PARTITION RELATIONS FOR #.-SETS

P. ERDJS, E. C. MILNER anp R. RADO

1. Introduction

For every ordinal number «, an ordered set S is called an #,-set if the following
condition P, is satisfied: if A and B are subsets of S, each of cardinal number less
than N,, and if ¢ < b whenever ae A and be B, then there exists xeS such that
a<xforallaeA and x < b for all hbe B. n,-sets were first introduced and studied
by Hausdorff [1] and further properties of such sets can be found in [2]. We denote
by C, the set of all sequences (g,),~,, such that (i) e,€{0, 1} (v < w,), (ii) &, # 0
for some v < w,, (iii) given any é < @,, there is v such that § < v < w, and ¢, = 0.
Also, we denote by R, the set of those elements of C, which have a last 1, i.e. for
which there is < w, such that g, = 1 and &, = 0 for § < v < @w,. We order C, and
R, lexicographically and denote the order types of these sets by 4, and n, respectively.
In [1; p. 179], Hausdorfl denotes by 7, a somewhat different order type. Let us
for the moment denote Hausdorff’s type by #,”. Then 5, < 1, <#,, and for the
purpose we have in mind the two types are not essentially different from each other.
A, and n, are generalizations of the types of the linear continuum and the set of
rational numbers respectively, ordered by magnitude; the latter two types are 1,
and n,. It is well known that R, is an g,-set if ¥, is regular,}

The cardinal of a set S is denoted by |S|, and for every cardinal » we put}
[SI'={X: X <= 8, |X| =r}. The partition relation

6 = (8,0, (M

connecting order types 8, 8y, 6, and a cardinal r was first introduced in [4] and
means that the following statement is true. If S is an ordered set of order type
tpS =0 and if [S] = K, u K, then there are a set T = S and a number i < 2
such that tp T =6, and [T]) < K,. The negation of (1) is written 8+ (6,, 0,).
The relation (1) has obvious analogues where some or all of the order types are
replaced by cardinal numbers (see [S]).

Erdds [6] and Kurepa [7] independently proved that, under the assumption of
the generalised continuum hypothesis (GCH)

Nm+2 = (N=+2! Nz+ 1)2- (2)

Partition relations of a more general kind are discussed in [5] where a great variety
of such relations are established. Erdés, Hajnal and Rado [8] have subsequently
given an almost complete discussion of partition relations for cardinal numbers.
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t [1, 3). If N, is singular then R, is not an 5,-set. It should be noted that if ¥, is singular then
the condition P, implies P, so that every n,-set is also an 7, ;-set.

1 X < S denotes inclusion in the wide sense.
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However, there remain many unsettled partition problems for order types or ordinal
numbers. Perhaps the most striking problem of this kind is to decide whether

o® - (0®, 3)?
is true or false.*
In this paper we are mainly concerned with partition relations involving the
types #,. Assuming GCH we shall prove (Theorem 1) that

Narz = (larz> New1)” 3)

which is a strengthening of (2). In fact our Theorem 1 gives the more general result
that

Nat1 = (et 15 Negy)” (4)
which corresponds to the cardinal relation
Noor = Nesry, Nog)’ (5
proved in [8]. A very simple argument [5] shows that
Mo = (0, No)?, (6)
and this argument requires only formal generalisation to yield
Ml = (s No)? Q)

whenever ¥, is regular. We do not give this more general argument here since
(7) also follows from Theorem 1 and the known result (6). The cardinal partition

relation
N, = (N, No)?

due to Dushnik and Miller [9] holds without restriction on & but we are unable to
extend (7) to the case of singular ,. Thus we cannot prove

N = (M No)*. (8)
In fact, we cannot even decide whether the much weaker relation
N = (s 3)
is true. It can be shown, however, that the relation
Mo = (Nes €a)?

holds, where %, denotes a circuit of length 4. This last relation means that if the
vertices of a combinatorial graph form an ordered set of type 7, then there is either
an independent, i.e. edge-free, set of nodes of type 7, or the graph contains a circuit
of length 4. The proof of this result is not given here; it can be obtained by methods
used in a forthcoming paper by Erdds, Hajnal and Milner [10]. By way of contrast
to the undecided relation (8) we shall prove (Theorem 2) that

Ca= (s Nol%s
where {, = qo+#n,+n,+ .... We remark finally that
Ha = (e N
holds for o = 0 and for those hypothetical ““measurable™ cardinals N, for which

* (Added in proof): This relation has in the meantime been proved by C. C. Chang.
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in the boolean algebra of the subsets of an N,-set every N,-additive ideal can be
extended to an N,-additive prime ideal.

Erdés and Hajnal [11] observed that if 2% = N, then every graph on the set of
real numbers either contains an independent set of the second category or has an
infinite complete subgraph. An argument similar to theirs gives the following result
(Theorem 4). If N, is regular and 2% = N, , then every graph on C, which does
not contain a complete subgraph of power N, contains an independent set which
is not the union of N, nowhere dense sets.

For the partitioning of triplets, i.e. the *“ exponent ™ » = 3, we give only negative
results. Let ¢ denote any arbitrary order type. We shall show (Theorem 5) that

¢+ (w+ow*, 4)°
and ¢+ (0*+o, 9>
These two relations were first proved, by a method which differs from ours, by

A. H. Kruse [12] who obtained the stronger result: if w, @* <y and r > 3 then
¢+ (Y, r+1). Also, we shall prove that, for all ¢,

¢+ (w+o* v o*+o, 53,

a relation which means that if tp S = ¢ then there is a partition [S]* = K, UK,
with the property that (i) [T]® ¢ K, for all T = S such that either tp T = w+ ©*
or tpT = w*+w, (i) [U]P ¢ K, for all Ue[S]°. At present we cannot prove
the stronger relation
¢+ (0+o0* v o*+o, 4)°.

We can easily give a partition of [R,]® into two classes K, and K, such that K,
contains at most three of the four elements of [X]? for every X e [R,]%, and such
that in addition [T]® ¢ K, whenever T is a subset of R, which is dense in some
interval. However, we cannot exclude the possibility that [U]* = K, for some
subset U of R, of type 1o. Thus, in the notation used in [8; p. 157], which is ex-
plained at the end of the present note, we cannot decide whether*

oo [41)

In fact, we cannot answer the following apparently easier question. If E = [R,]?
and |[X]® n E| <3 whenever X e [Ro]*, does it follow that there are an element
x of R, and subsets L and U of Ry, each of type #,, such that | < x < w and
{I, x, u}¢ E whenever leL and uel?

2. Additional notation

The obliteration sign A placed above any symbol means that that symbol is to
be removed. Thus {x,, ..., £,} denotes the set {x,: v < a}. If p is a binary relation
then {xg, ..., £,}, denotes the set {xq, ..., £,} and at the same time expresses the
condition that x, px, for p < v < p.

The cofinality cardinal of X, written N, is the least cardinal ¥, such that N,
can be expressed as the sum of ¥, cardinals each less than N,. The cardinal N, is
regular if a = cf («) and singular if a > cf ().

* (Added in proof): F. Galvin has now proved this relation.
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Suppose that S is totally ordered by <. The order type of S under this order
is denoted by tp. S or simply by tp S if there is no confusion about the intended
ordering. For X = § we write L(X) ={y:yeS; y<x for all xeX}. In this
paper we use the term “interval of S* in a special sense. An interval of an ordered
set S is a non-empty set of the form (a, b) = {x: a < x < b}, where {a, b}. = S.t
If |S| = N, then there are only |S|? = |S] intervals of S. A set D is dense in S if
every interval of S contains an element of D. A set N is nowhere dense in S if every
interval I of S contains a subinterval I’ such that I' n N = ¢. A set B = C, is of the
first category (in C,) if B is the union of N, nowhere dense subsets of C,; otherwise
B is of second category. If x = (g,),<,, € R, we put §(x) = v, if &,, = 1 and e, = 0
for vo < v < w0,

We shall require a property of systems of intervals in R,. Let N, be regular
and n < w,, and consider a decreasing nest of intervals I, ..., I, in R,, so that
Iy > ...>1,. We now show that there is an interval

I<\v<nl,. ®

Let I, = (a,,b,) (v <mn). By condition P, there is x,el, (v <n). Then, for
u<v<n we have x,el, =1, a,<x,<b,; a,<x,<b,. Thus every member
of A = {ay, ..., 4,} precedes every member of B = {by, ..., b,}, and since |n| < ¥,
two applications of P, yield elements x, y of R, such that

Biis vin B 2 X2 Y2 By i B

Then (9) holds for I = (x, y).

It now follows, just as in the case of the real line, that C, itself is of second
category provided N, is regular. For, let n = w, and let N, ..., N, be sets each
nowhere dense in C,. Let m<n and ap < ... <d, <b, < ... < by, where all
a,, b,eR,. Let (a,,b,)c(\N, =9 for v <m, where (a,b)c={xeC,:a<x<b}.
We define a,, b,: since m <n = w, it follows from (9) that there are a, beR,
such that (a, b)x = ( (v < m)(a,, b,)g, Where (4, v)g = {xeR,:u < x <uv}. There
are a',b'eC, with a<a’' <b' <b and (@', b)cn N, =9D. There are a,, b,eR,
with @’ < a,, < b,, < b'. This defines ay, ..., d,, by, ..., b, € R, such that

Gy <..<d,<b,<..<by, and (a,b)cnN,=@ for v<n.

There is x = sup {4, ..., 4,} € C, and we have @, < x < b,; x¢N,; x¢Nou ... UN,,
so that Ngu ... N, # C,, and C, is of second category*.

If @ and ¢ are order types then 8 > ¢, also written as ¢ < 6, means that every
set of type 0 contains a subset of type ¢. The negation of 8 > ¢ is written 6 2 ¢.
It is easily seen that if N, is regular and S is dense in some interval of R, thentp S > n,.
Although not quite so obvious this is also true for singular ¥, (see [10]).

An r-graph is an ordered pair G = (S, E) such that E < [S]". S is called the set
of vertices and E the set of edges (r-edges). A complete a-subgraph of G is a set
S’ e [S]° such that [S'] = E, A set §” is an independent subset if [S"]'nE = @.
A graph is simply a 2-graph; in this special case we denote, for xS, by E(x) the

t+ Usually, an interval is every set I < § such that whenever x, yefand x < z < y then ze I,
With this usual definition there are, for instance, 2¥e intervals in the set of rationals, whereas with our
definition there are only ¥, intervals.

* (Added in proof): If ¥, is singular and G.C.H. is assumed then C, is not of second category.
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set {y : {x, y}€ E} of vertices joined to x by an edge. For S’ = S we put
E(S) =) (xe S) E(x).

If an ordinal = has no immediate predecessor, i.e. if © # pu+1 for every y, then
we put #~ = &, and we put (u+1)" = u for every pu.

3. The main results

THeoREM 1. Let o = cf (x) > f and
NE <N, (o <o k<N (10)

Then Me = (N2 W)

If the generalised continuum hypothesis is assumed then the theorem gives the
results (3) and (4).
The condition (10) is satisfied if N, is “strongly inaccessible”, and in this case we
have

He = (rfm NB)Z (ﬂ < a)'

The corresponding relation for cardinals was proved in [8]. Our proof of Theorem 1
has certain features in common with the proof of the Ramification Lemma in [8].

Proof. Let tpS =n,; G = (S, E); E < [S]>. Suppose that the graph G has
no independent set of type 5,. We have to show that G has a complete ¥;~subgraph.
We shall define ordinals n(v, ..., 9,) < @, for p < @y and v, < n(v,, ..., 9,) (¢ < p).
Put

N, ={(vg, ---» 9,) 1 v, < vy, ..., 9,) for o <p} (p < ayp).
We shall also define intervals S, = S (p < w,); subsets Y(v) of S (veN,; p < wy);
elements x(v) of § (veN,,; p < wg). These will satisfy the following relations
for p < w,.

5,28, (e < p), (11

S,=J@eN,) Y(v), (12)

YO)n YO') =B (', 0"}, = N,), (13)

{x(Vgy oo VIV Y (g, .. 9,) < Y (¥, ..., 9.) (0 < p; (Vo ... 9,)EN,), (14)
{x(v),x}eE (veN,.; xe Y([v); o < p). 15

If these ordinals, intervals, sets and elements have been defined so that (11)-(15)
hold then we can complete the proof as follows. S,, is an interval and hence
So, # 9. By (12), there is v = (v, ..., 95,) €N, such that Y(v) # @. Let
o <p<awg By (15, {x(vo, ..., v,), x}€E for xe Y(vy, ..., v,). By (14),

X(Vos .., V) € Y(vg, ooey 9,) = Y (¥, ..., Vo).
Hence [x(vos < ¥,): P € @g}u]* © E,

and the theorem is proved.

We now define the ordinals, intervals, sets and elements. Let 7 < w, and
suppose we have already defined: ordinals #n(v,, ...,9,) for e <p<nrm and
v, < n(vg, ..., %) (r < o), elements x(v) for veN,,, and 6 < p < =, sets Y (v) for
veN, and p < &, and intervals S, for p < =, in such a way that (11)-(15) hold for
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p<mna If () = =" then N, is already defined—we note that N, has a single
element viz. the sequence [] of length 0—and (15) holds for p = m, and we only have
to define (a) Y(v) for veN, and (b) S, so that (11)-(14) hold for p = m. If (ii)
n = pu+1 then N, is defined and we must define (a) n(v) for veN, (which then
defines N,.,) and (b) x(v) and Y (v) for veN,,, and (c) S,,,, so that (11)-(15)
hold for p = u+1.

Case 1. n=n". Since Sy, ..., S, are intervals in S such that S, > ... o §,,
and we have n < w; < w,, there is an interval S, = SN Sen...N S,. Put

Y (o5 oo ) = S0 Yo < m) Y (¥, ..., 9,)

for v, < n(vg, ..., 9,) (¢ < m). Thus, if * =0 we choose an interval S, = S and
put Y((J)=S,. From the definitions and the induction hypothesis we deduce
that

S, 2 U@eN,) Y©) = (s s )N Se A V(o < 7) Y (05 --., 9,)
= 5.0 (U@ -+ 9N () (0 < 1) ¥ (¥, ..., 9,)).
Now, by the distributive law,

N < )Y ((vos ---» 9,)EN,) Y (v, -, 9,)

= (J((Vo0s ++» %ss) EN, for o <n) N <) Y0, -0y 9,,) = 4,
say. But Y (v,0, ..., $,,) " Y (¥, -0, 9) = Bif p < 7 and (vpo, -5 9,,) # (Veoy -0 O:p)-
Hence 4 = | J((vo, ---, %) €Ny) [)(p < 7) Y (¥g, ..., 9,), and
Se2 JweN) Y(@) =804

=8.r ﬂ(p <n) U(("o- —_— ﬂp)EN‘,) Y (v .05 9p)
=S.A(p<mS, =S5,
Hence S, = |J(veN,) Y(v), and (12) holds for p = n. Clearly, (11), (13), (14)
hold for p = 7.
Case 2. n= u+1. We begin by showing that if ¢ < p then |N,|] < N,, and
there is y(o) < o such that
[2(Vos +ous P € Nyqy for (vg, ..., 9;)€N,. (16)

Let ¢, < p and suppose that for every o < o, there is y(¢) < « such that (16) holds.
We shall use the fact that N, is regular. We have [N, | < II(s < 6,) ¥, and there
is & < « such that

I(0 < 6o) Ny < Ny < N,

by (10). Hence |N, | <N,. Since each [n(vy, ..., )| <N, and there are only
IN,| < N, sequences (vo, ..., ¥,,) € N, there exists y(op) <« such that

[1(Voy -5 Va)| < W0

for all (v, ..., 9,,)€ N,,. We have proved that |[N,| < N,.

Let (N,, <) be a well-order. Let veN,. We now define intervals I, < S,,
ordinals n(r) < o, and elements x(v, v) (v < n(v)). Here we put (v, v) = (vg, ..., 9, V)
if v = (vg, ..., 9,). Suppose we have already defined intervals I,, < S, for all v’ <v
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in such a way that I..>I, whenever v”" <v' <wv. Since [{v': v <v}| < [N, <R,
we can find an interval
J,eS,n ' <o),

Let J, o, ...y Jy, 0, be all subintervals of J,. We construct x(v, v) as follows. Let
vy < w,, and let x(v, v) be already defined for v < v,. Put

Qvo = Jn, vo N Y(ﬂ)—E({X(L', 1‘): v < vO})‘
Here E(S) is the set defined at the end of §2. If Q, # O then we select x(v, vo) € Q,,,
and if Q, = @ then we do not define x(v, vo). Then, for every v €N, thereis ¥ < ®,
such that x(v, v) is defined for v < ¥ and not defined for v = ¥. If we assume that
# = w, then @, # @ for v < w,, and the set X = {x(v, v): v < w,} is independent
and satisfies X n J, , % @ for v < w,. Then X is dense in J,, and therefore tp X > n,
which is a contradiction against our initial assumption about the graph. Hence
¥ < w, We now put n(v) =V and X(v) = {x(v,v) : v < n(v)}. Then

Ju. niv) M Y(I’) = E(X(v))

and x(w,v)ed, ,n Y@  (v<n(@)).
If x€J, yoy0 Y(2)—X(v) then xeE(X(r))—X(v) and hence E(x)Nn X(v) # 9.
Thus .

EX)nX@)# 0 if xel, N Y(0)—X(0). an

We also note that X{(v) is independent and | X (v)| < |n(v)] < N,. Hence there is an

interval
lv < Jv, n(v) X(U).

Then I, <« J, = I, for v’ < p, so that the I, form a decreasing nest as v increases
in the well-order (N,, <). Since [N,| < ¥, it follows that there is an interval.

Sy+1 €8, n[(weNyI,.
Then S,;; = S, and (11) holds for p = g+1. For veN, and v < n(r) we put
Y@, ¥) = S,41 0 E(x(v, V) n Y()— (&, V) < (0, V) Y, V). (18)
Here the relation (', v') < (v, v) is meant to express that either v' <uv, or v' =v
and v/ <v. We have now defined all the entities we set out to define, viz. n(v) for
veN,; Nyyy = {(v,v): veN,; v <n()}; x(v,v) and Y (v, ) for (v, V)€N,4,; and
S.+1- We now have to prove that (12)-(15) hold for p = p+1.
Proof of (13): This follows from (18).
Proof of (14): We have to show that {x(v, v)} U Y (v, v) = Y (v) for (¢, VJeN,4,.
This follows from the choice of x(v, v) and Y (v, v).
Proof of (15): We have to show that {x(v, v), x} € E if (v, V)e N, and xe Y (z, v).
This follows from (18).
Proof of (12): We have to show that
S,e1 = U@, VEN,4) Y(o,v). (19)
Let x€8,4y. Then, by (11), xeS,., = S,. By (12) and (13) there is a unique

v'€N,, such that xe Y(v"). Then, by definition of S, and I,
xeS, iyl ey pwy—X@).
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By (17), E(x) n X(v') # @ and hence, by definition of X (v'), there is a least v/ < n(v’)
such that {x(v', V), x}e E. Put v, = (¢',v'). We now show that xe Y (v,"). We
have xe S,.; N E(x(v,)) n Y(v'). Also, by definition of ¥ and by (13) and (18),
x¢ Y(',v") ' <)
Finally, again by (13), x¢ Y(v") (v eN,; v'" <v'). Thus x¢ Y (v", v"') whenever
@",v'") < (@', V). But now (18) shows that xe Y(v,’). Since x was any element
of S,+1, we have proved that S,,; = | J((», V) €N,4;) Y (v, v). On the other hand
we have, by (18), (J((v, V) eN,+1) Y(¢,v) = S,4y. Hence (19) follows, and the
proof of Theorem 1 is completed.
It follows from (6) and the fact that (10) holds for « > $ = 0 that

e = (1o No)® if &= cf (@) (20)

As we remarked in §1, this relation can, in fact, be proved by an easy extension of
an argument given in [5] which deals with the case « = 0. The relation (20) may be
considered as an analogue of the formula

Nm —* (Nm Nﬂ)z

due to Dushnik and Miller [9] which, however, was proved by these authors not
only for regular N, but for all §,. We are unable to decide whether (20) holds for
singular ¥,, not even in the first case when the problem is to decide if

B — (nws No)z (21)
is true or false. In fact, we cannot even answer the seemingly easier question con-
cerning the truth of the relation

Mo = (N 3)°.

In contrast to the unsolved problem relating to (21) it is, however, comparatively
easy to prove (Theorem 2), assuming a weak form of G.C.H,, that

Cm == (Cm ND)Z

where {, = no+#,+ ... +f,. We first prove a simple lemma. Although (i) is
well known [14] we give the short proof.

LemMA. (i) If cf (x) > B then n, = (1) x,-
(ii) If the order type ¢ satisfies n, < ¢ <, for all n < @ then ¢ = {,.
Proof of (). Let R,=|J(v < wp)S, and tp S, * #, (v < wy). Then S, is no-

where dense in R,, and by an obvious recursive definition we can find intervals
I, of R, such that [y o1, > ...21,, and I, n S, =0 (v < wp). Then

Ny <awp)I,=J #8,
and we have the contradiction @ # R,nJ = J(v < wp) §,n J = B.

Proof of (ii). Let S = S,uU...uS,, where S is ordered, S, = L(S,,,) and
tpS,=n, for v<w. Then tpS ={,, and there is X = § such that tp X = ¢.
Then tp X > n, and, by (i), there is ny < @ such that tp X n S,, = ny. Then ny, > 0.
Let A<w;ng<..<m<wo;tpXnS, >n4y. Then tpX >n, 44, and there
is nz4q <@ such that tpXnS, >, 45 Then nyuy >n,. We have thus
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defined n; for A < w such that 0 <ny < ... <A, <wand tpX NS, =1, +1 =M
(A<w). Thengp=tpX >EL(d<w)tpX NS, >Zn=04_,

THEOREM 2. Suppose that 2% < N, for n < w. Then
Lo = o Ro)?,
where (o =No+ .. A,
Proof. The hypothesis implies that, for n < o,
M < Z(v < w,) 2" S N, 2% = Ry < N,

Let tpS = {, and let G = (S, E) be a graph on S. We will assume that G does not
contain an infinite complete subgraph and deduce that there is an independent
set X withtpX = (.

Suppose that whenever 8’ = § and tp S’ = {,, then there is xeS’ such that
tpE(x)nS' =, Then there are sets S, and elements x, of S, such that S, = S
and, for v < w, E(x,)nS,=S,,;and tp S, > {,. Then {x,, ..., £}, is an infinite
complete subgraph of G contrary to our assumption. It follows that there is a set
S§" < S such that tp S’ > {, and tp E(x) n S’ % {, (x&S§’). Therefore, by part (ii)
of our lemma, for each xe S’ there is n(x) < @ such that tp E(x) N S" 2 Ny

Let 1 € A<w. There is T, = S’ such that tp T, = #,. By part (i) of the
lemma there are a set T, = T,’ and a number n, < @ such that tp T;," = 5, and
n(x) =n, for all xe T,”. Moreover, since G contains no infinite complete sub-
graph, it follows from (20} that there is an independent set T, < T," such that
tp T, =n,; Putm(A)=sup{n, ..., n} (1l <i<ow).

We now define integers A(p) and sets I(p) for 1 < p <w. Put A(1)=1 and
I(1) = T,. For some k, where 1 < k < w, suppose that i(x) and I(x) have been
defined for 1 < x <4, and that A(1) < ... < A(k) < w; I(x) © Ty tPI(K) = 500
for 1 < x <k. We then define A(k+1) and I(k+1) as follows. Put

o = 1+sup {p(iK), m(A(R)), AK)}.

If we assume that the set 4 = E(I()u ... v I(k)) is dense in T, then tp A > 1,
and since [[(1) U ... VIK)] < Inypl+ - +Mag] < Npag) < Rers it follows from
the lemma that there is a number « in 1 < x < k and an element x of I(x) such that
tpE(x) N T, = n,. Then tp E(X) NS’ = 1y 2 Nu(ax) = Mnager = ey Which contra-
dicts the definition of n(x). Hence A4 is not dense in T,, and there is an interval
I(k+1) of T, such that A nI(k+1)=@. Put A(k+1)= 0. This completes the
definition of A(p) and I(p) for 1 € p < w. We have 1 = A(1) < A(2) < ... and, for
I<p<w 1p) < Ty tpllp) 2 iy = nps [EAD U ... VI)] 0 I(p+1) = O.
Then I(1) U ... uI(w) is an independent set of vertices of G of type > {,, and
Theorem 2 follows.

4. A remark on Az-sets
Lusin [13] proved with the aid of the continuum hypothesis that there is a set of
real numbers of power N; which meets every set of the first category in at most
N, points. Erdos and Hajnal [11] observed that this immediately implies that
every graph on the set of real numbers either contains an infinite complete subgraph
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or an independent set of the second category. Both, Lusin's theorem and the theorem
of Erdés and Hajnal, can be generalised.

THEOREM 3. If a > 0 and 2% = N, , and if N, is regular, then there is a set
C' c C, such that |C'| = N, , and |C'  X| < N, for every set X of the first category
in C,.

Proof. Every open set in C, is, by definition, the union of intervals in C,. If
(@, b) is one such interval and x € (g, b) then, by definition of C, and R,, there are
a, b'eR, such that a<a' <x <b' <b. Thus every open set is the union of
intervals whose endpoints lie in R,. Hence there are only 2!®=! =N, ., open sets
and therefore only N, closed sets in C,. Let Ny, ..., No,__, be all closed nowhere
dense subsets of C,. For v < w,.; theset M, = No U ... U N, is of the first category,
and we can choose elements x, such that x,e C,— (M, U {xo, ..., £,}) (v < 0,4,).
Then the set C' = {xo,..., £,,,,} has the required properties. For we have
|C'| =N,4;. Let x,eN,. Then v<pu, and hence C'nN, < {xgp, ..., X,};
[C'AN,| < |p+1] <N, (1 < w,4q). Let X be a set of the first category. Then X
is the union of ¥, nowhere dense sets 4, and therefore contained in the union of the
closures B; of the 4;. But the B; are nowhere dense and therefore occur among
the N,. Hence [C'n X| < N,.

An immediate deduction from Theorem 3 is the following.

THEOREM 4. If a > 0 and 2% = R, ., and if N, is regular, then every graph on
C, either contains a complete subgraph of power N g, or an independent set of vertices
of the second category.

Proof. Let G be a graph on C, without a complete subgraph of power ¥ ., and
let C’ be the set of Theorem 3. Let G’ be the subgraph of G spanned by C’, con-
sisting of those vertices which belong to C’ and of those edges which join points of
C’. Since G’ has no complete subgraph of power N, there is by (5) an independent
set X in G’ of power N¥,,;. Then X is independent in G and | X n C'| = |X| > ¥,.
Therefore X is of second category.

5. Some negative relations

The proofs of the negative relations for triplets mentioned in §1 are similar to
each other. We state these results as a single theorem.

THEOREM 5. Let ¢ be any order type. Then

¢+ (0+0*, 4)%, (22)
¢+ (0*+w, 4)% (23)
¢+ (0+0* v o*+o, 5. (24)

Here (24) has the following meaning. If tp S = ¢ then every 3-graph on S either
contains an independent set of type w+w* or an independent set of type w*+o
or a complete subgraph of 5 elements. (22) and (23) were first proved, by a different
method, by A. H. Kruse [12].

Remark. We cannot decide if the relation

¢+ (0+0* v o*+e,4)’
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holds for every ¢. It would imply (22)-(24).

Proof. Let tp. S = ¢ and let < be a well-ordering of S. We define 3-graphs
G;=(S,E) (i=1,2,3) as follows. A set {x, y,z}. = S belongs to E, if and only
if x<y>zandtoE, if and only if x >y <z. We put E; = E, UE,.

(i) Let {a,b,c,d}. = S. If {a,b,c}eE, then > ¢ and hence {b,c,d}¢E,,
and if {a, b, c} € E, then, similarly, {b, ¢,d} ¢ E,. Hence neither G, nor G, has a
complete subgraph of 4 elements.

(ii) Let {a,, a,a,,as,a,}. = S. Then there are indices r, s, t such that
0<r<s<t<4 and either g, <a,<a, or a,>a,>a. In ecither case
{a,, a,, a,} ¢ E5, and hence G5 has no complete subgraph of 5 elements.

(iii) Let X < S and tp. S = w+w*. Then there are elements a,, b, of X such
that, for u <v <o, we have a, <a, < b, <b,;a,<a,; b,<b, Then,if a; < b,
we have {ay, b, by} € E{ n E;, and if ay, > by we have {a,, a;, by} E; n E;. Hence
neither G; nor G; has an independent set of type w+w*.

(iv) Let X < S and tp. X = w*+w. Then there are elements a,, b, of X such
that, for y < v < w, we have a, < a, <b, <b,; a,<a,; b, <b,. If a; <b, then
{ay, a0, bo} € E; n Es, and if a, > by then {ag, by, b} € E; n E5.  Hence neither
G, nor G, has an independent set of type w*+w. This proves the theorem.

6. A special result

m= (o [3])" @5)

This relation means that if G = (R, E) is any 3-graph on the set R of rationals then
either there is an independent set of type y, or there is a set of four vertices such
that at least two of its three-element subsets are edges of G.

To prove (25), consider a 3-graph G = (R, E) such that every set of power 4
contains at most one 3-edge of G. Let R = {ry, ..., #,} .. We define rational num-
bers sy, ..., 8,. Put so =7, Let 1 <n< w and suppose that {sg, ..., 5} =R
and that, for i <j < n, we have s; < s; if and only if r; <r;. Also, let {sq, ..., 8,}
be independent. Then we can write {sq, ..., §,} = {fo, --., ,} < and

R=SuftgjuS uitlu..uft,_}us,

where, for v<n, x <t,if xeS§,, and y > ¢, if yeS,,,. Then each S, is infinite.
There is a number p < n such that {i:i<n; ri<r}={i:i<n; s;<x} for all
x€S, Given i <j<n, there is at most one x in S, such that {s, s; x}eE.
Therefore we can choose s,eS,—|J(i <j<n){x:{s,s;x}eE}. This defines
Sg, ..s 8, €R, and the set {s,, ..., §,} is independent and of type #,.

We cannot prove*
47\3
No+ (".’ns [ 3 ]) ' (26)

As a step towards proving (26) we can define a 3-graph G = (R, E) which is such

It is easy to show that

* See footnote at the end of §1.
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that every set {a, b, ¢, d} . = R contains at most two edges, and at the same time G
contains no independent set which is dense in an interval of R. To do this we choose
a well-order < of R such that tp. R = w. We define G by taking as E the set of
all sets {x, ¥,z}. = R for which () x > y <z, (ii) thereisno y' < y with x < y’ < z.
Let {a,b,c,d}. = R. If {a,b,c}eE then, by (i), {b,c,d}¢E, and if {a, b, d}cE
then, by (ii), {a, c,d} ¢ E. Hence {qa, b, c, d} contains at most two edges of G. Now
let A = R, and suppose that 4 is dense in the interval I of R. Let y, = mingI n A.
Since {y': ¥’ < yo} is finite and A is dense in I we can choose numbers x,, z, in
I n A so close to y, by magnitude that {x,, vo, 20} € E. Thus the set A is not inde-
pendent. However, we cannot exclude the possibility that our graph contains an
independent set of type n, as would be required in a proof of (26).
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