|=R_,,. Let fbea
set mappirg on S of type | and order <R, . Assume further that | f{(x) N f(y)] <
R, for every pair x % y € S.

Does there exist a free subset of power ¥,?

In [25, Theorem 1] assuning G.C.H. this problem is settled in the negative
for cardinals X,,, where X, is regular (¥, stands for R,),,).
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Problem 36 (Hajnal). Ler S, < be an ordered set of type w,. Let [ be a set
niapping on S of order <w, and of type 1. Assume further that |f(x) N f(y)] < ¥,
for every pair x # y € S.

Let « < e,. Does there then exist a free subset §', such that typ §'(<) = «?

Note that the answer is positive if « < w®- 2. (See [25])

The following problem on almost disjoint sets is strongly connected to the prob-
lems mentioned above

Let |S] = b; does there exist a system & < [S]° such that & is almost disjoint,
ie. A, BEF, A # B implies |4 N B| < a and such that for §’' < §, |S'| = a*
thereisan A € F, A © §'7 It was proved in [25] that the answer is yes if a >
is regular and b = g* and G.C.H. holds. The simplest unsolved problems are

Problem 37 (Hajnal). What is the answer to the above stated problem if G.C.H.
holds and

(A) a= xn! b= xm-H.s

(B)a=¥,, b=R,?

Many special and difficult problems arise if we consider set mappings of type 1
on the set R of real numbers under different conditions imposed on the sets f(x).
Here are some typical unsolved ones.

Problem 38. Let f be a set mapping of type 1 on R.

(A) Assume that f is nowhere dense in R. Does there then exist a free subset of
power R, ?

(B) Ler f be closed and of measure 1. Does there then exist a [free subset of at
least 3 points?

(C) Let f be bounded and of outer measure <1. Does there then exist an infinite
independent set?

REMARKS. In case (A) A. Maté [31] proved that for every « < w, there exists
an independent set of type a. We do not even know the answer in case (A), if
f(x) is an o sequence with limit point x for every x.

In case (B), Gladysz [24] proved that there is an independent pair.

In case (C) we proved in [2] that for every k < w there exists an independent
set of k elements, but an independent set of power X, does not necessarily exist.

10. Pioblems on families of sets stated in [4].

DeriNiTioN. A family & is said to have property B if there is a set B such
that A " B#0and A N —B # 0 for every 4 € F. F is said to have property
B(s) if there is a set B such that | < |4 N B] < s for every A € F.

Problem 39. Assume G.C.H. Let |S| =N, F < [S]" and assume
|4 N Bf < R, for every poir A # BEF.

Does then F possess property B(R,) or at least property B?

The statement is true if X,,., is replaced by a smaller cardinal.

For the background see [4]. We think that this is a problem of type (B) if not
of type (A).
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The following problem seems to be of type (A). There are many possible ver-
sions in which to formulate it. One of these is the following.

Problemd40. [Isit true that every F . with | F| < 2%, F < [S]* has property B?

(If C.H. holds, the answer is obviousiy ves.}

In [4] we have stated the following problem (7}:

Assume & = (g, G} is a graph of R, vertices. Suppose that every subgraph %’
of it spanned by at most &, vertices has chromatic number <X, Does then ¥
have chromatic number <®,? Recently in [12] we proved that the answer is
negative.

We have proved assuming G.C.H. that there exist graphs %, , of power ¥,
for every & < e such that every subgraph of %, _, spanned by at most ¥ -vertices
has chromatic number <R, but %, , has chromatic number greater than ¥, (In
fact, we prove a more general result which can even be formulated without G.C.H.)

The following problems remain open:

Problem 41. Assume G.C.H.

{A) Does there exist a graph ¥ of R ., vertices, with chromatic number > R,
such that every subgraph &' spanned by less than R, vertices has chromatic
number at most R,?

(B) Does there exist a graph % with R, vertices with chromatic number R, such
that each subgraph spanned by less than R, vertices has chromatic number < ¥,?

Note that a corresponding genuine problem can easily be formulated without
G.C.H. It is quite possible that the answer to 41/A is yes if X, is replaced by any
regular cardinal @ which is not too large (a € Cy A [Ria] € €, of Keisler-Tarski
[36]).

Our methods of [12] break down for some very similar problems stated in [4].

Problem 42. Assume G.C.H.

(A) Does there exist a family F, |F| = Ry, F < [SI¥ for some S, such that
if F' < F, 1 F't = R, then F' possesses property B and F does not possess
property B?

(B) Does there exist a graph & of power R, such that every subgraph %' spanned
by less than ¥, vertices can be directed so that the number of directed edges emanating
Jfrom a vertex is finite for every vertex, but this is no longer true for the graph %?

(Cy (W. Gustin) 4 family 7 is said to have property G if there exists a function f
with D(f) = F such that {(F) e F and f(A) # f(B) for every pair A # BEF.

Does there exist a family F , |F| = ¥y, F < [S]Re such that every subfamily
F' e F \F't < R, has praperty G, but F does not possess property G7

We mention that a number of related problems are stated in [4] which we do not
repeat here. Note that in view of the results stated in [28] and [30] Problem 10
of [4] has already been solved. We state one more problem of [4] which seems to
be of type (A) but of quite different character.

Problem 43. Let S be the set of ordinals less than . Does there exist a
Sunction [ with D(f) = ey, R(f) < w, such that f(§) < & for every £ < w,,
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and for every limit number & there exists an increasing sequence of ordinals &,
a< w,limé, = &such that &, = f(&,,,) forn < o?

ADDED IN PROOF. J. E. Baumgartner proved that the answer to Problem 43
is affirmative, and that it is certainly not of type (A).

11. Problems on chromatic and colouring numbers of graphs [10], [11]. For the
results underlying Problems 44-50 see [10] and for the rest see [11].

Problem 44. Assume C.H. Does there exist a graph & with X, vertices of chro-
matic number ¥, which does not contain a complete graph of 3 elements and does
not contain @ complete even graph [ ¥, ¥;]?

ADDED IN PROOF (May, 1970). A positive answer is given in Hajnal's paper
mentioned on p. 24.

(A complete even graph [a, 5] consists of two disjoint sets | 4] = a, |B| = b and
of the edges with one endpoint in 4 and one endpoint in B.) The answer is affirma-
tive by [10, 5.9] if 3 is replaced by R,.

A positive answer would be implied by

Problem 45.

(A) Assume ¥ is a graph of chromatic number a > R,. Does then ¥ contain a
subgraph %' of chromatic number a such that %' does nol contain a triangle?

(This might be a problem of type (D).}

(B) Does there exist a function f(k) < w, for k < o such that f(k) — + % if
k — + oo and such that every graph with chromatic number 2k contains a subgraph
of chromatic number 2 f(k) not containing triangles?

Problem 46. Let % be a graph of chromatic number greater than R,. Does then
% contain odd circuits of length 2i + 1 for i > j for some j < w?

The answer is affirmative if % has chromatic number greater than R;.

Problemd47. Let & beagraphof chromatic number Ry andput N = {i < w: there
is a circuit of length i contained in ¥}. Is it true that

z l = +0?
e I
DerNITION.  The colouring number of a graph % is the smallest cardinal 6 for
which the set of vertices has a well-ordering < satisfying
[{y < x:y is connected to x in ¥} < b
for every vertex x.
The colouring number of a graph is greater than or equal to its chromatic

number.
The problem involved in the Symbol-VII to be defined is due to R. Rado.

DEFINITION OF SymeoL-VII. (a, b) i (c, d) is said to hold if every graph &
with a vertices, all whose subgraphs spanned by a set of power <5 have colouring
number <c, has colouring number <d.

In [10] we prove several results concerning this symbol.
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Problem 48. AMGCH
(A) (R,, &)HG’% Rp)?
(B) (¥oi, &)4-—-»(&, N)?

YiI

Here (R,, Ry — (R, K,) is true.
This should be compared with Problem 41/A.
We prove in [10, Theorems 9.1 and 10.1]

(@, ®) > (k, 2k —2) for 2< k<, aarbirary

but
VII VIL
(R, R} 4> (k, 2k — 3) and (R, RJ+>(k, 2%k -3 n< o
provided G.C.H. holds.
Problemd9. Assume G.C.H. Is(R 5, R, .1) —> (k, 1) true for some [ < 2k — 27

Problem 50. Assume G.C.H. Is it true that if % has R, vertices and does not
contain a complete even graph [R,, R,] thex ¥ has colouring number <¥,?

This is true if 8, is replaced by a smaller cardinal a. This should be compared
with Problem 39, since the method for proving the theorems for 2 < R, is very
similar.

We turn to graph decomposition problems considered in [11].

DEFINITION OF SYMBOL-VIII. Let ¥ = (g, G) be a graph with set of vertices g
and with set of edges G < [g]*.

The sequence ¥, = (g,, G,), § < ¢, is said to be an edge decomposition of type
fpl of ¥ if g, =g and U,;.,G; = G. (An edge decomposmon of a complete
graph G = (g, [g]*} is a two partition of the setg.) (q, b} ——+ (¢, d) denotes that
every graph % of a vertices not containing a complete subgraph of power b has an
edge decomposition ¥, £ < (2(c), of type C where the members & ; do not contain
a complete d graph.

Though the problems seem to be quite fundamental our results are very sketchy.

We know, e.g.

VI
(ko Ro) 4— (R, k)
vin
holds for every k¥ < w(i.e. G.C.H. = (¥, R} +— (¥, k), £ < w], but probably
the relation in the following prob!em is true.
Problem 51. ((2“0)"', ,} +v-s- (R, k) for k < w?
(Note that (2%, (2%)+) —)— (8,, 3) is trivial since 2Re -i—‘r (3);, holds.)
vIik

Problem 52. ((2%0)+, R,}—+ (R, Rp)?

We do not know if (m, R,)—|-— - (Ry, Ro) holds for any m > 2%, So it might be
that every graph not containing a complete X, graph can be decomposed into the
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union of &, graphs not containing complete &, graphs. However, this seems to be
¥
very unlikely. We suspect that ((2“»):, ) +— (¥, R,) holds or at least assum-

YIIL
ing G.C.H. one can prove (¥,, ®,) 4+— (R,, ®y).
Note that X, has a special role in Problem 52. We know, e.g. that

Vi
( 2&)+! {2Rn)+) > (xn- xl.)
holds; ie. assuming G.C.H.

YT
(“s: Rz)'-!—? (Ho- al)n
and trivially

¥III
(X;, Ry) —> (Ry, 3).

We do not know the answer for the following.

VIl
Problem 53. I?Be:{m, k 4 1y4+—>(Ry, k) hold for any m > 2%, 3 < k < w?
(Does ((2%)*, 4) ——» (Ry, 3) hold?)
Vi
There is a very interesting finite problem here. Itis obvious that (a, b5*)4+—(c, d),

a > bholdsif b = (d)? is true. One can ask if thisis a best possible condition
if a, b, ¢, d are finite. This is certainly not so, since 6 is the smaliest number for

I VI
which b — (3)3 holds but there is an (2, 3) = a for which (g, 4) -+i+ {2, 3) holds.
(This was proved by Velkmann, but the involved proof is still unpublished, a
is very large.)
It is reasonable to conjecture

Problem 54. For every pair of integers c, d there exists an integer a(c, d) such
that

vIn
(a(e, d),d + 1) +— (¢, d)
holds.

We cannot make any guess on the order of magnitude of a(c, d).

12. Problems of [14] and [8]. In [14] we consider several arrow relations of
new type. We point out only one problem of the 15 problems siated there.

DerINITION OF SymBoL-IX, Leta, b, ¢, d be types or cardinals, e a cardinal but
b, ¢, d are cardinals if a is a cardinal. Let §, < bean ordered set of type a or a set of
cardinal a respectively. a e [b, c]¢ is said to hold if for every family #,|F| = ¢
of subsets of §, either there isan 5" of typ S'(<) = & (|S’| = b) such that for every
X< S, typX(<)=d([X|=d)thereisanA€F,X = Aorthereisan §" < §,
typ S(<)=c(i8"| =c)and an F' < F,|F'| =esuch that "N [JF =0
respectively.
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Problems 55. Assume G.C.H.
(A % o My, s o= Ryva= N,
X

(By Ry —> [Ny, KJle 2

©) B, 5 [R,, RJie?

Though these problems seem to be of type (E}, because of the involved formula-
tion, they are certainly difficult and, e.g. Problem 55/A might even be of type (A).

As usual the problems for types are more ramified and we do not have the space
to discuss them here.

In [8] we considered problems of the following type.

Let S be a set |5} = g and let f be a function defined on [S]*, which associates a
Lebesgue measurable subset /(X) of [0, 1] of Lebesgue measure m(X) > u to
every X € [S}F. For what type of subsets 7 of [§]* does there necessarily exist a
¢ € [0, 1) such that ¢ € [}, f(X)?

We define a cotresponding Symbol-X (a, uf* X, Awhere A stands for the corre-
sponding class of subsets of {SFF. We have genuine results only in case k = 2.
We mention twe of them:

x
(R, 0 —fs + 1] iff u>1—£ for 2<s<®

where {5 + 1] stands for the class of complete subgraphs of s -+ | elements.

If m > R, then (m, u)‘i:- ®, for every positive .

We can prove (2%, u)? > X, foru < 1, but our proof for (2%, u)? S X, for
u arbitrary uses C.H.

Problem 56. Can one prove (2%, u)* s R, for some u > } without using C.H.?

It is clear from the remarks given in [8] that this problem is strongly connected
with Problem 15.
Here are two other problems of [8] we are interested in.

Problem 57.
(A) (R, up* > [4] for u > 0,

x
(B) (aa! “)2 b E&’ Roﬂf‘?’ u> i!
where TRy, R,] is a complete Ry, R, even graph?

We know that (B) is false for < §.
13. Misceflaneous unpublished problems.

Problem 58. Let S be a set, |S| = a > 2. Does there exist a disjoint ¥,
partition U}, . g )T, = [S)¥ of § satisfying the following condition

Whenever A,, » < w i a sequence of disjoint subsets of S, |4,| = 2 for every
n < o then for every » < £(2%) there is an X € 7, such that X is a transversal
of the sequence A4, 1 < v.
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If the answer is affirmative this is an improvement of the theorem mentioned
before Problem 14/A. Note that for g = 2¥o the answer is yes.

For @ > 2% we do not even know the answer for partitions of type 2.

ADDED IN PROOF. Kunen and F. Galvin proved that the answer to Problem
58 is affirmative for partitions of type 2 and of type 2% respectively.

DermNiTION OF SymBoL-XI. Let §, | S| = a be a set and let .o/, .7 be classes of
subgraphs of the complete graph with vertices S. (a, b, .%/) My (¢, ) is said
to hold if the following statement is true.

Whenever %, £ < Q(b) is a sequence of graphs &, € o/ then there is a
#* € & and a set C of ordinals <Q(b) |C| = esuchthatfor £ € C, ¥*and ¥ have
no common edges.

We have several unpublished results on Symbol-XI.

Let .27 (d, a) be the set of subgraphs of a complete graph of a verlices not con-
taining complete d-graphs. Let #(d, a) be the set of complete subgraphs of a
complete graph of a vertices spanned by 4 elements.

We can prove the following results:

%) (R, R, (3, K)) 3L, (Ry, #(R,, R))
and
@ (R, Ry, (3, Ry) T (Ry, A(R,, Ky)
but

Xt
(3) (x_l’ Kﬂs ‘;?’(35 Rl}) 'H (Rn’ Q(Rl’ N]_))

provided C.H. holds.
The following seems to be an intriguing unsolved case.

Problem 59. Does (R, Xy, 5/(4, Ry) > (R, # Ry, R) hold or does
(R, R, A4, R)) —> (R, H(R,, Rp) hold?
We also do not know whether the relation in the following problem is true.
XI
Problem 60. Does (R,, ¥y, o7 (R, ¥o)) +—> (R, Z (R, Ky)) hold?

ADDED IN PROOF. Using the polarized partition relation V one can express
Problems 59 and 60 as follows:

()~ 6x)

R, I R)\L2
X,/ TR, N,
respectively.

The answer to both of these problems is affirmative. As to Problem 59 the
following is true: 1f a > R, is 0,1-measurable then

a fa 1 a\1?
(a“)_'(bva’a)

and

holds for every b < a.
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The proof of this will be published in a forthcoming paper of A. Hajnal in the
Fundamenta Mathematicae.
As to Problem 60 we proved that

g

holds for every 0-1 measurable cardinal a > X, ¢ < a.
Then F. Galvin proved that

()= G
AR

will hold for ¢ < a where a is 0-1 measurable cardinal greater than N,.
This was proved by A. Hajnal. For the proof see the above mentioned paper.

holds for r, ¢ < X,.
He conjectured that

We give some more samples of the existing results.

Let &/([a,, @}, @) be the class of subgraphs of the complete graph [a] not
containing complete even {a;, a,] graphs.

We have

(4 (R, R, (U, ReDR N (K, Kp) Zom (Ry, F(R,, X))

Xi
for every [, k < @ but a 4— refation holds with each of the classes standing on
the right-hand side for every 7 < @ or k < w respectively.
Let #(la,, a;], a) be the class of complete even [a;, a,] subgraphs of the
complete graph a.
We know

XI
(5) {xli Rh .ﬂ’(tree, K’l}) +— (xh @(ﬁﬂ,, RG}’ Rl})‘
But we do not know
Problem 61. (X,, R,, o (tree, R))) = (X, F(R,, X))
or ~ (R, AR, R,], R

Xt

With 22(X,, ®,) we have an —» relation because of (1). (We do not even know
the answer in case of disjoint trees.)

The results mentioned above will be published in a forthcoming paper by the
two of us.

ADDED IN PROOF. Using C.H. the answer to Problem 61 is negative. In fact
we have much stronger negative results. See our forthcoming paper mentioned
above,

}4. Miscellaneous problems continued. As a corollary of Lemma 5A of [13]
we krtow that
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22&0

“"_l}.'. = exXp,; (xo) H(RI_); for 2 <sr<w
2

We do not know

Problem 62. Let2 <r < w, |§] = exp_, (Xy). Does there exist an r-partition
(757 of type 2 of S satisfying the following conditions?

(1) S'<58,|8 = R, implies [SP & T, for i <2 but

() 8 < 5.8 = R, implies that for every n < o and for every i < 2 there is
an S, = 8, |87| = n such that [S]} < T,

Tt is possible that (2) can be replaced by the stronger condition

(2 8 <8, |8 =R, implies that there are §; < §',|5]| = ¥, such that
SSP<T; fori<2.

A positive answer to Problem 62 would be an improvement of the theorem of [13]
already mentioned and it would be useful for the discussion of the following general
problem which we formulated from an old result of W. Sierpinski [36].

DerFmiTioNn ofF SymeoL-XII. A family & of sets is said to have property
B(a, b),b >3, if F' < F, |F'| = a implies that for every b’ < b there is an
FreF |\ F =¥, NF"#0. (B(a,3) means that F does not contain a
disjointed subfamily of power a.)

(m, n}ﬂr (a, b) is said to hold if the Cartesian product of two families
having property B(a, b) has property B(m, n).

It is easy to see that )

m (m, %) =" (@, %)
is equivalent to

mi (@) for b<o;
henice, e.g. (2%, 3) +» (X,, 3).

This was proved by Sierpinski and in fact his example gives (2%, 3) +» (R,, &)
but we do not know

Problem 63. Assume3 <r < w.

Is it true that

(for—l(xn), r+ I) B (als NO)
(expr—l (nﬂ)v r+ x) +* (ﬂ,, al)

or

holds?

A positive answer to Problem 62 imgplies a positive answer to Problem 63.

Prablem 64. Do there exist two families F,, F , both hacing property B(X,, &)
and such that F = F, x F; does not possess property Blexp, (R}, Ro) for every
k<w?

We have some more partial results on the Symbol-XI1 which will be published
later.
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15. Misceitaneous problems continaed.

Problem 65. Let [S| =X, and let (F, T} be a 2 partition of 1vpe 2 of S.
Let further S, n < e be a disjointed sequence of subsets of S such thai |Sy| = ¥,,
|84 = R, for 0 < n < w. Dees there then exist an increasing sequence of integers
(M)x-ws No = 0 and a sequence B, of subsets of S such that |B;] = Ry, B, < S, and

[Bo, B.J' = {{xy}:xeBAye B} = F,
Jor some i < 2 and for every 1 <k < w?

Problem 66 (Erdés, Hajnal, Milner). Let 9 = (g,G) beagraphandlet < bea
well-ordering of the set g such that typ g(<) = ©*, p < ws. Assume that % does not
contain an infinite path. Does there then exist a subset g’ < g, typ g'(< ) = w? such
that g’ does not contain an edge?

We know that the answer is affirmative for p < © + 1. The first unsolved case
s p=w+ %

In a forthcoming paper with E. Milner we will prove that if the condition that %
does not contain an infinite path is replaced by the condition that % does not contain
a quadrilateral then the answer is affirmative for every peven if w, is replaced by o,.

The following simple problem seems to be strongly connected with well-known
problems concerning denumerable order types.

Problem 67 (Erdos, Milner, Hajnal). Ler ¥ = (g, G) be a graph sucir thai
igl = W, and let < be an arbitrary ordering of g.
Assume ¥4 does not contain a quadrilateral. Put ©& = typ g(< ) and assume that

(a) typlg — {x}(<) 2 © forerery xcg.
Does then g conain a subset g', \yp g'(< ) = © such that g’ contains no edge of 97

The problem whether for an arbitrary & there exist only finitely many vertices x
which do not satisfy (a), is equivalent to the well-known problem whether a de-
numerable order type has only finitely many fixed points.

ADDED IN PROOF (May, 1970}). Laver proved that the answer to Problem 67
is affirmative.

Problem 68. dssume G.C.H, Let § be a set |Si= N, and le1 [SE=
T ST, VT, bea2-partition of type 3 of S. Assume [S'} < U, ;.4 T, implies
IS’} < R, foreveryi < 3. Does there then exist a subset X < S, |X| = 3 such that

[XENT =0 for i<3?

This problem is stated in [12] where several similar problems are formulated
for the case [S] = R,. On the other hand, using the methods of [13] some general
results can be proved which we preserve for later publication. We mention only
one of them.

¥f |8} = &, and (), ,, is a 2-partition of type m, of S such that [S')? <
U rpin<w; 7, implies |S1< K, for » < w, then there is a subset X < 8,
[X] = R, such that every pair of X belongs to different 7.
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Problem 69. Let ¥ = (g, G) be a graph |g| =R,. Assume that for every
g < gthereisag” < g’ such that g" is finite and each vertex of g’ — g" is adjacent
1o at least one element of g°.

Does then ¥ contain a complete X, graph?

Let = {g, G)beagraph and let.# be a family of sets. We will briefly say that
F a-represents ¥ if there is a one-to-one mapping ¢ of g onto &# such that

A # Beg areconnected in 4 iff |f(4) N f(B)| < a.

Assuming G.C.H. we can prove that if ¢ is regular then every graph ¢ of at
most g+ vertices can be a-represented by a family & of subsets of a set of power a.
We cannot answer

Problem 70. Assume G.C.H. Let % be agraphof R, rertices. Can it be R -
represented by a family F of subsets of a set of power X,,?

Let 4 bea set and # a family of subsets of 4. Leta = {a;},.. be a sequence of
type ¢ of elements of A. % strengly cuts aif for every £ < ¢ there existsan 4, e F
suchthat 4, Na = {g} .

In [20] P. Erdds and M. Makkai proved that |4] > R,, |#| > 4 implies the
existence of a sequence of type w which is either strongly cut by .# or is strongly
cut by the family of the complements of & in A.

The following simple problems remain unsolved.

Problem 71 (Erdds, M. Makkai).

(A) Assume |A| = R, |F| > R,. Does there then exist a sequence of type w
strongly cut by F?

(B) Assume (4] = R,, |F| > R,. Does there exist a sequence of length £,
w + 2 < & £ w, which is strongly cut either by & or by the family of the comple-
ments?

ADDED IN PROOF (May, 1970). Recently S. Shelah obtained a number of
results concerning this problem which we do not know yet in detail.

Problem 72. Assume ¥ with |g| = R, does not cotain a complete ¥, graph.
Does then its complement contain a topological complete R, graph? See [7].

Dermamion oF SymsoL-XIII. a—'“l» (b, ¢, d) is said to hold if the following
statement is true. If [S| = o and & is a family of subsets of S, such that A € F
implies {4] < b and A; 3 4, € F implies 4, ¢ A, then there are an §' © S and
F'< Fwith || =¢, |[F'| = dsuch that §' N (JF') = 0.

Assuming G.C.H. we can give an almost complete discussion of this symbol

and many results can be proved without assuming G.C.H. If a LAY (a, a)* holds
then @ ~—> (a, @, a) holds as well. The only genuine unsolved problem is the

following.
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Problems 73. Assume a is strongly inaccessible and a-L (a, ay*. Does then
XIIf
a—4— (a, a, &) hold?

Problem 74 (Erdds, Rado). Assume G.C.H. Let o be the class of graphs of
at most R, vertices such that the valency of every vertex is less than R,. Does there
exist @ Gy = (gy, Gp} € such that everv & e &/ is isomorphic to a subgrapk of %,
spanned by some subset of g4?

Problem 75 (Erdés, Milner). Assume G.C.H. Let |S| =R, and let & be a
family F < [SP, |F| = ®,,;. Does there then exist a disjoint partition
AU BUC=Sof Ssuchthat |C| £ Ryand both A U Cand B U C contain R,
elements of 1

Problem 76 (P. Erdos). Let F be a family of analytic functions in the unit
circle so that for every Z, |{f(Z).f = F}| < a. Is it true that & has power <a?

This problem was asked for ¢ = X, by J. Wetzel, and P. Erd6s proved that in
this case the problem is equivalent to 2% > ;. If 2% > g*, then the answer is
affirmative in general. The real problem is, e.g. whether 2% = R, implies that
the answer is negative with @ = R, (see [19]).

17. Some problems in topology; a problem on generalized Ulam matrices. The
second author and I. Juhész considered several problems in general topology where
the methods of combinatorial set theory could be applied. We state some of the
unsolved problems which seem to be of purely set theoretical character, too.

Problem 77 (J. de Groot, B. A. Efimov, J. Isbell). Does there exist a
Hausdorff” space of (2Re)* points not containing a discrete subspace of at least ¥,
points?

The sharpest result is given in [29], 2 Hausdorff space of (22**)* points contains
a discrete subspace of X, points. For references, see also [29].

Problem 77{A (A. Hajnal, [. Juhisz). Assume G.C.H. Let R be an ordered
set |Rj = R, such that the character of every point of R is ;. Does there then exist
a disjointed system & of power R, of open intervals of R?

Note that there is an obvious connection with a special case of the generalized
Souslin problem.

Problem 78 (A. Hajnal, I. Juhasz). Does there exist a hereditarily separable
Hausdor(f space of cardinality greater than that of the continuum?

Problem 79 (A. Hajnal, I. Juhdsz). Assume G.C.H. Does there exist a regular
space of power R,, such that each subspace of power R, of it has weight ¥,?

We proved this for Hausdor;T spaces assuming G.C.H. See [29].
Problem 80 (A. Hajnal). Let a be the first weakly inaccessible cardinal >N,
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Let |S] = a. Does there exist a triangular matrix A, . of subsets of S for £ < n <
€)(a) satisfying the following conditions:

(1) for every & < Qa) the family {A; . - _qq, i5 disjointed?

(2) for erery 7 < Q(a), IS — U, ., 4;,| <a?

This would be a straightforward generalization of Ulam matrices for inaccessible
cardinals, and it would give a short direct proof of the fact, that there is an a
complete field of sets generated by at most a clements containing [§]7* in which
there is no a complete proper a-saturated ideal containing [§] 2.

This statement holds for a wide class of weakly and strongly inaccessible cardi-
nals.

In 1950, answering a problem of . Ulam, L. Alaoglu and P. Erdds proved [18]
that if |§] is less than the first weakly inaccessible cardinal, then one cannot define
X, o-additive 0-1 measures on S so that every subset of S is measurable with respect
to one of them. Itis obvious from their proofithat as a corollary of recent results of
R. Solovay this would hold if | S| is even larger. Though we did not investigate the
problem very closely, it might be worth mentioning that the following simple in-
stance of the problem seems to be still unsolved.

Problem 81 (S. Ulam). Let |S|=NR,. Can one define ¥, c-additive 0-1

measures on S so that each subset is measurable with respect to one of them?

We do not know what happens if 0-1 measure is replaced, e.g., by real valued
measure.

Problem 82 (L. Gillman). Let |5} =R, and let T be a nonprincipal prime
ideal in the set of subsets of S. Does there exist an 7' = 7, |7 '| = X, such that
UT " =SforeceryT " < T, |F"| > R,?
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