
ON A COMBINATORIAL PROBLEM IN LATIN SQUARES

P . ERDÖS and A. GINZBURG1

1. Denote by S, an arbitrary latin square with n elements {a 1 , a 2 , . . . , a„ } .
A row and column of this square, intersecting on the main diagonal (i .e .
diagonal beginning at the left lower corner) will be called corresponding .

After striking out n - c arbitrary rows and corresponding columns,
a square T, with c x c entries remains . Such a square will be called a principal
minor. It is clearly determined by denoting its c elements belonging to the
main diagonal .

Denote by ki, i . . . iQ (i i , i 2, . . . , ig = 1, 2, . . . , n all different) the number
of columns in T, containing the elements ai,, aip , . . . , ai q simultaneously .
Let 0) be the minimum of ki„ i„ ..., iq . We shall consider the following problem :

Assuming that n and k (q) are two given positive integers, what is the
minimal c (denoted by b), such that from an arbitrary S, at least one T, can be
obtained with the prescribed k(q) .

The problem is solved by a method used already in [1] and [2] .
The question for the case of k(2 ) arises in connection with so called

generalized normal multiplication tables of groups (and other systems) [3],
[4], 15]. Such tables are complete (i .e . the product of any two group elements
appears explicitly in them) if and only if k(2 > 1 . E.g. the following

is a generalized normal multiplication table of the group Z, (the cyclic group of
order 15). The multiplication is performed according to the rule

9ij 9jk - 9ik ,
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where g,j is the element placed at the intersection of the i-th column and
j-th row .

It can be directly inspected that in the above table k(2) = 1 and it is
really complete . It can also be shown that for n

	

15 and k(2) = 1, b > 7 .
2. From the definition of b follows directly

(1)

	

I) b LL
b > k(q)
q

Assuming that the main diagonal is occupied by one element a1 , one improves
(1) to

(b--11 b>Vq) it

Il

	

q

	

q
The following theorem gives an upper bound for b when kO = l .

Theorem . In any given n by n latin square there can be found a principal
minor of order not more than

_q_

	

I
Cnq-,I (log n)9+I

(C a sufficiently large absolute constant) containing every q-tuple
(a i ,, a,z , . . . , a,,) (i, j , i2 , . . , iq = 1, 2, . . . , n all different) in some column .

q

	

I

Proof. We shall show that if 2t = [Cnq+I (log n)q+I1 elements are chosen

at random on the main diagonal, then all but o n of the principal minors so
(f2t

obtained will contain every q-tuple in some column .
For this it will suffice to show that the number of principal minors in which

n

a given q-tuple (a,, a2 , . . . , a) does not occur in any of its columns is o
~2t )

1

	

2

	

q

	

1,g
We shall now estimate this number .

First we choose t elements at random . This can be done in
l7~

ways .
t

Denote the chosen columns by i, i2 , . . . , it, In every is (1 < s <. t) the
elements a1 , a2 , . . . , aq occur in the rows denoted correspondingly b ., j(s),
j2 jqs) NN hen choosing the remaining t elements on the diagonal we have
to take care that none of the t q-tuples (jis) j zs) . . . ,

iqs)) occurs amongst
the t chosen elements, for otherwise (a 1 , a 2 , . . ., a q ) would occur in a column
of our minor .

It is easy to show that there are at least -

	

t
---- of these q-tuples

q2- q+l
which are disjoint (this follows from the fact that there are, at most q q-tuples
which contain the same element) . Denote the number of disjoint q-tuples
by u . The number of t-tuples not containing any of the u q-tuples equals by a
simple sieve process :

(2)

	

n-t

	

u n-t-q

	

u n-t-2q
f t I-II

	

t _q )
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t-2q D-
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(n-t~

It can be shown that the sum (2) is o	
t

	

if 2t = [Cn4+ [ ( log n)e+I]

where C is a sufficiently large absolute constant . Our proof of this fact uses
standard probabilistic arguments and is inelegant and therefore we supress
it. (A proof due to Prof. N. G . DE BRUIJN is given in Addendum) .

Now the total number of ways of choosing 2t elements on the diagonal
so that no column of the obtained principal minor should contain the fixed
q-tuple (a,, a2 , . . . , aq ) is less than

n-t

	

rt
t

	

,

	

1

	

12t)(n) to

	

n4

	

2t
-o

nQ .
(t1

Since there are
l
n

J
q-tuples we obtain for all but

o1( n 1)
choices principal

q

	

~2t,
minors of order 2t with every q-tuple in some column .

This completes the proof .
For q = 1 there is an explicit formula for the sum (2) (see [6] p . 316) .

( - )v( tI fn _t_v~=(n-2t~In this case u = t and
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(ir-
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21

_ n ! (n - 2t) ! (n - 2t) ! (2t) ! t ! t !
n 2t (n - t) ! t! (a - 3t) ! t! n ! (2t) !

(21~(t

(n - 2t) (n - 2t - 1) . . . (n-3t+ 1)

	

t

	

t1--	
(n-t)(n-t-1) . . . (n-2t-j-1)

	

n-t

	

n-t-1
t 2t

	

t`

	

--l	< 1 - -- < e n .
n,-2t+1,

	

n

For 2t = [Cn2 (log n)I] e n = o (1-1 if C > 2 .n

3. At present we can not decide if this theorem is close to being best
possible (from (1) it follows that in any case b > nglq+ 1 ) . It seems though
that it will not be easy to improve it with the method of this paper . Following
a suggestion of Prof . H . HANANI we can show that for any p prime or a power
of a prime a quadratic table of p2 + p + 1 by p2 + p + 1 can be constructed
containing p 3 + p2 ± p +1 elements, such that any pair of these elements
occurs at least in one column of the table and no element occurs more than
once in one column or one row of it . This can be done as follows : it is well
known that from p2 + p + 1 elements p2 + p + 1 p + 1-tuples can be formed
with every pair of elements in one (and only one) p + 1-tuple . Now replace
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every one of the above p2 + p + 1 elements by p new elements and a „zero" .
The total number of the obtained elements will now be p 3+ p2 + p + 1 and
they are divided in p2 + p + 1 p2 + p -- 1-tuples. Every pair of the. new
elements occur clearly in one of the p2 + p + 1-tuples . (Some of the pairs
occur in p + 1 such p 2 + p + 1-tuples.) It is easy to see that the replacing
can be performed in such a way, that no element occurs twice in one row of
the obtained quadratic table . This table can now be extended to a latin square,
since it fulfils the condition of RYSER [7] .

4. A number of unsolved problems arise in connection with the above
one :

1) To find bounds for b in case when k(q) > 1 .
2) Given three positive integers n, 0>, d . What is the minimal c such

that from an arbitrary S„ at least one T, can be obtained (if any) with
max (k,,,,z, . . .,tQ)-Ic(q) _< d .

3) Given an arbitrary S,, . What is the c of the maximal minor (not
necessarily principal) in which all elements are different .

Addendum

The following proof is due to Prof . N. G . DE BRUIJN .

~~-Im,-llJlt-q)-}-f 2j f t- q) -

	

_
1

t_	
f

	

I
(1+x)mxt-1-m 1--- 1

-J
dx,

2ni

	

(1 -}- x)g

where the integration is performed along a circle around 0 . There is a saddle
point near x =

t
m , so we take the radius of the circle equal to m .

t
u

The contribution of the saddle point is about 1

	

q
- (1 -}- m

	

times what
l

	

t
it would be if u = 0. If u = 0 it has the value

(t
m , so under the assumption

1
t =Cling+l (logm)q+ u = 0t,	- < 0 < 1 ,q2-q+1

	

-

u and q are integers, q = O (1), we find for '
4~' ^ ~m exp - t1 u] _ ("'j exp (- BCi+i log M) .

t

	

m

	

t

So indeed it is o (m-q (mJ) if CI is large enough .
I1

	

Jt

(Received July 13, 1963)
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OE) OTHON KOMBHHATOPHOIII IIPOBJIEME JIATHHCKHX
KBA j[PATOB

L'. ERDÖS a A . GINZBURG

Pe3IoMe

ABTOpbi 3a11HM310TCH JO CHX IIOp lie HCCJIeJI,OBaHHbIMH CBOHCTBaMH J1aTHH-
CKHX KBa f-paTOB. O1jeHHBa1OT CBepXy HOpSI;IOK MHI1opOB, 06naJa10111HX HeKOTOp-
bIMH CBONCTBaMH. ABTOpb1 yKa3b1Ba10T Ha TO, 4T0 HCCJIejOBaHHbIC HMH Hp06-
JIeMbI CB 13a11b1 C, TaK Ila3blBaeM017, 0606u4enHOA HOpMaJlbI101i Ta6JIHue1 one-
pauHH. B KOHIIC pa6OTbI OTMeRellbi OTI(pblTble IIp06JleMbl, 113 IIHX 0006eHHO TpeTbi
Ka}KeTCH HIPPepCCHON .
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