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Dedicated to my friend A. D. Wallace on the occasion of his 60th birthday.

ABSTRACT

Let a4y < a, << --- be an infinite sequence of integers. Denoteby g(n) the
number of solutions of n=a;-..a;.If g(n)>0for a sequence n of positive
upper density then lim sup g(n) = oo.

Let a; <a, <--- be an infinite sequence of integers and denote by f(n) the
number of solutions of n = a; + a;. An old conjecture of Turdn and myself states
that if f(n) > 0 for all n > n, then limsup, .. f(n) = co. A stronger conjecture
(which nevertheless might be easier to attack) states that if a, < ck? then
limsup, -, f(n) = . Both these conjectures seem rather deep. I could only
prove that a, < ck? implies that the sums a; + a; can not all be different [6]
(c,¢q,c,5,++ denote absolute constants).

In view of the difficulty of these conjectures it is perhaps surprising that the
multiplicative analogues of these conjectures though definitely non-trivial are not
too hard to settle. In fact I shall prove the following.

THEOREM 1. Let b, < b, < -+ be an infinite sequence of integers. Denote by
g(n) the number of solutions of n = b;b;. Then

@)) g(n) >0 forall n>n,
implies
(2 limsup g(n) = oo
Define Bg= 5 1

b,=x

A well known theorem of Raikov [5] states that (1) implies that for infinitely
many x
3) B(x) > ¢, x/(logx)'/?

Thus to prove Theorem 1 it will suffice to show that if (3) holds for infinitely
many x then (2) follows. In fact T shall prove stronger results.

Denote by u,(n) the smallest integer so that if b; < --- < b, < n, t = u(n) is any

Received December 17, 1964.
251



252 P. ERDOS [December

sequence of integers then for some m, g(m) = I. Theorem 1 would follow from
uy(n) = 0(n/(logn)''?).

THEOREM 2.
Uy (n) < ¢y — = (loglog )

In a previous paper I [1] proved that
4) I(n) + c3n** [(log n)** < uy(n) < I(n) + c,n™*

I1(n) denotes the number of primes not exceeding n and IT(n) denotes the
number of integers m = n the number of distinct prime factors of which does
not exceed k. The right side of (4) can in fact be stregthened to

(5) uy (n) < T (n) + csn®*/(log n) 3>

I do not prove (5) in this paper.
(4) and (5) suggest the possibility of obtaining an asymptotic formula with an
error term for u,(n) also for I > 2. I am going to outline the proof of

THEOREM 3. Let 27! < [ < 2% Then

n(log logn)*~!

u(n) = (1 + o(1) (k= Dllogn '

Finally I am going to prove the following

THEOREM 4. To every ¢ and I there is an ny = ny(c,I) so that if n > ny and
by < < b, =< n issuch that the number N(n) of integers t <n which can be
written in the form bb; is greater than ¢n then there is an m with g(m)> 1.

Theorem 4 clearly implies Theorem 1, but not Theorems 2 and 3.
Our main tool will be the following

LemMMA. Let S,,---, S, be r sets of integers, S; has N; elements (Ny > - > N,)
", 1<j<N,. Let uy <u,<--<u, be a sequence of integers where each
uj, L £j < tisof the form[ ]/~ x(i.e. every u can be written as the product of r
integers one from each S;). Then if

3f r
[IN:

N!zr—l i=1

(6)

there is an m so that the number of solutions of

m=u;u;,
is at least 2",

To each integer of S;, 1 <i<r we make correspond a vertex and to each
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u; = []{-1 x| we make correspond the r-tuple {x;}{? 1 <i < r. Thus we obtain
an r-Graph [2] G“( X, N;;1) and if ¢ satisfies (6) then by the corollary of
Theorem 1 of [2] there are integers x{”,x,? in §;, 1 <i <r so that all the 2"

integers
r
ITxP, A=1or2
i=1
are w’s. Thus []f_; (x{x}” = u; u;, has at least 2"~ solutions, which completes
the proof of the Lemma.
Let now b, <+ < b, <n be a sequence of integers for which g(m) < 2* for

§=

all m. To prove Theorem 2 we have to show

c,n(loglogn)**!

(7 0
ogn

To prove (7) we split the b’s into two classes.
In the first class are the b’s which can not be written in the form (exp z = ¢€°)

k+1
(8) 1 e, e > exp((log log n)?).
i=1

Denote these b’s by bj,---, b, and write b; = u;v; where all prime factors of u,
are not exceeding exp((loglogn)?), and all prime factors of v, are greater than
exp((loglogn)®). By (8) v; has at most k prime factors (for otherwise v; and there-
fore b; = w;v; would be of the form (8). Further a simple argument shows that
u; < exp((2k + 2)(log logn)?) (for otherwise u; and therefore b; would be of the
form (8)). But then clearly

n n
) 5 < Enk(;) < T, (T)
where the dash in the summation indicates that 1 < t < exp((2k + 2)(loglogn)?).
Now by a theorem of Landau [4]

x (log logx)*™*

(10) M(x) = (1 + 0('))m

Thus from (9) and (10) we obtain by a simple computation
(11) sy < cen(loglogn)*1/logn.

Denote now by b", - b", the b’s of the form (8). If ¢, > ¢4 and (7) would be
false, we would have from (11)

n(loglogn)**?

(12) s; > (c; —cg) Togin
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Put for 1 < j < s, (we write e{” instead of e)

k+1

I j)sz.i"< e(){21+1 )
(l.;) I I e i 't
<5 (i) o T

To each b} we make correspond the (k + 1)-tuple
(14) MM, 1Zigk+1.

By (13) the number of possible choices of the (k + 1)-tuples (14) is for n > n,
less than (logn/log2)**!. Thus by (12) there is a (k+ 1)-tuple (Ag,-,444)
which corresponds to more than n/(logn)***b" s say b}, ---. b

(15) s3> n/(logn)*+3

Now we apply our Lemma with » = k + 1. The sets S, are the integers in (2,
21*4), thus N; = 2*, and by b < n we have

k+1 k+1
H Niézzi=l Al §u

i=1

By (15) and 4; = (loglogn)* a simple computation shows that sy =t clearly

satisfies (6). Thus by our Lemma there is an m for which m = b;} b/! has at least 2
solutions, which proves Theorems 1 and 2.

COROLLARY. Let b; < -+ be an infinite sequence of integers so that every n > n,
can be written as the product of k or fewer b’s. Then limsup,—_,, g(n) = .

Raikov’s theorem implies that for infinitely many x B(x) > cx/(logx)'/*. Thus
the corollary follows from Theorem 2.

Now we prove Theorem 4. We shall show that there is an & = &(c) > 0 so that
to every T there is an ny = ny(T,¢) for which, n > ny, N(n) > cn implies that
there is an L > T satisfying.

(16) B(L) > eL/(log L)"/*.

(16) by Theorem 2 implies Theorem 4.

(16) implies Raikov’s theorem with &= c;. Our proof of (16) will not use
Raikov’s theorem but we will use his method.

We evidently have

17 en < N(n) < ZB(%): ) HET ) 1
i i

wherein Xy b, < T,in X, T<b,< n/Tandin X; b, =n/T. Clearly
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(18) X, < TB(n)
and
(19) Y < TB(n).

(19) follows from the fact that there are most B(n) summands in 25 and each
summand is < T. If (16) does not hold then for every L > T

(20) B(L) < ¢L/(log L)'"%.

Thus from (18), (19) and (20) we have for n > ny (T, ¢)

(21) Y. 4 X, <2TB(n) < 2Ten/(logn)''? < cn/2.
From (20) we further have

(22) e X en/b; (Iog g‘)uz i

T<hi<u/T
Now from (20) we have by a simple argument that for b, > T, b; > i(logi)'/2.
Thus from (22) we obtain by a simple computation

(23) Z_«_ <en X — 1
i=2 s a 112 n 1/2
i(logi)” (]og—i)

e
<CqEn < — 1
/12

2

if & is sufficiently small. (21) and (23) contradicts (17), thus (20) can not hold
for all L> T (or (16) holds for some L > T) which completes the proof of
Theorem 4.
The following problem can now be put: Assume that (1) holds. What can
be said about
F(n) = max g(m) .

m=n

I can prove that there are two constants o, and o, so that (1) implies for n > n,

(24) F(n) > (logn)™.
But there exists a sequence b, < --- for which (1) is satisfied and for all n
(25) F(n) < (logn)™.

In this paper I do not give the proof of (24) and (25) but only remark that the
proof of (24) is a refinement of the proof of Theorem 2 and the proof of (25)
uses probabilistic arguments similar to the ones used in [3].

Now we outline the proof of Theorem 3. By (10) Theorem 3 implies that
for 2271 <1<2F u(n) = (1 + o() I, (n).

First we show

n(loglogn)*~*
(26) uzk=144(n)2(1+o0(1)) Hk-l(n):(l"'o(l))w
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Denote by v < -+ < v® < n the set of integers of the form

2
HP;“”; Piv1 < pi'™™. po> (logn)?.

=i logn i=1

It is a simple exercise in analytic number theory to prove by induction with
repect to k that
n(log logn)*~
28 t,=(1 1 T — Dlloa
(28) =14 ()) —I)llogn

We leave the proof of (28) to the reader. To prove (26) we now show that for
every m the number of solutions of

(29) 9 =m

is at most 27!, Observe that if (29) is solvable we must have

k
(30) m = [] pu;

i=1
where Hf‘:l p; and 1_[,-"_, g; both satisfy (27). Every solution of (29) must be of
the form

k
31 =TI x®, o = ]_[\ 5 BV v pgllls e[ sini s

i=1 i=1
where the x!" and x{*’are the p's and ¢’s and [ J}-, x{" and []f-, x{* satisfy (27).

xM and x® we will call the i-th coordinate of v’ respectively vi*. Clearly p, and

q, must be the first coordinates of any possible solution of (29). 10 see this observe
that (27) implies

IT pig: < n'* < njlogn

i=2
and hence (27) can be satisfied only if the first coordinates are p; and g, . Assume
that the first i — 1 coordinates of a solution v}-f}of (29) has already been chosen.
I claim that there are only two possible choices for the i-th coordinate of v{*) To
show this it will suffice to prove that only one p and only one g can possibly
occur as the i-th coordinate of v/} If this is not so we assume that both
Uj =Xy Xjoq PuXip X and oY =Xy X;_qpXiyq X would be solution
of (29). But then clearly

(32) U; = Xyt X1 Pus 9;43'1‘“1';—11’3[-
Hence by (27) and (32)
logn > vjfv] > p,/p; = p)" > logn

an evident contradiction.
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The fact that the first coordinates of every solution of (29) must be p, and ¢,
and the fact that for i > 1 there are most two choices for the i-th coordinate of
v\ immediately implies that (29) has at most 2*7! solutions. Thus by (28), (26)
is proved.

To complete the proof of Theorem 3 we have to show

n(log Iog n)F
—1)!logn

(33) uyx(n) = (1 +o(1))

To prove (33) it suffices to show that to every &> 0 there is an ny, = ny(e, k)
so that if

k=1
(34) by < o< by, I (L+9 &(If”ll)o,g];zﬂ
is any sequence of integers then there is an m with g(m) = 2% We will only outline
the fairly complicated proof.

Assume that there is a sequence satisfying (34) for which g(m) < 2* for all m.
We shall show that this assumption leads to a contradiction. We split the b’s
into five classes. In the first class are the b’s which can be written in the form

(35) [Tew e>(ogn)™ 15i<k+1

where ¢, is a sufficiently large absolute constant. Using (35) and our Lemma in
the same way as we used (8) and our Lemima in the proof of Theorem 2 we obtain
that g(m) < 2* for all m implies that the number of integers of the first class is
0((n/(logn)*)). The integers of the second class have at most k — 2 prime factors
> (logn)™and they can not be written in the form (35). In the asme way as we
proved (11) we can show that the number of integers of the second class is less
than (cn (loglogn)*~?)/logn). The integers which do not belong to the first two
classes can be written in the form

k—1
(36) t [1pis pi>(logn)™, 1 Si<k—1
i=1

and where ¢ can not be written as the product of two integers > (logn)®* (for
otherwise our number would be of the first class). In the third class are the
integers where all prime factors of ¢ are less than (log n)" where 5, = n,(¢)
is sufficiently small. We can assume ¢ < (logn)*** for otherwise ¢ would be the
product of two integers > (logn)® Thus the number of integers of the third
class is at most X' IT,_,((n/t)) where the dash indicates that ¢ < (logn) ***and all
prime factors of t are less than (logn)™. By a simple computation we have from
(10) and 7y = n,(e)



258 P. ERDOS [December

loglogn)*™* ¢ n(loglogn)*~!
B (L) =) 1 & nGoglogn~
@37 o ( +ell) (k—2)!logn E T (k—1)!logn
Thus by (37) the number of b’s which belong to the first three classes is less than
(£/2)(n(loglog n)""l /(k— 1)!logn) and hence by (34) there are at least

&, n(loglogn)*™!
(38) I+ %) =Driogn

b’s which do not belong to the first three classes. These b’s can by (36) all be written
in the form (p, is the greatest prime factor of 1)

k
39 ¢ []p. p>Cogny™ 1<i<k—1, p>(logm™ ' =L
i=1 P
In the fourth class are the b’s for which
(40) t" < (logn)™ where 1, = n,(n,)

is sufficiently small. We shall now show that our assumption g(m) < 2* for all
m implies that the number N of integers of the fourth class is less than

n(loglogn)
(41) N<(l+ 4)(k—l)!logn

If C is any set of integers N(C) will denote the number of integers of this class.

Let b; be any integer of the fourth class, b; can be written (uniquely) in the form
(39) and by I,, we denote the set of integers b;/t". The integers in I,. have all k
prime factors, If (41) doesnothold then (in X' ' < (logn)™)

n(loglogn)*~!

(42) N= ):N(I)_(l-i- )m.

We evidently have (I, nI,- is the set of integers belonging to both I,. and I,.
InY" t'#1")
TONU) ST + T NUe 0 1) <
I, (n) 4+ (logn)®™ max N(I,, N I,.).
(3

(43)

From (42), (43) and (10) we obtain that for n > n,
¢ n(loglogn)*™! . n
10 (k — D!(logn)t*+21. = (logn)t+3n,

(44) max NI, nI) >
tht”
Hence there are values of t" and ¢ say ¢ and t @1V ¢ ®) for which(44) holds.
We are going to prove that (44) implies that there are primes p*), p*, 1< i<k
so that all the 2* products
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k
(45) 1 p®, i=1or2

belong to I, M I,,. But then all the 2**" integers.
:“’1‘[ p*, A=1lor2

are b’s of the fourth class. Thus for m =t V1@~ p"p,* we have g(m) = 2",
which contradicts our assumption, hence (41) is proved

Thus we only have to show that if the primes p*, 1 < i < k with the property
(45) do not exist then (44) can not hold. This will be accomplished by arguments
similar to but more complicated than the ones used in the proof of Theorem 2.

We will only outline the argument. Denote by

(46) ry <--<ry, 1>n/(logn)'*

the integers belonging to I,, N I,,. By (39) each r; is the product of k primeseach
greater than (logn)™. As in the proof of Theorem 2 we make correspond to

ry=[]5=1p: the k-tuple
(4?) ()‘1,-.-’)‘*), ;'1>”.>)1.? 2‘li<p‘<21+‘1=

Denote by N(4,, -, 4,) the number of r's corresponding to the k-tuple (4, , -+, 4,).
We shall show that

k

(48) N(iy, - A) =2 Zfai (n ) —1p=af2ktt

By the prime number theorem the number of primes p; satisfying (47) is
(1 + o(1))(2*/4;10g2). Now we apply our Lemma with r = k and

Ak

s, %—(log n)™.

= 2 Akf2
) N, = (L4 o(1)) 7oos > 27,

We obtain by the Lemma by a simple argument that if
k -1 A &
(50) N(Ay, - 4) > (1 + o(1))2 T ([[,{, ) (log2) ™% 27"H2"
i=1

2}:1:1'11( l—[l{)—l 2" A2kt

then primes p;") p,*) 1 i < k exist so that the numbers (45) are all r;’s and we
have assumed that such primes do not exist. Thus (50) is false or (48) is proved.

k
(48) clearly implies (the dash indicates that 22‘”;"i < n and 2%*> L(logm)"
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’ ’ Zk.- 11 k k+1
(51) I= X N{g,»d) < XL 27t ‘(1‘[ ,1,.)“ 27 4k/2
i=1

By an elementary but somewhat lengthy argument (using elementary inequalities)
which we supress we obtain that (51) implies

(52) I < n/(logn)* 3"

if n, =n,(n,) is sufficiently small. (52) contradicts (46) and this contradiction
proves that (44) can not hold, which finally proves (41).

The remaining b’s are in the fifth class. By (41) these integers can be written
in the form
k
(53) t' [ pispi>(logn)™ 1 <i <k —1,p,> (logn)"™, (logn) ™ < t' < (logn)**
i=1
(if ¢’ = (logn)** then a simple argument would show that our ' ]_[,-';1 p; can be
written in the form (35) and hence belongs to the first class). By (38) and (41)
there are at least

¢ n(loglogn)*1 n

(54) 4 (k—1!logn - logn

b's of the fifth class. To each such b we make correspond a (k + 1)-tuple
(Aysorsdpsg)s Ay > o0 > Ay satisfying

2ii{pi{21+2: 1§i§k. 21h+|§‘{21+lk§|
{55) 3 k+1
2 > d(logm)™, 1<i<k, i(logn)™ <2* < (logn)**,
k+1
itk

Denote by N; (4;,--+,4,+,) the number of b’s of the fifth class belonging to
to (Ay, Ay ). By (54) we have
n

(56) E’NL(AI,—--.AHw@

where the dash indicates that

k+1 k41
(57) i1k <n, 2">1(logn)", 1 £i <k, 3(logn)™ <2* " < (logn)**
Now we prove

k+1 4 k \
(58) Nl daa) S250 A [ )27t
vi=1

As in the proof of (48) we obtain that if (58) would not hold then there would be
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primes p?, 1 < i<k, A=1 or 2 and two integers ¢t and t®so that the 2**1
integers

k
]_[“) A=1or2

all would be b's of the fifth class, but as we have already seen this implies

g(m) = 2% (for m = (V1P [[4-, piVp?). Thus (58) is proved. Now we obtain

from (58) by a simple computation the details of which we supress that (the dash

indicates that (57) is satisfied)

(59} E’N{A sea, ){ 22#"'1’1}(1&1_4'[1&)‘_1 2‘—3k+1.|’2k+: "'0( n )
1l 2O+ 1) = o1 Iﬂgﬂ

(59) contradicts (56) and this contradiction proves (34) and also (33) and hence

completes the proof of Theorem 3.
Let 2¥7' < | < 2*. Theorem 3 could be sharpened to

. n(loglogn)*~*
un) = = Dllogn T ((1ogn)1+c)

where ¢ > 0 is a suitable positive constant. But at present I can not prove for [ > 2
a result as sharp as (4) and (5).
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