ON A COMBINATORIAL PROBLEM IN LATIN SQUARES
P. ERDOS and A. GINZBURG!

1. Denoteby §, an arbitrary latin square with n elements {a,. a,, ..., a,}.
A row and column of this square, intersecting on the main diagonal (i.e.
diagonal beginning at the left lower corner) will be called corresponding.

After striking out n —¢ arbltrary rows and corresponding columns,
a square T, with ¢ x ¢ entries remains. Such a square will be called a principal
minor. It is clearly determined by denoting its ¢ elements belonging to the
main diagonal.

Denote by ki i, . .ip (i, &y .., 8 = 1,2, ..., nall different) the number
of columns in 7T, containing the elements a;,a;, ..., a; simultaneously.
Let k9 be the minimum of k; i, .., i,. We shall consider the following problem:

Assuming that n and k@ are two given positive integers, what is the
minimal ¢ (denoted by b), such that from an arbitrary S, at least one 7', can be
obtained with the prescribed k@,

The problem is solved by a method used already in [1] and [2].

The question for the case of k® arises in connection with so called
generalized normal multiplication tables of groups (and other systems) [3],
[4], [5]. Such tables are complete (i.e. the product of any two group elements
appears explicitly in them) if and only if £ = 1. E.g. the following
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isa generalized normal multiplication table of the group Z; (the cyclic group of
order 15). The multiplication is performed according to the rule

GijTire = Jins

! Technion, Israel Institute of Technology, Haifa.

407



408 ERDOS — GINZBURG

where g;; is the element placed at the intersection of the i-th column and
j-th row.
It can be directly inspected that in the above table k® — 1 and it is
really complete. It can also be shown that for n =15 and ® =1, b = 7.
2. From the definition of b follows directly

N
q q.
Assuming that the main diagonal is occupied by one element a,, one improves
(1) to
Ib- 1 b > k@ in = ll .
q q

The following theorem gives an upper bound for b when k@ — 1.
Theorem. I'n any given n by n latin square there can be found a principal
minor of order not more than
9 3
Cnat! (log n)att,

(C' a sufficiently large absolute constant) containing every q-tuple
(@i @iy ooy @) (g Byy o ooy iy = 1,2, ..., n all different) in some column.
o 3
Proof. We shall show that if 2t = [Cn‘l+' (log n)9 +‘] elements are chosen

i n c ;
at random on the main diagonal, then all but o( J)Uf the principal minors so

obtained will contain every g¢-tuple in some column.
For this it will suffice to show that the number of principal minorsin which

[ n ]
; . - N BT
a given g-tuple (a,, a,. ..., a,) does not occur in any of its columns iso| — 1 -
: = > n

We shall now estimate this number.

: : . n
First we choose ¢ elements at random. This can be done in [ ways.
l

Denote the chosen columns by 7, 4, ..., 7. In every i (1 < s < {) the
elements @, @y, ..., a, occur in the rows denoted correspondingly by j{,
18, ..., 79 When choosing the remaining ¢ elements on the diagonal we have

to take care that none of the ¢ g-tuples (j¢, &, ..., %) occurs amongst
the ¢ chosen elements, for otherwise (@), a, ..., a,) would occur in a column
of our minor.

It is easy to show that there are at least — J — of these g-tuples
¢ —q+1
which are disjoint (this follows from the fact that there are at most g g-tuples
which contain the same element). Denote the number of disjoint g-tuples
by . The number of -tuples not containing any of the u g-tuples equals by a
simple sieve process:

e e e
A LIt =g 2 t—2q
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It can be shown that the sum (2) is o(—- };a__) if 2t = [Cnt! (log n)i+]

where C is a sufficiently large absolute constant. Our proof of this fact uses
standard probabilistic arguments and is inelegant and therefore we supress
it. (A proof due to Prof. N. G. pE BrRUwN is given in Addendum).

Now the total number of ways of choosing 2f elements on the diagonal
so that no column of the obtained principal minor should contain the fixed

g-tuple (ay, @, ..., a,) is less than
_ ' |u — ty ' ’nl
% .O( L ..l.._ﬂ(_'_??_)
t_’ B ‘2t'] o\t
{

-HJ g-tuples we obtain for all but o([n']] choices principal
q \2t))

Since there are

minors of order 2t with every g-tuple in some column,
This completes the proof.

For ¢ = 1 there is an explicit formula for the sum (2) (see [6] p. 316).

In this case u =1{ and 2t“ (— 1}v(t [n =%}=41 e (n- i 2‘5] 3
=0 v ft—vwv t
n— 2
[ H )_ nl(n—20)! (n—20)!(20)1¢1¢!
w =) (=301t nl (20!

Hd

[n—’!, (n —2t—1) {n—3£—;—1) l—-—f—l 1 — t
(H—a‘.)(n—!—l)...(n.—2£+1} [ ( ]

t =
. ]— t }<[l__r_ < £ l'l.
n—2t-+1] 7

For 2t= [C‘n"}(]mr n) 1}] e T = 0[1-] if 0= 2.

3. At present we can not decide if this theorem is close to being best
possible (from (1) it follows that in any case b > n94+1). It seems though
that it will not be easy to improve it with the method of this paper. Following
a suggestion of Prof. H. HANANI we can show that for any p prime or a power
of a prime a quadratic table of p* 4 p 41 by p* 4 p + 1 can be constructed
containing p* + p* + p +1 elements, such that any pair of these elements
oceurs at least in one column of the table and no element occurs more than
once in one column or one row of it. This can be done as follows: it is well
known that from p*+ p—+ 1 elements p*+ p++1 p-- 1-tuples can be formed
with every pair of elements in one (and only one) p -+ 1-tuple. Now replace
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every one of the above p* - p 4 1 elements by p new elements and a ,,zero”
The total number of the obtained elements will now be p3—|—p4—|—p—| 1 and
they are divided in p>4+p 41  p*-+ p -+ I-tuples. Every pair of the new
elements occur clearly in one of the p* - p 4 1-tuples. (Some of the pairs
oceur in p -1 such p* -+ p 4 1-tuples.) It is easy to see that the replacing
can be performed in such a way, that no element occurs twice in one row of
the obtained quadratic table. This table can now be extended to a latin square,
sinee it fulfils the condition of Ryser [7].

4. A number of unsolved problems arise in connection with the above
one:

1) To find bounds for b in case when £@ = 1.
2) Given three positive integers n, @ d. What is the minimal ¢ such
that from an arbitrary S, at least one 7', can be obtained (if any) with

max (ki i, i) —k? =d.

3) Given an arbitrary S,. What is the ¢ of the maximal minor (not
necessarily principal) in which all elements are different.

Addendum

The following proof is due to Prof. N. (i, pE Bruwx.

. (11| wy(m—q\ m — 2q
‘l:'tlnll)(t—q le]t_qu—”':
=2:1m' Jj(1+“"}m“’"k mll T ; x)fJJ dr,

where the integration is performed along a circle around 0. There is a saddle

point near x — in—', so we take the radius of the circle equal to =2,
t t
—gu
The contribution of the saddle point is about [1 ——(1 - mJ ] times what
{

it would be if # = 0. If u = 0 it has the value m], so under the assumption

4 A i
{ = C,mitt (logm)att, w=0t, ————
v s ¢—q+1

—y

u and g are integers, ¢ = O(1), we find for Y

o [m AT m
am( exp|—[—| u|=
t - m

So indeed it is o(m“‘ (m]) if ) is large enough.
t

0

fiA
liA

1,

exp (— 00T logm) .

(Received July 13, 1963)
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06 0IHOW KOMBUHATOPHOW MNMPOBJIEME JIATUHCKHUX
KBAIPATOB

P. ERDOS n A, GINZBURG

Pe3iome

ABTOPBI 3aHUMAIOTCH JI0 CHX TI0D He MCCJeJ0BAHHBIMU CBOMCTBAMU JIATHH-
CKMX KBajipaToB. OLEHUBAIOT CBEPXY IOPSI0K MUHOPOB, 00J1alal0lUX HEKOTOP-
bIMK cBOifcTBaMU. ABTOpBI YKa3bBAIOT HA TO, YTO MCCIe0BAHHBIE MMH 1PO0O-
JIEMBl CBSIBAHBL ¢, TAK HaspiBaemoi, 00o0meHHo HopmanbHoll Tabnuneit one-
paunid. B Konne padoThl 0TMEYEHBI OTKPBITBIC TTPODIIEMb, B3 HUX 0COOEHHO TPEThS
Kay<eTest MHTepecHoil.
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