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ON SOME APPLICATIONS OF GRAPH THEORY TO NUMBER
THEORETIC PROBLEMS

DEDICATED TO THE MEMORY OF K. ANANDA RAU

P. Erpos
Let ay < ...< ax <n be a sequence of integers no one of which divides
any other; then it is easy to see that [1] max &k = I:E%-—l ] On the other hand,

I proved [2] by a combination of number theoretic and graph theoretic
methods that, if we assume a;¥ ajar (1544, i3 k), then (w(n) denotes the
number of primes < n.)

m(n)4-cn23(log n)2 < max k < m(n)+con?3/(log n)2. o (D)
Further, if we only assume that the products a;a; are all distincet, then [2]
m(n)+cgnd/t/(log n)32 < max k < w(n)+emdlt. .. oo (2)

In the present paper we prove that the lower estimation in (2) is sharp
(apart from the value of the absolute constant cg). In fact we prove the
following

THEOREM. Assume that a; < ... <ax <mn t8 a sequence of integers for
which the products asa; are all distinct. Then

m(n)+cqnd/(log n)32 < max k < n(n)+csn?/(log n)3/2. (3

The proof of (3) will be similar to that of (2) and will use elementary
results from number theory and graph theory. Before we prove our
Theorem we would like to discuss a few related results. An old conjecture
of Turdan and myself states as follows: Let by < ... be an infinite sequence
of integers. Denote by f(n) the number of solutions of n = b;+b;. Then, if
f(n) >0 for all n> mg, lim sup f(n) = co. Probably the above conclusion

n—r o

also follows if we only assume that by < cgh? for all k. These conjectures

are not yet settled and are probably quite deep. It is perhaps surprising

that the multiplicative analogies of these conjectures have been settled. In

fact I proved the following results [3]: Let a; < ... be an infinite sequence.

Denote by g(n) the number of solutions of n = ;. Then, if g(n)> 0 for all

7 > Ny, we have lim sup g(n) = co. In fact the following stronger result holds:
n—ew

Assume that ay < . .. < agp < n, n sufficiently large and
k > (1+4€)n(log log n)i-1/(i—1)! log n.

Then for some m, g(m) > 2!. The proof of these results uses combinatorial
arguments on generalized graphs and is not quite simple.
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Let finally a; < ... < ax <n and assume that all the products [1a;* are
distinet. Then it is easy to see that max k = =(n). If we only assume that

k
the products [/ aj‘, e = 0 or 1 are all distinct, then [4]
=1

w(n) 4c;nt2flog n < max k < w(n)+cgnli2/log n.
If we assume that all the products as, . . . a4, (for fixed r) are all distinct,
we probably have

nll2

ur(n)+c:g(——

)1+% " ( nl/z )1-1—; "
].Og s < max < W(ﬂ)+ﬂlo et = ‘e { )

log n

Unfortunately I can prove (4) only if » = 2. (Then (4) becomes (3).)
For r = 3 I can prove the right side of (4), in view of the incompleteness of
this result I suppress the proof.

Now we prove our Theorem. The lower bound in (3) has already been
proved in [2] by Miss E. Klein and myself; thus it suffices to prove the
upper bound in (3). The method will be a refinement of the one used in [2].
We need two lemmas.

Lemma 1. Every integer m < n can be written in the form

m=uv, v<u i ia s .+ (8)

where w is either a prime or is < n*P and v < n?B,

The lemma is known [2].

Lemma 2. Let G be a graph having i, vertices xy, . . ., x, and C(G) edges.
Asswme that each edge of G is inecident to one of the vertices zy, 1 <1 <<ty <1y,
and that G contains no rectangle (i.e. no circuit of four edges). Then

-1

O(G)<t1+t1[u2]+t2 (1+[H2]) . . .. (8

Denote by v(x;) the number of ay, 1 < i < {5, joined to z;. By our as-
sumption we have

O(G)gﬁlv(xj). e
42

Now we split the vertices of G into two classes. In the first class are the
vertices for which

() ~[1f2]+1-z T

and in the second class are the vertices with v(z;) >1>1. We evidently

have by (8)
Z o(ay) < t1(1+[1,2]) O )

1
where in X2’ the summation is extended over the x; of the first class.
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Let now aj, , ..., wj, be the vertices of the second class. It is easy to

see that
i(”(;"))<(t;). e ao)

r=1
To prove (10) observe that since G has no rectangle no two z;, can be joined

vlx
to the same two ay’s, 1 <t <{3. One can clearly form ( ( f")) pairs from the

a¢’s, 1 < ¢ < 1, which are joined to x;, and these z ( i j’)) pairs are all dis-

r=1
: ; iy
tinet. Since there are (2) pairs formed from the ai’s, 1 < ¢ < £y, (10) clearly

follows.
From (10) and v(z;,) > I we have

Zs o(7,) <3 ()<‘ (H' 1;2])_1- T i

#=1

(6) follows from (9) and (11), hence Lemma 2 is proved.

Now we can prove our Theorem. Tet a3 < ... < <n be a sequence
of integers for which the produets asa; are all distmct. We can assume that
none of the a’s are squares since the number of squares < n is [2'/2] which can
be absorbed in the error term in (3). Put

@ = Uy, Vy< Ui .. o o .. (12)

where ; and v; satisfy Lemma 1 and »; is minimal. Now we associate
with our sequence a; < ... < a < n a graph @ having = (n)-4n?%—x(n?3) ver-
tices and & edges. The vertices of our graph are the integers < n2° and the
primes < n. Each «a; we represent in the form (12) and we make correspond
to it the edge joining the vertices u; and v;. The fact that the products aa;
are all distinct implies that G has no rectangle. For, if the edges a; = wyv,,
(g = Uy, Ug = UgVp and ag = usvy Would form a rectangle, we would have

103 = Aoy = U UV Vs,

Using Lemma 2 we now estimate % from above. We split the a’s into
three classes. In the first class are the a’s for which »; < n13, TIn the second
class are the a’s for which

nl/3 < v < nlj'2‘{210 log log n
and in the third class are the a’s for which

nlf2

g , 1/2
glnlogxogn<“<” :
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Consider now the subgraph of G corresponding to the a’s of the first
class. We apply Lemma 2. We have here

t; = n(n)+[n25]—n(n23), ty = [n13]. c .. (13)
Thus by (6) the number of a’s of the first class is less than
(n)+2n2/3. 35 iz i .. (19

(14) follows from the fact that by (13) [to/t;”] = 0.
The a’s of the second class we split into several subclasses. TPut
[10 log log »] = L. 1In the r-th subclass are the a’s for which

nl/2 nll2
ST < U S gty g we es (16)

If a; is in the r-th subclass, we have from (15)
wg < 2r+ipli2, - - . .. (16)

Now we again apply Lemma 2. By (15) and (16) we have

nl/2
t; < 2"}'!'?‘!«1"2, ty < -21+_L—_1 . - it T (17)

Hence from (17) and (6) the number of @’s of the r-th subclass is less than
nll2
o < n2I34-8n3/4/2(L+1I2, .. (18)

To prove (18) observe that ¢, < 2L+nY2 < n?® since otherwise a; would
have belonged to the first class.

The total number of subclasses of the second class is clearly less than
log nflog 2. Thus from (18) the number of &’s of the second class is less than
(L = [10 log log n])

2r+Lpl/2 4 4(2r+Lpl/2)1/2

n3 log n

=1
= +3n3"42-2—{m=0(n3“f(10g w3y, .. .. (19)
r=10

To estimate the number of integers of the third class we need
Levma 3. Let p; <...< ps < n be a sequence of primes. Then the
nwmber of integers m < n which are not divisible by any of the p; is less than

: 1
eun IT | 1— —).
a i=1( i
Lemma 3 follows immediately by Bruns method and is well known.

(See eg. [5].)
Further, we will need the following classical result of Mertens.

crflogn< II ( I %) < eggflog n. . (20)

p<n



ON SOME APPLICATIONS OF GRAPH THEORY 135

The a’s of the third class we again divide into subeclasses. In the r-th
subclass are the ¢’s for which
nli2 nl/2
f2—r—<t‘g<-2—r:3. - . s .. (21
Now we use for the first time the minimality property of »;. #; cannot
have a prime factor p < n!?. For, if v; = pv;, p < »'/7, then (since by (21)
Uy < arpli2 < 910 log log n nl,f2)
aq zv:.pu; and pu; < n?3 i e .. (22)
or the representation (22) satisfies Lemma 1 which contradicts the minimality
property of »;.
Thus by Lemma 3 and (20) the number of possible choices for the
belonging to the a’s of the r-th subclass is less than
nli2 ( 1) nli2
- 1—- e — s .. (23
€11 2"194:”1;7 ? <cld-2r 10gn ( )

Let us next estimate the number of possible choices of the u; which
belong to the @’s of the r-th subclass. These u; cannot have a prime factor
in the interval (22+2, n1/7). To see this assume p |u;, 222 < p < n'/". From

nll

2
(21) and »; < u; we have or << 2r+igli2,  Put now

U
ay = T PVy.
From (21) we evidently have
u
pry < N2l §‘< vy

which contradicts the minimality property of ;.
Hence by Lemma 3 and (20) the number of possible choices of the wu;

belonging to the a’s of the r-th subclass is less than

nli2

log n

or+ipl/2 7 (1—%)-((:15!'2’ G 3 .. (24

2242 < p < wllT
Now we apply Lemma 2. From (24) and (23) we have here
1/2 nlf2

n
< 52 fogn’ 52<014m,

thus from Lemma 2 we have that the number of a’s of the r-th subclass is
less than

ndt p2
(log n)*® 272"

From (25) we obtain that the number of a’s of the third class is less than
¢t/ (log n)3/2, e .. .. .. (26)

c157 22 [log n4-cqq (25)
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(14), (19) and (26) imply the upper bound in (3) and hence the proof of our
Theorem is complete,
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