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Let m; << my < -~ be an infinite sequence of integers. The necessary and

sufficient condition that for almost all « the inequality |a — a/nm | < €/n?
with (a;, n;) = 1 should have infinitely many solutions is that £7_; ¢(n)/n® = 0.

The techniques used in the proof can perhaps be applied to prove an old
conjecture of Duflin and Schaeffer.

Let 0 <o <1,
u: —

1
be the development of « into a continued fraction (the a’s are positive
integers). pi*/g{™ (1 < i < o) is the sequence of convergents belonging
to «. Let n; < m, << *-* be any infinite sequence of integers. We are going
to investigate the necessary and sufficient condition that for almost all «
infinitely many of the a{* should occur amongst the #’s. S. Hartman and
P. Sziisz [1] proved that for almost all « every arithmetic progression
contains infinitely many ¢{*', and P. Sziisz [2] obtained an asymptotic
formula for the number of i = # for which ¢}*' lies (for almost all «) in a
given arithmetic progression.
We are going to prove the following

THEOREM 1. The necessary and sufficient condition that for almost all
« infinitely many of the ¢ are in the sequence ny << ny < - is that (¢(n)
is Euler’s ¢ function)
o
Y $n)int = . (1)
iml

425
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The proof of the necessity is trivial and was of course well known. If
plq is a convergent of « then it is well known that (p, g) = 1 and

‘ o — 2 [ < iz .
q q

Thus the measure of the set in « for which a/n,, | < a <#n;, (a,n) = 1,
is for some g a convergent of « is less than 2¢(»;)/n,2. Hence by a simple
and well-known argument (Borel-Cantelli Lemma) if the series (1) con-
verges then for almost dll ~ there are only finitely many ¢! amongst the
;.

The real difficulty is the proof of the sufficiency. It is well known that if

then p/g is a convergent of x. Thus to complete the proof of Theorem I it
will suffice to prove the following.

THEOREM II.  Let € > 0 and assume that the series (1) diverges. Then
for almost all « the inequality

\ac-—%|{éz—, (@ n) = 1. @)

has infinitely many solutions.

The proof of Theorem II will be long and difficult, and before we start
it I want to make some remarks.

The well-known conjecture of Duffin and Schaeffer [3] contains our
Theorems I and II as special cases. Their conjecture states that if
n << ny << - is a sequence of integers and §; > 0 then the necessary and
sufficient that for almost all «

S

<~f?, (a,n) =1

|a__
hy

should have infinitely many solutions is that

o O:p(n;)
t;. L

diverges. Theorem II follows by putting 8; = €/n;. It is very likely that
our technique will also prove the above conjecture, but the details would
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be very much more complicated and so we do not investigate this question
at present.

In Theorems I and II one could ask for the number of solutions in
i << N.Put

N
AN) = 3 dlnine

Perhaps the following result holds: For almost all « the number of solu-
tions of (2) for 1 < i < N equals (1 + o(l)) 2¢4(N). Using a recent
unpublished result of P. Sziisz one could make an analogous conjecture
of Theorem I. The proof of these conjectures would in any case be prob-
ably very laborious and we do not consider them here.

Now we prove Theorem II. Theorem II will follow easily from the
following

LemvA 1. Let (a;,b)a; <b;,j=1,.,T be a sequence of disjoint
intervals in (0, 1). Denote the union of these intervals by S. Put

T

E (b_? —i i j) = A..

jml
Then there is an 1 = n(A) so that if ny <n, < '+ < ny is a sequence of
sufficiently large integers satisfying

L5
Yo =m<n 3

then the measure of the set in « where x € S and for which

€
n_2

L

» (tn) =1 (C))

is solvable for some i in 1 < i < k is greater than en,A.

Let us assume that Lemma 1 has already been proved. We then easily
deduce Theorem II. If Theorem I1 would be false there clearly would exist
a set U of positive measure so that for all « in U (2) has only a finite number
of solutions (it is easy to see that U is measurable). Hence by a simple
argument there is an index i, and a U; C U of positive measure so that for
the « in Uj, (2) has no solutions with i > 7, . By the Lebesgue density
theorem there is a sequence of disjoint intervals (a; . b;), 1 < j = T, with

Y (b — a;) = A > m(Uy).

je=l
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(m(U,) denotes the measure of U)), so that
€
mi(a;, b) O U] > (1~ ) 6, — ay), )
which implies that U, intersects the union of the T intervals (a;, b,),
Jj = 1,.., Tin a set of measure greater than A[l — (en/2)].
Now since (1) diverges there are arbitrarily large values of 7, and j, so
that iy << j;, << j; and

Ia
T <Y dnn2 <. ©)

Hence by Lemma 1 the measure of the setin o, @y << o < b;,1 <j < T,
for which

€
.X———!QE;, (r,n,-)=l

is solvable for j; << i < j, is greater than enA/2. This contradicts (5) and
thus Lemma 1 implies Theorem 2.

To complete our proof we now have to prove Lemma 1.

Denote by M the measure of the setin o, @; << a < b;, 1 <j < T, for
which (4) is sovable for some 7, | =. i << k. m(n;) denotes the measure of
the set for which (4) is solvable for n, , and m(n; , n;) denotes the measure
of the set for which (4) is solvable for both »; and »; . We have, by a simple
sieve process,

k
M =Y mn)— Z mn; , n;). (6")

i=1 I=i<ji=sk

First we estimate m(n,) from below. Denote by é(n, ; a;, b;) the number
of integers ¢ satisfying

an; <t < bng, (tn) = 1.

By a simple sieve process we find, for sufficiently large n, (¢(n) denotes
the number of distinct prime factors of »),

$(ni,a;, b;) = %i pw(d) ([ "i’s‘ _ { n,::j D
= d%{ (,u,(d) f&jd——a’)_) e 21:(:!5) = Sl g — —

(1 + o(1)) (n)(b; — a;). @)
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From (7) and 4 = 2;{_1 (b; — a;) we easily obtain (the length of the
intervals (4) is 2¢/n;?)

m(ny) = (1 + o(1)) Z ?5(", s @5, b;)
= (1 + o(1)) 2e4 272 ‘5("*) (8)

Thus from (3), (6), and (8)

M=+ o(l)2epd — Y m(n;,n). (9)

1<is i<k

Hence by (9), (3), and (6) to complete the proof of Lemma 1 we only have
to show that if 5 = %(4) is sufficiently small then (3) implies

Y mlny, ) < medf2. (10)

lsii<k
The proof of (10) will be long and difficult. First, for purposes of
orientation, we remark that if #; is large compared to n; we have

o) s B

The proof of (11) is easy. Consider a fixed interval

I’ € t €
(?;_h;?’?:—l- e ), (t,n) = 1. (12)

It follows from (7) that for sufficiently large », the number of integers
(¢', n;) = 1 satisfying

!

<=+

1y nig nj 1y Hj

14 € r

is (1 + o(1)) ¢(n;) 2¢/n2 Since the number of the intervals (12) which are
in Sis by (7) (1 + o(1)) A¢(n,), and the length of the intervals of m(n;,) is
2¢/n;2 we immediately obtain (11). (To clarify this sketch we remark that
to get the exact formula for m(n; ., n;) one need not only count the ¢'[n;
which lie in an interval of m(n;), and on the other hand if 7'/n; lies in m(n;)
sometimes not all of this interval of m(n,) 1s counted in m(n;, r;). But it
is clear that the error made by using the present simple counting process
is negligible.)

If (11) would be true for all n; and #; then (10) would easily follow
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from (11), (9), and (3), if n = 5(A) is sufficiently small. The difficulty with
our proof is that (11) is certainly not always true; thus to prove (10) we
have to use very much more complicated arguments. If m(n, , #;) is not
0 and if #; < n; there must exist integers

1<t <ng, 1 <6 <n, (t;,m) =(t;,m) =1

satisfying
€ € 2e

+ =
n? n® ns

] iy
n; n;

| <
or

, n
If.,;a’?j—fjf’ff| <26?f—.

i

Now denote by f(#n; , #;) the number of solutions of

1<t <mny, 1 <t <ny, (t,n) = (t;,n) =1

(13)
ny
|f"n"_ :Jn€| s 2€?.
Observe that the overlap of the intervals
L ¢ t; € ; € t; € )
( n; n2 ’ on + ns )’ ( n; n® ' ony ok ni®
is at most 2¢/n;%. Hence clearly
2e
m(n; , n;) < “an;(ni s 15 (14)
i

By the same method which we used to prove (11) we can show that if
n;/n; is very large then

ded(n n;
Py m) = 1+ o)) 2040 as)
but again (15) is not always true. Thus we have to use much more com-

plicated methods.
Let # be any integer. Define g(#) as the smallest integer for which

Z’% <1, (16)
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where in Y’ the summation is over all primes p with p | n, p > g(n). Put

Y omng,ny) =2+ 2, (17

1=i<j=k

where in 2 the summation is extended over the 7 and j for which
en;fin; > da't’, where d = (n; , 1), t = max(g(n,), g(ny)), (18)

and in %, over the i and j which do not satisfy (18).
First we estimate X, . We are going to prove that

2, < ’?jA . (19)

To prove (19) we first show that if n; and n; satisfy (18) then (the ¢’s
are suitable positive absolute constants)

d)(”i,)sz("j) : (20)

fa(”i ] n-}) < (1€

Assume that (20) has already been proved. Then (19) easily follows.
From (20) and (14) we have

$ )

|
min; , 1) << 4¢,€®
( is J') 1 n‘;”jg

Thus from (3)

e

k
5, < dae (3 20 <agens <

fum]

if 5, = () is sufficiently small.
Thus to prove (19) we only have to show (20). Denote by H(u) the
number of solutions in ¢, , #; of

tn; — Ly = u l<<Sm, L < <ny, (4,m) = (ty,m) = L.
(21)
Then it is clear that
Hw) =0 if d+tw, and H@u) =d if dlu (22)

We shall need stronger results than (22). We may assume thatd | u, and
we write
u=ddu (23)
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where (i, , d) = 1 and where 4, is composed of prime factors of d. This
representation is clearly unique.
The notation p* | n will mean that p* + n but p*! + », and we put

dm =11 rld., p<t (24)

As usual, 7(7) will denote the number of primes not exceeding 7, Finally
we write

H
ny = St (25)
We have
flni,n)= Y Hw=Y +3", (26)
lu|<engny u uw

where in >, the summands u satisfy | u | < 2e(n;/n;) and d,(1) < 17,
while in X" they satisfy | u | << 2e(n;/n;) and d,(t) = 7,

Lemma 2. H(u) = O unless (uy , ny;) = 1.

Proof. Suppose that (u; , n;) > 1, and suppose p | u, , p | n;; . Since
(v, ,d) =1 we have p+d; hence either p|n; or p|n;. Assume that
pln;.ptn;. If H@u) were positive, there would be a solution of (21),
whence p | t;7; . Since p + n; we have p | t;, which contradicts (n, , 1) = 1.
This proves the lemma.

We now estimate the sum 3" in (26). By (22) and by Lemma 2 we may
restrict ourselves to summands u with d| 4 and with u = 0. Since
d (1) = 17", d,(r) must have a prime factor p < ¢t with p*|d,(f) and
p* = t. If x is even, d,(¢) is divisible by a square greater than ¢. If « is odd,
d, (1) is divisible by the square p*—1 = pi-(1/a) = f2/3

Thus
2en;ingd o Zenjind
Y'Hw<dY'1<2d Yy 1<2d Yy ¥ 1
u u d:;wlb R=t13 z=1
a szqu;r'e;t“ 2 Ll L
o
R; 1 n;
= 4e — — < 8e—2—. 27
S k;,rs k* ngttf® {20

By (16), (18), and the theorem of Mertens we have

B0 $n) o1 (1- _;_)2 > ciflog 1), (28)

nﬁ.ﬂ,- p=t
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The inequalities (27) and (28) imply that, for sufficiently large ¢, ,
Y < ered(n) pn;)/2n. 9)
Thus by (26), to complete the proof of (20) we only have to show that

Y < ered(ng) $(n,)/2nd. (30)

To do this we write

=3Y* Y Huw, 31

8 lu|=2engin;
dylt)=s

where the summand s in > * runs through all the divisors s of & which do
not exceed (™" and all whose prime factors are not greater than ¢

We now need a better estimate for H(u) than (22). Let ¢/, ¢,/ be the
unique solution (if it exists) of
F YR P

d tdd?
0 <t <mfd, 0 <ty <nmld, (&/,nfd)=(t),n;fd)= 1.

L5
(32)

We obtain all the solutions of (21) by considering all the integers of the
form

: 2y R i 8
r'a' + X d » !J' i X d '
with the integer X satisfying
AR e e W . .
(r,-+Xd,d)—(tj+Xd,d) , 0<X<d (33)

Then H(u) is not greater than the number of solutions of (33). In fact,
either H(u) = 0 or H(u) equals the number of solutions of (33).
Suppose now that

Piﬂ', p{du-> p"rnij'
Then (33) implies that

_’% % —t/ (modp), X —’:-2,?— = —t, (mod p).
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Since p 1 (n;/d) and p + (n;/d), each of these relations exclude a residue
class mod p for the variable X. The determinant
¢ My Pt W,
d r? d d uldu
by (32), and since p 1 iyd,, . it is = 0 (mod p). Hence two distinct residue
classes mod p are excluded for X. In general, if p | dbutif p | d, or p | n; ,
we can conclude that one residue class is excluded for X. Hence

t;

HQi) < E (1- : ) Il (1- —;—J (34)
.'.T({wf:; Pibutis

Now if p | 7y and p | d, , then (32) has no solution. We may therefore
in the sum 3, in (31) restrict ourselves to summands s which are not
divisible by primes p with p | n; .

We have
2 ‘ 1
Y H@ < 1‘[ ( ) [T (1 ——) ¥ 1. 85
Ju| <Zen;/iny rld p |u] <2enyin,
dylt)=s ;r%l =t u of type (23)
peng;s Bings dyit)=s

Hiul=0

By Lemma 2, the condition H(x) = 0 implies that (i, , 1) = 1. We
have

w—=ddu = ddu(z)(dm ) = ds( i )=dsy,

say. Now (uy , d) = (i, , ;) = 1, and d,,/d (¢) is not divisible by a prime
= f. Hence y is not divisible by any prime p with p < ¢ and p | dn,; .
Hence the sum on the right hand side of (35) is bounded by

1 (36)
1= |v| s Reny/ngds
¥ not div, by primes »
with p==t and p dn

Thus by the sieve of Eratosthenes it is bounded by

g I (1=5) +20).
pldng;

By (18), by the formula of Mertens, and since s = t7'Y, we have

1 T . i -2 (t)
7 p];[t (1 P) ¢ (logt)=2 > 278,
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and thus the sum on the right hand side of (36) is bounded by

€n; ‘ 1
e 5k
pldng

In view of the definition of 7 in (18), this is

o= T1 (1——1—). G7)

n:‘: dS -p|d'n!-}- p

Using (35) and the definition of 7 again we obtain

CEMy ( 1 ( 2 1
P <S5 0= 1 (-5)

lu|<2en, /ng S piany, »ld P7opa
d, (=g prigs Plngs
Cy€n 1 ( 1 1
5 {1~ I (i—<J T1 {1~
S pla pldng; p pld P
Prmy;8

Thus by (31),

co s L) (L) el -
z % .F?z'J 111_|¢11 (l P JIJIlf;Lj (l p )Z?: Sp}}ls (] d )’
i

where the sum is over all the divisors s of ¢ with (s, n;;) = 1. We obtain

5 Cg€N; __]_‘2 _'_L- l __]_ -1
e 05 g SR ) e
FiMyg)= 17458
Now
1 1 1
Y I )

[2,1)=1 Pl 38

-(0-5)) » s00-5)

;':Lf’ £ ia.;f}=1 #e B

| [ -1
<(I {1 ~%) IJ(EI (1 T(ip+%,_...)(l _%) )
di Ping;
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Thus (38) yields

5P _C,ll:in (1 _ L) 11 (l _ _]_) _ cnen; (n) dny)

i pid P pldng P n; fli#;

1€ ﬂn_;)i_;ﬁ(n j) s

which proves (30) and hence (20) by virtue of (27), (26) and (29). Thus
(19) follows.
Next we prove

Y, < medls. (39)

If (39) is proved then (19) and (17) implies (10) which completes the
proof of Lemma 1 and hence also proves Theorems 1 and 2. The proof of
(39) is not quite simple.

By the definition of f,(n; , n;) and by (22) we have f.(n; , n;) <X 2eny/n; ,
and using (14) we obtain

4e*
nn; "

m(n; , n;) < (40)

By (40) we have
1

nn;’

Zz <4e )’

where in Y’ the summation is extended over the »; and n; which do not
satisfy (18). Thus to complete the proof of (39) we only have to show that

, 1 1 A
X ;1 < T6¢ ()
Let 7, = 7;'. We have
o A e 1w )
)2 nn; Zl nn; 22 nh; t2)

wherein Y, t < tyandin 3., # > ¢, (¢ 1s defined by (18)). The estimation
of 3, is trivial. If ¢ < 7, we have by the theorem of Mertens and by (16).

600 60n) . 11 (1— L)E S G 43)

nn; o) P (log 1)* *
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Thus by (3)

log ¢,)? A
Zl = (Z qs("é)) (log #,) g

il 013 32€

for sufficiently small #; .
Thus to prove (41) and (39) we only have to prove that

1 7,4

Zn HH % 32¢ (43)

The proof of (45) will be the main difficulty. Let » and » be integers
satisfying
fy=nl<u<v (46)

and put

Z 4 (47)

nyh;

where in ¥ ,,.,, g(n) = w, g(n;) = v (see (16)). We then have

5. o
Sigan = ZAue,  h<u<o @8)

We have to estimate A4, , . We remind the reader that in 4, , n; and n;
run through the integers of (3) for which g(i) = u, g(n;) = v (g(n) is
defined by (16)) and (18) is not satisfied.

If g(n;) = u we have as in (43),

B(n.) - b C15
1, £ pl;lu (1 ) logu’ 9
Thus by (3)
logu & () 1 log u 1
Au,q,-<'——c-;'-x;——-_—-zv—'ﬁ';<7h G Ze*;;’ (50)

where in ¥, , n; runs through the integers not satisfying (18) for which

g(n,) = v (since g(n,) = g(n;) we have g(n,) = v = 1).
Since (18) is not satisfied we have for the n;in 2,

TaF 4 )t <y < mpddvy,  (n,,n) = d. (51)



438 ERDOS

First of all we can improve (51). By (22) H(u) = 0 unless u = 0 (mod d).
Thus we can assume n;fn; = d or n;/n; = d. In other words, instead of
(51) we may assume that

iy & % or  nd<v < n,d@v), 51y

e
d(4v)®

and d runs through all divisors of n;. Write
n; = dn;/, n; = dny, (n/, n)y = 1.

We have
1 P - |
It W (52)

where in ¥, the n; run through all the #’s not satisfying (18) with g(n;) = v
and for which

« 1 1
v%’ 7 <5- (53)
n=
By (53) and the definition of g(#1;) = v, we have for the »; in 3},
1 1
—_— > (54)
T

=

Thus we have
1

g H; Z dz (55)

where in 3’, d runs through all divisors of n; satisfying (54) and

i

mld*(4e)t << n;' = n,/d* or n; = ny << n(4v)°. (56)

Now by a simple calculation (/ runs through all the integers of the two
intervals (56))

1 i . e
L7 SX7<t (57)

Thus from (56) and (57),

3= <t Z’(—},- (58)
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Now we have to estimate Y.’ 1/d. Let g, << *** << ¢, be the prime factors
of n; , which are greater than v = g(n;). We have for the din 3’ (by (54))

1 1

q;d q;

It easily follows from the prime-number theorem (or a more elementary
theorem) that for sufficiently large ¢ the integer 4 has to be divisible by
more than » of the ¢’s.

Writing d = d,d, where d, is divisible by precisely v of the ¢’s we obtain

The(z HED-(ZHED M) o

Now by (16) (as in (43) and (49)).

5 }f < e log u. (60)

dng

By g(n;) = g(n;) we have ¥ 1/g; < 1. Thus from (59),
1 1
Z 7 << (¢4 log “}_-L‘—'- (61)
Inequalities (58) and (61) imply
1 1 1
EUE <35 L‘mt’z(lﬂg M) —E‘— <7 —2'5' (62)

for sufficiently large v.
Now we estimate Y ; 1/n; . We prove the following

LEMMA 3. The number of integers m << x for which

Z 1
plm ¥
P=v

=
=

(63)

o=

is less than x{v! for sufficiently large v.

We split the integers m << x satisfying (63) into two classes. In the first
class are the integers m which have at least 2v distinct prime factors in the
interval (v, e*’). The number of integers of the first class is clearly less than

, 1. x5 (3 log v)?* X
x( v —p—) /(2:;)! S (64)

< poexpr?

for sufficiently large v.
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Let p, << *** < p,, be the first 2v primes greater than v. It follows from
the prime-number theorem (or a more elementary theorem) that for
sufficiently large v

a4
Thus from (63) and (65) if m is in the second class we have
1 1
m = el 66
fm) pZT:n - Eg (66)
p=expu?
We evidently have

c \ l x 1 X
= 7 Izl = et NG
mglf( ! w>§pv2 p [ P ] p>§{pv-z p? exp v® (67)

From (66) and (67) the number of integers of the second class is less
than

4x o X
exp v? 2u!

(68)

(64) and (68) complete the proof of Lemma 3.
By the same method, we could prove the following sharpening of
Lemma 3: denote by N(q, v, x) the number of integers m << x satisfying

1
Z — I
olm
=

Put log 8 = o. For every € and « there is a v, = vy(e, o) so that for every
v >,
xfexp ¥4+ < N(a, v, X) < xfexp 797,

From Lemma 3 we immediately obtain

L1 2

Z o < A (69)
where in ¥ the summation is extended over the integers x < m < 2x
which satisfy (63). From (57) and (69) and (60) we obtain by a simple
calculation (in Y7 1/, the n; run through the integers satisfying (63) and

(56))

1

L gL

|,

. 1 27 1
g — £ o1 Z R = 2(‘131}'2 o << T:‘ (70)

al—

n; Y d|ny
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for sufficiently large . Thus from (52), (62), and (70),

1 1
_Ev; % < 5o (71)
Inequalities (70) and (71) imply that for sufficiently large v
ny log u T
A, < T < o (72)

which with (48) finally imply that for sufficiently small %(¢, = 47" and
0 < 7, <=, by (46) v is large if » is small)

L 1 1 5 A
; ey < Tv’ "_1 ;gz 21,,!2 < 7?1 e 32
This proves (45), hence (41), and hence (39). Thus Lemma 1 is proved, and
therefore also Theorems I and I1.
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