REMARKS ON A PAPER OF POSA
by
P. ERDOS

This note will use the terminology of PésA’s paper. G{" will denote
a graph of n vertices and ! edges and GY’(k) denotes a oraph of having =
vertmea I edges and every vertex of which has valency = k. ORE [2] proved

; n—1 « copoce
that if / g' 5 ’—1— 2 then every G{" is Hamiltonian. and he showed that

the result is false for f—-[ ’-{—l Now I prove the following more

general
Theorem. Let | < k < n/2. Put

n—1 .|
l ) ]+i _

I, =1 -4 max

n
kS‘<E

(n

n—1

n— 1]

'= 1 + max 'R _; kj + &2,

Then every GP(k) is Hamiltonian. There further exists a G I{L ) which is not
Hamiltonian.

First of all observe that by the theorem of Dirac (see the preceding
paper of P6sa) if every vertex of G has valency > n/2 then ¢ is Hamiltonian,
thus the condition 1 < k < n/2 can be assumed without loss of generality.

— 1
Next a simple computation shows that ]-g-r.- decreases for

1 <t < (n— 2)3 and increases for (n — 2)/3 < < u/2, which proves the
second equality of (1).

Now we are ready to prove our Theorem. If our G“(k) is not Hamiltonian
then by the Theorem of P6sa there exists a ¢, k < t << n/2 so that (k)

has at least t vertices z,, . ..., of valency not exceeding f. The number of

edges of G("’(&] which are not incident to any of the vertices x,. . . ., 7, is clearly
— . —1

at most | = (i. e. if the vertices of G™(k) ave x,. . . ... ¥, we obtain , J

edges if every two of the vertices &,

i and By < jy < Jo < n are connected
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by an edge). The number of edges incident to one of the vertices x;, .
is at most t* (since each of them has valency < t). Thus our G)(k) has at

— .
most -+ £ edges for some k < t < n/2 1. e. it can have at most I, — 1
2

edges which proves (1).
To complete our proof we show that (1) is best possible. Let the vertices
of GiM\(t) be x,, . .., x,. Its edges are:

(.r

) E<fi<fpSnmand (ppx), 1Sist<js2U<n.

A simple argument shows that our G(”)l(t} is not Hamiltonian (it clearly has
I, — 1 edges). It is easy to see that every G{™,(¢) which is not Hamiltonian has
th]cs structure. (If + = (n — 1)/2 (n od(i) by PDSA s theorem we can assume

t+ 1)

&

+ = [ ] -+ #(t - 1) we do not obtain a better result by utilising this (4-1)-s

that there are t + 1 = (» + 1)/2 vertices of valency < ¢ but by

vertex).
Tt is easy to see that the argument of Pdsa’s paper gives the following.

Theorem. Let G be a graph and assume that for every 1 < k < (n — 1)/2
G has at most k vertices of valency < k. Then G has an open Hamilton line.
The theorem is best possible.

The proof can be left to the reader of P6sa’s paper. Using this result
we obtain by the same argument as used in this paper that every G(V(k)
with
] :
we=1-+ max [” ]+r(r+1)’
n—1 2 )

WSt

has an open Hamilton line. The theorem is best possible. Finally we mention
that by the method of this paper we can prove the following sharpening of

Lemma (3.2) of [1]. Let G™ be a graph with the vertices z,, ..., 2, and
2< k<nf2 Assume that v»(x,) = & and that there is a circuit contammg the
vertices ¥y, ¥, ...,%, Then if (M has = I, edges it is Hamiltonian. The

result is best poamble ‘We leave the simple proof to the reader.

(Received August 2. 1962)
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3AMEUYAHUS OB OIHON CTATBHE POSA
P. ERDOS

Ons tex rpados, KOTOpbIE He COlepPyKaT NeTeb H KpaTHBIX pebep, ucxois
n3 onHoll Teopembl P6sa [3] aBTop f0KasbiBaeT clejyloLlee
n

Teopema. [Tyems 1 < k < = U

)

l, =1+ max [n___tlﬁu:,z
kSt<j z ) I

" _In-—lJ
=1 + max [n_kJﬁ-kz.( - )_}_[nm{
2 2 , 2

2

Toeoa 6 wkancOom epage G, Komopsll UMeem m MO4eK uw 6 KOMOpPOM ChieneHs
kaxcool moukuy = k u wucao pebep pasuo l,, cywecmeyem I'amuabmoHosa aunus,
mo ecimb OKpyxucHoCmb, codepxcarolyas éce mouku . Teopema moyna.
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