AN INTERPOLATION PROBLEM ASSOCIATED WITH
THE CONTINUUM HYPOTHESIS

P. Erdos

In the Ann Arbor Problem Book, Wetzel asked (under the date December, 1962)
the following question: Let {fy} be a family of analytic functions such that for
each z the set of values fy(z) is countable (we shall call this property Py). Does it
then follow that the family itself is countable?

An unsigned comment points out that if “countable” is replaced with “finite” both
in the hypothesis and in the conclusion, then the result follows easily. R. C. Lyndon
has remarked that if “analytic” is replaced with “infinitely differentiable,” one can
easily give ¢ functions fy (1 <o < Q) such that, for each z, the set {f,(z)}
contains only two values.

We shall show that the answer to Wetzel’s question depends on the continuum
hypothesis.

THEOREM. If ¢ > W, then every family {for} with property Pqy is denumer-
able. If ¢ = Wy, some family {fa.} with property Py has the powey c. (I have been
informed that R. D. Dixon proved the first part of the theorem last year.)

Proof. Assume first that ¢ > Ny, and let {f,} (1< a < Q) be a family of ¥,
distinct analytic functions. We shall show that there exists a point z, such that all
the N, values fy(z,) are distinct.

For each pair (o, 8) (1 <@ < B < Q,), the set S(a, B) of values z for which
fy(2) = fﬁ(z) is at most denumerable. Put

S = U S(a, B).
lsﬂ!<ﬁ<gl

Then S has power at most N, since it is the union of ¥, countable sets. Because
¢ > N, there exists a complex number z, not in S, and since all the values f4(zg)
(1 <a < Q) are distinct, the first part of our theorem is proved.

Next we assume that ¢ = N ;. Let S be any denumerable, dense set of complex
numbers, and let {Za} (1 <a <)) be awell-ordering of the complex numbers.
We shall construct a family {1'3} (1< B< Q) of distinct entire functions such that
fg(zy) € S whenever 1 < @ < 8< Q. Clearly, the set {fg(z)} will be denumerable,
for each z; indeed, each point z has an index, say ¢, in the well-ordering; if 8 > o,
then the value [B(z} is in the denumerable set S; and only countably many functions
have an index § with 1< g < a.

The construction of {fg} is by transfinite induction, Suppose that fg has al-
ready been defined for 1< 8 <y < Q. The family {fﬁ} (1< B<v) is denumer-
able; we reorder it into a sequence and denote its elements by g, . The similar re-
ordering of {zg} (@ <y) yields a sequence {wn}. We shall construct a function
1‘.‘,, satisfying for each n the conditions
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(1) £(w,) €S and f,(w,)#g,(w).

Clearly, the family {1‘.),} (1 <y < ©) will then have the property P;.

To construct t.),, we write

(2) f@) =g+ e, Iz-w).
n=l  i=1

If &, — 0 sufficiently fast, in a sense that depends only on {w,}, then (2) defines an
entire function. Since S is everywhere dense, we can choose the sequence {t,} so
that it meets this requirement of rapid convergence and so that £, meets conditions
(1) (note that the values of €,, (m > n) have no influence on the value of f.y(wn)).
This completes the proof of our theorem.

The first part of our proof really gives the following more general result: Let
n< m < ¢ be cardinal numbers, and {fy} a family of analytic functions such that
for each z the set {fy(z)} consists of at most n distinct values. Then the family
has power at most n.

Unfortunately I am unable to decide the following question: Can one construct a
family of distinct entire functions f, (1 < @ < @.) such that for every z the set
{fa (z)} has power less than ¢? We proved that the construction is possible if
¢ = Ny, but for ¢ > R our proof breaks down. Paul Cohen’s recent proof of the
independence of the continuum hypothesis gives this problem some added interest.
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