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Introduction

The application of probabilistic methods to another chapter of mathe-
matics (number theory, different branches of analysis, graph theory etc.) has
in the last 30 years often lzd to interesting results, which could not be obtained
by the usual methods of the chapters in question. These results are in most
cases of the following character:itisshown that insomesense ‘‘most’’ elements
of a set of mathematical objects possess a certain property. Thus these results
deal with typical properties of elements of a certain set, neglecting elements
which behave in a different way, provided that their number is in some sense
negligibly small. If the number of elements of the set considered is infinite a
certain natural measure has to be introduced and relations are studied which
are valid for “*almostall’ elements of the set considered, i.e. with the exception
of subset of measure zero according to the chosen measure. If finite systems
are studied, then the most natural measure is the number of elements of the
sets considered. In such cases the point of view usually adopted is as follows:
if S,(n=1,2,--+) is a sequence of finite sets, the number of elements of S,
being equal to N(n) where lim N(n) = + o, and if A(n) denotes the number

n=+ w0
ofelements of S, having the property 4, and if lim f{% =1, wesay thatin the

n=++ o
limit for n » + o “‘almost all’’ elements of S possess the property 4.

In proving such assertions, probabilistic methods are usually the natural
tool, in spite of the fact that the problem considered has nothing to do with
chance.

It often happens that the easiest (or the only available) way to prove that
S contains at least one element having the property 4 for sufficiently large
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A(n)

values of n, is to prove that llmlnfﬁ(—)> 0; in this way the existence of
n—++aw

elements of S, having property 4 can be proved while the actual construction of
an elemsant of S, having the property 4 cannot be carried out. Thus probabi-
listic considerations lead often to proofs ofexistence concerning finitesystems.
Whileinvestigations of the above described type have been frequently made in
number theory (see for instance [1], where further references are given) and
graph theory (we mention here for instance our papers [2], [3], [4]., [5]).
up to now such methods were only exceptionally (see [6]) applied to the study
of finite algebraic systems.

In the present paper we shall give an example of applying probabilistic
methods to the study of finite groups.

Let G, be a finite Abelian group of order n. (We use the additive
notation for the group operation). Let us choose k arbitrary elements of
G,, and denote them by a,,a,, -+, a,. Let us consider all possible 2¥ sums
£,a,+&ya,+ -+ +ea, where g, &,,--,¢ are equal either to O orto 1. In other
words we consider the set of all possible sums a; + a;, + --- + a;, where

1<iy<i;<-+<i.=k and 0= r =<k. The question is now, whether all
k

elements b of G, can be represented in the form b = X ¢a,?
i=1

logn
Iog

in §2 (see Theorem 2) that if we choose the elements aq,---,a, of G, at random

logn + loglogn + w,
log2

Of course this is possible only if 2*>n,ie. if k= ——. We shall prove

andif k =

where w, tends to + o for n —» + o arbit-

rarilyslowly, thenevery b € G, can be represented in the form

k

(1) b= X gq

i=1

with probability tending to 1 for n — + oo. It is natural to ask also, how much
larger the value of k has to bechosen thateach beG, should haveapproximately
the same number of representations in the form (1). We shall provein §1 thatif

k= %%ii where ¢ is a sufficiently large positive number then every
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b € G, has approximately the same number of representations in the form (1)
with probability near to 1 (see Theorem 1). More exactly, if

2logn + 2log i—+10gj‘s—
k2

log2

then with probability = 1 — d the number of representations of bin the form (1)
K k
is contained between (1 — a')?; and (1 + 5}2? for all b e G, ; here ¢ and 6 are

arbitrary small positive numbers (Theorem 2). We conjecture but could not
prove up to now that the factor 2 of logn in Theorem 1 cannot be replaced
by a smaller number.

The method which we apply to prove Theorem 1 consists of two steps:
The first step consists simply in the evaluation of the expectation of the mean
Vi(b)

2%
number of representations of b in the form (1). Thisidea has been firstapplied

square deviation of the random distribution where V,(b) denotes the

to a particular problem of number theory by P. Turdn [7]. The idea has been
recently developed by Ju. V. Linnik [8] into a powerful method in number
theory, called by him the “‘dispersion method’’. The second step may be charac-
terized as utilizing the smoothing effect of random choice: if most of the
numbers V,(b) are almost equal, but a few of them may be considerably smaller
or larger than the average, then by choosing a relatively small number of
further elements ay ; ;,--+,a,, ; at random, the distribution gets smoothed out,
i.e. the distribution {2 "**" ¥, ,.(b)}(b e G,) is usually much more uniform
than the distribution {2 ~*V,(b)}.

§1. Finite Abelian groups

Let G, be an Abelian group of order n. The elements of G, will be denoted
by a, b, ¢, -+ with or without indices. The group operation will be written as
addition ; accordingly we denote by 0 the unit-element of the group, and by
— a the element for which a + (—a) =0; for any ae G, we put 1 -a=a
and 0-a =0. Let a;,a,, -,a; be k elements of G chosen at random, inde-
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pendently of each other, so that each a; may be equal to an arbitrary element
of G, with the same probability % We denote by V,(b) the number of repre-

sentations of an element b of G, in the form
(1.1) b=¢a; +e,a, + -+ ga,

where each of the numbers &; may have the value 0 or 1. Then for each be G
Vi(b) is a random variable.
If the values of a,,--+,a, are fixed, clearly

L V(b =2*
beG_
V(b)) . T
and thus —5( isa probability distribution,. Let P(---) denote the proba-

bility of the event in the brackets and let E(---) denote the expectation of the
random variable in the brackets.

In what follows we shall often use the following elementary inequality,
called usually Markoff’s inequality: if £ is any nonnegative random variable
and A a real number, 4 > 1, then

1
(1.2) P(E2 AEQ) = .

If A and B are events, £ and n random variables, we shall denote by P(A |B)
the conditional probability of the event 4 under the condition B, by E(ﬁ]B)
the conditional expectation of ¢ under the condition B and by E(¢|#) the
conditional expectation of & given .

We prove first the following

Lemma.

(1.3) D}=E (,,Z (Vk(b)— %;)2) =2k(1_i)
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Proof of the Lemma. We have clearly

(1.4) Di= X E(Vf(b))-i
beG. n

Now

(1.5) Vi(b) = Y1

erayt...+exax =b

where the summation has to be extended over all 2* k-tuples (g;,+-,&,) of
zeros and ones. Thus we obtain

(L.6)  ZEWVib) =X ZP(eqay+ - +ea, =¢1a, +&'4ay)
b

where (g,,--+,&,) and (¢},:+,&) run independently over all k-tuples of zeros

and ones. For the sake of brevity, let us put & = (g, -+, &), ¢ =(&'y,-+,&")
i

: k k
further a =(ay,-,ay), (¢,a) = & g;a;and (¢',a) = 2 &';a;. Clearly if e=¢’
j=1 j=1
then P((¢,a)=(¢’, a))=1. Now let us suppose that ¢ and ¢ are not identical.
Then there is value of h (1 £ h < k) such that ¢, # ¢;, i.e. either g;=1 and
&,=0, org,=0and g, = 1. Then if the values of ¢; for j different from h

are fixed the equation (g, a) =(¢&’,a) has exactly one solution for a, and the
probability that a, is equal to this unique value is clearly _:1 ; thus if e #¢’

we obtain P((g, a) = (g, a)) = % Thus we get

k
1.7 p) }: P((e,a) =(¢',a)) =2" + 2—(2;—"1)-

which proves our Lemma.
We can deduce from the Lemma immediately

Theorem 1. If

2logn + 2log :—;+ log-la—

(1.8)3 k= Tog2
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wheree > 0and 6 > 0 are arbitrary small positive numbers then

(1.9) P(Max‘Vk(b)——!<a—)>l—5

beG !

Proof of Theorem 1. Clearly

(1.10) Max[n(b) - 2 s ¥ (V,‘(b)*‘z) ’

begG,

and thus by Markoff’s well known inequality and the Lemma

, i ok n?
(LD P(,,E’f?_"“’*“’)‘ﬂ ”n—) < g7
Thus if (1.8) holds
2k 2k
(1.12) P(Max|V(b)—— >s~—)<5
beG n n

which proves (1.8).

[t follows from Theorem 1 that there exists in every Abelian group o order

2logn + ZIog—i;- + log;—

n for each k = Tog2 k elementsa,, -, a,such thateach

element b of G, can be represented in the formb=¢,a, + - + ¢, a;, where
. v .
g;=0orl1(j=1,2,---,k) £ (1 + &) times where |£,,| Ze
An interesting special case is obtained if G, is the additive group of residues
mod n.

Now we proceed to prove

Theorem 2. Foranyo>0if

log n
logn +210c, 3 [Og ng

(1.13) k o

I

+3
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then

(1.14) P( Min y;(b)>0)>1—5.

bhed.

Proof of Theorem 2. Put

e log n
(1.15) kl—[mg 2]+d+1
2log ;
: = ——
where d is a positive integer, d Tog? et

Then by Lemma 1, denoting by N, the number of elements b of G,for which
Vi, (b) =0, we have

2

n
(1.16) E(Ny) S 77

Thus it follows by Markoff’s inequality that for any 4 > 1

) n? 1
(1.17) P(Nh}j-zT])é-I-

Letusdenote by 4, theevent N = ,1 5 % Supposing that 4, holds, we

select an element a,, . ; at random. Let N ,, denote the number of elements
b of G, for which V;, ;1 (b) =0. Clearly ¥, ;(b) =0 ifand only if V;, (b)=0

and V,, (b')=0 where b’ =b —a,, ,,: and this has probabllltyN Thus
it follows

N2
“-18) E(Nk,H‘Nk. =;'k‘!—

which implies

(1.19) E(Ny, 1| 40) S
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and thus
3
(1.20) P(Nﬂ“+I >2-'1—i) 21

1 3
Let A, denotetheevent N, ,{ = Fn, and let us now suppose that both 4,and

A, hold. Choosing the element a,,,, at random and repeating the same
argument, we obtain

NZ
(1-21) E(Nk.+2|Nk,+:)=-‘ﬂ+—l
and thus
1.22 E(N, 14| oA, <447
(1.22) (Ney+2| °l)=27-

(Here and in what follows the product of events denotes the joint occurence
of these events). This implies

1

;
16A7n AaA1)§—‘-

(1.23) P(N,q” R

28 A

Let us continue this process; let the elements a;, ;3,-:-a;,+; be chosen at
random independently and with a uniform distribution in G,. Let in general

Ay, +denote the event

221_112HI_1_" ) )
(1.24) No+i & =g =M, (i=0,1,--,j)

then we obtain, putting B, = Ay4,---4; (i=0,1,---,j)

1
(1.25) P(‘JIIBE—L) s 2 (i=0,1,-,)).
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Now clearly if j is an integer for which

logn
log——
i log2
>
(1.26) j = Tog2
then
1 oglilo g~
(]_27) M_,' é_z__nmlgklgz,w? d
On the other hand we have
j
(1.28) P(Bj) =P(A0)+1;1P(A;'B,..l)

and thus, in view of P(CD) = P(C I D)P(D) £ P(C|D)
i
(1.29) P(B) £ P(4,) + X P(4,;|B;-,)
i=1

Thus we obtain that

1 1 1 2
e O (O . SO .0
(39 PB)S g +y+tymt sy
Now we shall choose
(1.31) A.=12 =203
Then we have 2logd = d — 2, and thus by (1.27)
log2
> 1

(1.32) M;S— 1.

It follows that if the event B; takes place, N, ,; =0. Thus if (1.26) holds,

(1.33) P(Min ¥, , (b)>0) 2 1 — 21~ (@22

beG,
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2log i

log 2

and thus if d = + 4 then

(1.34) P(Min ¥, (b)>0)= 1 3.
b:G,

As k, is defined by (1.15) and j is an integer for which (1.26) holds, clzarly
k =k, +jis any integer for which (1.13) holds.

This proves Theorem 2.

§2. Some remarks

In order to obtain some further insight into the problem, it would be useful
to compute the moments

(2.1) w(n.k) =E(X [Vi(B)])

hed,

for r =3,4,---. It is easy to show that

kenk _ keak _ K _
L32e-n 2et-net-2)

2

(2.2) wa(n, k) =2

n n

Formula (2.2) follows from the fact that if ¢ ') ¢ ®’and ¢ ’are any three
different k-tuples of zeros and ones

P{'(E“}, a_] — (8(2), ﬂ) s (8“”,(])) :nl_z_ :

However

P((eMa) = (& ) = (P, 0) = (¥, 0))
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) (2) (.!]

is not equal to L for any four different k-tuples & ) and this

makes the computation of it,(n, k) for r = 4 more dificult.

A surprising feature of our results is that they do not depend at all on the
structure of the group G,,.

Let us mantion that both theorems 1 and 2 can be generalized for arbitrary
non-Abelian finite groups, in the following way: Let G, be any group of order
n, let us choose the elements a,,---,a, of G, at random (with uniform distri-
bution) and independently. Let V,(b) denote the number of representations
of b in the form b=a; a;, - a;, (wc now write the group-operation as
multiplication) where 1 <i, <i,<--<i,<k and 0<r=<k (an empty
product denotes the unity element). Then the statements of Theorems 1 and 2

are valid,

However if we considerallpossibleproductsofdifferentelementsa; a,, - a;

ir

which can be formed from the elements @,.a,.--,a, chosen at random, and do
not consider only such products in which i; <i, < --- <i,, then the situation
changes completely. In this case the structure of the group G,becomes relevant.
We feel. that the supposition that only such products formed frem the elements
ay,,a, chosen at random should be considered in which a;always prececds
a; if both occur and i < j, is unnatural. This is the reason why we restricted

ourselvesin §1. to formulate our theorems for the case of Abelian groups.
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