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§1. Introduction

We shall prove first (in §2) the new law of large numbers for the simplest
special case, that is for independent repetitions of a fair game. For this special
case the theorem can be stated as follows: if the game is played N times, the
maximal average gain of a player over [Clog, N] consecutive games* (C = 1),
tends with probability one to the limit o, where « is the only solution in the
interval 0 < o = 1 of the equation

i_1_1+al 2 _l—ocl 2
c~ P i N 2 )\ )

In §3 we generalize this result to an arbitrary sequence g, (n =1,2,:--) of
independent, identically distributed random variables with expectation 0, the

common distribution of which satisfies the condition, that its moment-
generating function ¢() = E(¢™) exists in an open interval around the origin.
We prove that for every « in a certain interval 0 < a2 < %, one has

(1.1) P( lim max 1 tnsa & Hnige IOSN]=“) =1,
N=+o 0Zn<N—[C logN] [ClogN]

where C = C(z) is defined by the equation

(1.2) MO =ming()e™ .
t

* Here and in what follows [x] denotes the integral part of x.
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In §4 we discuss the special case of Gaussian random variables, in which
case our result is essential y equivalent to a previous result of Paul Lévy
about the Brownian movement process.

In §5 we give as an application of the result of §3, a new proof of the
theorem of P. Bdrtfai on the ‘“‘stochastic geyser problem’’, using the fact that
the functional dependence between C and « in (1.1) determines the distribution
of the variables uniquely (Theorem 3). The result of §2 can also be applied
in probabilistic number theory; as a matter of fact it was such an application
which led the first named author to raise the problem which is solved in the

present paper.

§2. The maximal average gain of a player over a short period.

Let £,,&5,+,&,.-++ be a sequence of independent random variables, each
taking on the values + 1 with probability 1/2. We may interpret £, as the gain
of one of the players in the nth repetition of a fair game. Let us put S; =0,

2.1) Si=bi+G++E (=12
and
(2.2) HN,K)= max —'S:'%:E:.
0=nsN-K
Let us introduce the notation
(2.3) hi(x) = xlog, -ch—+(1—x)log21_x for 0<x<1;

i.e. h(x) is the entropy of the probability distribution (x,1 — x). We shall prove
the following

Theorem 1. For every fixed ¢ = 1 we have*
(2.4) P(lim &N,[clog;N])=0a)=1,
N-++a

* Here and what follows P(....) denotes the probability of the event in the brackets.
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where o« = o(c) is the only solution with 0 <a =1 of the equation

2.5) —1=1—h(1 ;“‘)

c

Remark. It is easy to see that u(c) is a decreasing function of ¢, further
o(l)=1 and lim ofc) =0.

c—++taw

Proof of Theorem 1. We shall use the following estimates, which
follow immediately from Stirling’s formula: If $ <7y <1

(26) Ay p 2. .200"Dga-r 3 ”) < B, - n~ 2. )=
nySK=n K

where 4, and B, are positive constants, depending only on y. Let ¢ = 1 be
fixed, and let « be the unique solution of the equation (2.5) with 0 <« < 1.
Let & be an arbitrary small positive number and put &' =« + ¢ It follows
from (2.6) that

@mn P(O(N,[clog,N]) = 2') < BN~

where &, is a positive number, depending only on « and & Thus the series

(2.8) EmP(ﬁ(ZU"”**“ -1,phza")
=1

J
is convergent, and therefore by the Borel-Cantelli lemma one has

(2.9) PRIV D<o’
with probability 1 for all but a finite number of values of j. As however
(2.10) S(N,[clog, N)) £ 2V V= 1,j) for 2/ < N 20—,

it follows that with probability one, for all but a finite number of values of N
one has

(2.11) H(N,[clog, N <o .
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As ¢ > 0 is arbitrary, we obtain

(2.12) P(limsupd (N, [clog, N) < x)=1.

N—+w
Now let again & be an arbitrary small positive number, 0 <& <« and put

o = — e As

AR N
@.13) P@EN,K)Sa)< P (JL“IEC_fx_éa» 0srs - 1)

and because of the independence of the random variables Si 41k — Su
(r=0,1,) it follows that

A

@.14) PN, [clog, N]) S o) < ( =

g3\ N/([cloga N])—1
AlNz) f([cloga N]) e—(AzN"zlﬂDsN

where 4, and §, are positive constants. Thus the series
o
(2.15) 2 P(O(N,[clog, N]) < «")
N=1

is convergent and using again the Borel-Cantelli lemma we get

(2.16) P liminf #(N,[clog, N]) 2 o) = 1.
N=++x
As (2.12) and (2.16) imply (2.4), Theorem 1 is proved.
It should be remarked, that the same argument as that used to prove (2.12)
can be used to show that if K(N) is an integer-valued function of N such that

K@),

Tog N + o0 we have

2.17) P ( lim (N, K(N)) =0 = 1).
N+ J

This result can be interpreted as follows: if K(N) grows faster than logN,
then the ordinary law of large numbers applies. On the other hand if
K(N) = clog; N with 0 < ¢ < 1 then with probability 1 for all except for a
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finite number of values of N there exists at least one n = N — K(N) such that
Env1 =Epiz = =&k =1, which of course implies H(N,K(N)) =1.
Thus the case of real interest is just when K(N) ~ clog, N with ¢=1, and
Theorem 1 gives an answer to the question what happens in this case,

§3. The general case.
We shall prove now the following

Theorem 2. Let 1,75, ", 1, -, be a sequence of independent, identi-
cally distributed nondegenerate random variables. We suppose that the
moment generating function

G.1) ¢(1) = E(&™)

of the common distribution of the n, exists* for tel where I is an open
interval®* containing t = 0. Let us suppose that

(3.2) E(n,) = 0.

Let o be any positive number such that the function ¢(t)e™™ takes on its

minimum in some point in the open interval I and let us put

o2 min (e ™ = p(z)e* = &= 1/O,

tel

Then C > 0 and putting S, = 0,

(3.4) Sp=ny+n+--+n, fornzl
and
&HK.—SH
(3.5 HN,K)= max —“——r (ISEKZN),
0=n=N-K K
we hapve***
(3.6) P lim 9(N,[ClogN])=a)=1.
N-++w

* E(....) denotes the expectation of the random variable in the brackets.
** We suppose that [ is the largest open interval in which ¢(r) exists.
*%% In this and the following §§ log /¥ denotes the natural logarithm of N.
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Proof of Theorem 2. Let us notice first that y(t) = ¢()e™™ is a strictly
convex function: thus 7 in (3.3) is determined uniquely. As clearly ¥(0) =1
and in view of (3.2) ¥'(0) = — a < 0 it follows that 7> 0 and ¥(z) < 1 and
thus C > 0. Let us mention that the condition that y/(f) takes on its minimum
in the interval I is satisfied if for instance P(y, > «) > 0 because in this case
Y(t) tends to + oo if ¢ tends to the upper endpoint of I (which may be the
point +oc). We have evidently

L.
9@

o

The proof of Theorem 2 follows exactly that of Theorem 1, only instead of
(2.6) we have to use the following result, which under some restrictions is due
to H. Cramér (see [1]), and in the form needed for our purpose is due to
R. R. Bahadur and R. Ranga Rao (see [2], Theorem 1):

—(n/C)
G.7 P(S, > an) = <
\J2nn

by + (1 + (1))

where b, is a sequence of positive numbers such that 0 < b < b, < B; if the
n, are not lattice variables, b, does not depend on n.

Remark. In the special case when Py, = + 1) = 1/2, we have

14+a 1 1+«
e and oina log(l+a

log(1 — ). Passing to logarithms with base 2 it is easily seen that

d()=1(e'+e™") therefore if 0<a<1 t=1log
l1—ua

2
g~ MO = pMFDID=1 7=/ o ¢=Clog2. Thus the statement of Theorem 1

for ¢ > 1 is contained as a special case in Theorem 2.

+

§4. The Gaussian case.

Let us consider the special case in which the random variables have a normal
distribution with mean 0 and variance 1. (In this case of course S, is also
normally distributed and we do not even need the result (3.7).) As regards the
connection between C and « this can be explicitly determined in this special
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case: we have evidently for every >0 C = a—i, and thus we get from (3.6)

(4.1) P( lim #(N,[ClogN] = \/% =1 for every C > 0.
N=++mw

From (4.1) one can deduce the following remarkable theorem, due to P. Lévy
(see [3]): Let x(1) be a Brownian movement process, then

— 1 \ Lif A>1
&3ﬁmPOﬂb+M—AM<AJﬂmgIJm0§t§1—h)={
h=0

0if 2 < 1.

Notice that if the variance of the random variables 7, is equal to 1 then we have
in general for & — 0 C ~ 2/x?; as a matter of fact we have for t -0 ¢'(f) ~ 1
and thus for o — 0 we get 7 ~ « and therefore C ~ 2/a®. Thus for very small
values of « the relation between « and C in Theorem 2 becomes in the limit
independent from the distribution of the variables #,; however for a fixed not
too small value of « the functional relation between % and C depends essentially
on the distribution of the random variables #,. Clearly the reason why the
relation between o and C in Theorem 2 depends on the distribution of the
variables #,, is that Theorem 2 is a theorem about big deviations, while the
reason for the disappearance of this dependence in the limit if ¢« — 0 is that if
o is decreasing we approach the domain of validity of the central limit
theorem.

§5. An application.

Let 5, (n = 1,2,---) be a sequence of independent and identically distributed
random variables and let F(x) denote their common distribution function. Let
us put

(5.1) &, =S8,+r,

where S, is defined by (3.4) and r, (n=1,2,-.-) is an arbitrary sequence of
bounded random variables such that

(5.2) |r,| <R, where R,=o(logn)
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(Nothing is supposed concerning the dependence between: the_ variables S,
and r,). P. Bdrtfai has proved (see [4]) that if the moment generating function

+ o

(5.3) b(t) = f e*dF(x)

— a0

of the variables 5, exists in a neighbourhood of ¢ = 0, then given the values
¢, (n=1,2,---) the distribution function F(x) is thereby uniquely determined
with probability one. A new proof of this result of Bdrtfai can be obtained
from Theorem 2 as follows: We may suppose without restricting the generality
that E(n,) = 0; in this case all conditions of Theorem 2 are satisfied and thus it
follows that for 0 <« < a where a is a sufficiently small positive number
we have (in view of (5.2)) with probability one

= i Cntpotogh1 — En
54) lim ( max —’——) = o,
( N-+00 \0Zn=N—[.logN] [clogN]

Thus knowing the sequence {, we can determine the functional dependence

between o and c.
To prove Bdrifai’s theorem we shall need the following

Theorem 3. The functional dependence between o and ¢ = ¢(x) in
Theorem 2 determines the distribution of the random variables n, uniquely.

Proof. If the function ¢ = ¢(«) is given for 0 < a < a, we can determine
the function

(5.5 M) = e ~(W/e@
and thus also the function

Ao
(56) A
M)
As clearly 7 = t(«) is an increasing function of «, its inverse function « = a(z)
can also be determined, This means however that we can determine the function
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(5.7) $(1) = ao(x))e™”

in some interval 0 < 1 £ 7y. As it is well known that the moment-generating
function ¢(t) determines the distribution function F(x) uniquely, (even if
¢(t) is given only in some interval, it being an analytic function if it exists),
the statement of Theorem 3 follows,

It follows from Theorem 3 that in the stochastic geyser problem if we know
a single realization of the sequence {, (n = 1,2, ---) we can determine the distri-
bution function F(x) with probability one; this proves Bdrtfai’s theorem.
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