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REMARKS ON A PAPER OF PÓSA

by
P . ERDŐS

This note will use the terminology of PÓSA'S paper. Gin) will denote
a graph of n vertices and l edges and G(,n)(k) denotes a graph of having v
vertices 1 edges and every vertex of which has valency > k. ORE [2] proved
that if l > (n - 1

f
+ 2 then every Gin) is Hamiltonian, and he showed that

n-1the result is false for l =

	

I

	

Now I prove the following more

general
Theorem. Let 1 < k < n/2 . Put
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Then every Gjk ~(k) is Hamiltonian . There further exists a Grk?,(k) which, is not
Hamiltonian .

First of all observe that by the theorem of DIRAC (see the preceding
paper of PÓSA) if every vertex of G has valency > n/2 then a is Hamiltonian,
thus the condition 1 < k < nl? can be assumed without loss of generality .

--Next a simple computation shows that nn

	

t I

	

t 2 decreases for

l < t < (n - 2)j3 and increases for (u - 2)/3 < t < n,/2, which proves the
second equality of (1) .

Now eve are ready to prove our Theorem . If our G( " ) ( k) is not Hamiltonian
then by the Theorem of PÓSA there exists a t, k < t < nj2 so that G00(k)
has at least t vertices x,, . . . . x 1 of valency not exceeding t . The number of
edges ofG0")(k) which are not incident to any of the vertices x l	x, is clearly
at most Tt

	

f)

(i . e. if the vertices of G(") (k) are x1	x" we obtain n ,, tl

edges if every two of the vertices . r i and x1.., t < j 1 < j2 < -n are

connected
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by an edge) . The number of edges incident to one of the vertices x„ . . . , x,
is at most P (since each of them has valency < t) . Thus our G~">(k) has at
most

In

	

tl T t2 edges for some k < t < nj2 i . e . it can have at most l k - 1
J

edges which proves (1) .
To complete our proof we show that (1) is best possible . Let the vertices

of Gin 1 ,(t) be x l , . . . , x, Its edges are :

(xj,, xj_) , t < 7i < 72 < n	 1 < i, < t < j < 2t < n .

A simple argument shows that our G,)1(t) is not Hamiltonian (it clearly has
I t - 1 edges). It is easy to see that every G,,nYt) which is not Hamiltonian has
this structure . (If t = (n - 1)12 (n odd) by PÓSA'S theorem we can assume
that there are t + 1 = (n + 1)/2 vertices of valency < t but by (t + 1)1

Il
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t2 = t ± t(t - 1) we do not obtain a better result by utilising this (t+1)-st
f2,

vertex) .
It is easy to see that the argument of Pósa's paper gives the following .

Theorem . Let G ( " ) be a graph and assume that for every 1 < k < (n - 1)/2
G(") has at most k vertices of valency < k. Then G ( " ) has an open Hamilton, line . .
The theorem- is best possible .

The proof can be left: to the reader of PÓSA'S paper. Using this result
we obtain by the same argument as used in this paper that every G,(, ,.)(k)
with

,ak = 1 + max

	

+ t(t + 1)
k<t<"2

has an open Hamilton line . The theorem is best possible . Finally we mention
that by the method of this paper w e can prove the following sharpening of
Lemma (3.2) of [1] . Let G( ") be a graph with the vertices x i , . . . , x" and
2 < k < n/2 . Assume that v(x,) > k and that there is a circuit containing the
vertices x2 , x3 , . . . , x, Then if G (") has _>_ l k edges it is Hamiltonian . The
result is best possible. We leave the simple proof to the reader .

(Received August 2 .. 1962)
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3AMEgAHHA 06 OpHOÍI CTATbE PÓSA

P . ERDŐS

,aAR Tex rpal OB, KOTOpbie He colepwaT neTenb 11 xpaTHbcx pe6ep, 11cxojx
113 OJHOR TeopembI PÓsA [3] aBTOp awa3blBaeT CJIe; jyio Ijee

Teopema. 17ycmb 1 < k <
n v
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Tozda s Kaxcdom ?pa0e G, Komopbtű umeem n moueK u e KOMOpOM cmeneH&
Kawdoű mogKU Z k u uucno pe6ep pa6HO lk , cyU;ecmeyem faMUAbmonoea nurtuR,
mo ecmb oKpYXCHOCmb, codep,-scatou;aR ece mogKU G. TeopeMa mokna .
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