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1 . Let the infinite triangular matrix

x,
x1X»

A=
- .1

	

x2,4

	

x',m

n = 1, 2, . . . the inequality

1)

	

1 ~xI„>x",> . . . >X,.=-1

(x, A) = II (x- x ,,),
=I

o)„ (x, A)
l", (' A)

	

r',, (xi ,, , A) (x- x, ;, )

Y,,,

	

A) -

	

(x, A),
;_I

the so-called nth Lagrange interpolation polynomial belonging to A, is the
only polynomial of degree 7:-:n-1 having the value y ;,, at x-= x;,, for
j= 1, 2, . . ., n . Particularly important is the case when the values y ;,, are
given by

Ym =f(x")

	

(j=1,2, . . ., n)

where f(x) is a prescribed function continuous in [-1, +11 ; in this case
we shall denote the polynomial in (1 . 4) more simply by L„(x, f, A) . From
the classical investigations of G . FABER' and S . BERNSTEIN 2 it follows that
no matrix A is "effective for the whole class C of functions continuous in

I G . FABER [5) . The numbers in brackets refer to the literature quoted at the end of
the paper .

S. BERNSTEIN [1) .
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[-], + ]" ; t e atte eve ved t at f eve y A w t (1 . 1) t e e s a
f (x) E C a d a -1 -~„- + 1 suc t at

I

	

A)1- +
c t a y t eve yt g w at was ex ected s ce NEWTON.

2. As FEJÉR d sc ve ed esse t a y 1913, t e s tuat c a ges c -
ete y f stead f t e se ue ce f t e Lag a ge y a s L„ (x, f, A)
e c s de s a a ate s ec a case f t e ge e a He te te at

(w c HERMITE se f c s de ed y f f a t f v ew) . FEJÉR

c s de ed t e y a s H„(x, f, A) f deg ee --:-~ 2 -1 u ue y dete -
ed by t e e u e e ts

(2. 1)

	

H,, (x,,, , f, A) = f(x1„),

~dH,, (x,f,A)

	

_0

	

(J = 1, 2, . . ., ) .
(2 . 2)

	

dx

He ved t at c s g e. g . f A t e at x P, t e t w f w c c -
s sts f t e ts a;,, f t e t Lege d e y a

(x2- )")('0 ,

e as, w e eve f E C, t e e at

H, (x, f, P) =f(x)

f -1 < x < + 1, but t ecessa y' f x = + 1 . Late e ved ° t at
s as A t e at x T, t e t w w s sts t e ts

t e t C ebys ev y a T,,(x) de ed by

(2 .3)

	

T, ( s t9,) = s ,9',

t e e at

(2 .4)

	

H,, (x, , T) = (x)
„-

L. FEJÉR [6] .

4 As t was s w e e t y by E. EGERVÁRY a d P. TURÁN [2] t e se ue e
y a s H*(x, ) de ee -2 -3, de ed by

H*(" , -2, )= (u ;,,,-2), H*(+ , )= (+ 1),

~dH,,(x, )1

	

=0

	

(J= 1, 2, . . ., -2),
dx 1s-u2

t e e at
H*? (x, ) = (x)

,,-C
ds u y [-1,+ 1] .

L. FEJÉR [7] .

P. ERDÖS AND P . TURÁN
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ds u y [- , +1] . He e, e e a y, H,,(x, , A) sta ds t e
y a de ee -2-1 de ed by

(2.5)

	

H,., (x,-,,, , A) = (x,, ,),

(2.6)

	

(dH(x A)
„,,

	

1

	

Y~

	

( =1, 2, . . ., )
d

	

Ix

w e e t e ea u be s y ;,, a e sub e t y t t e est t

(2.7)

	

ax Y ,, = 0 .

3. T e e at (2.4) s su s w t t e eat a b t a ess
t e s es y,~,, . T s a ses atu a y t e uest t at e a s s a -

t e at x A stead T t s a b t a ess t e s es a be eased .
T ve a e exa t t t s uest we e a t at, as easy t see,'
eve yt de e ds u t e ex ess

ds, we e ta y ave, de t '

X (A) de ax

	

;, (x, A)
- _z~+1 J=1

1,t(A)(A*) de ( )

- ( ) - 2
„ w

	

:z

L . FEJÉR [7] .
7 See L . FEJÉR [7] w t a s t y d e e t tat .

It s easy t see t at xed t e u ex sts .
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(3 . )

w e e
~, , (x, A)'

(3.2)

	

(x, A)

	

v ; (x;,,, A)'(x-x„,) .

He e t s atu a t as t e " t a " at x A = A* (w s t
e essa y u ue), . e . w

(3.3)

	

M„ (A) a

=1, 2, . . . . S e, a d t FEJÉR,' a b t a y s a F > 0
> 0 (E) t e e ua ty

(3.4)

	

M, (T) < ( + ~ 1
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N w we a e t ve

(3 .7)

. e .

(3.8) a ( ) _ 2
„ax,

	

;T

By (3 . 7) u ext e a b e s at east asy t t a y s ved a d s w
t at t e e A T ves esse t a y t e eatest eed t e e
t e s es y;,, . M e exa t y, we a e t ve t e w t e e
w e e , (a d ate -, :;, . . .) de te s t ve u e a sta ts .

THEOREM I . By w ateve e t e at x A we ave t e e ua ty

(3. 11)

P . ERDÖS AND P. TURÁN

	

2( )

	

(M„ (A) de{ ) ax

	

1 „ (x, A)	 2 ( - , ).

It w u d be te est t dete e t e exa t va ue ( ), at east
s a 's . A t e wea e e ua ty

(3.9)

	

( ) - ,

u d ave bee ved e b e y ; we s a , weve , t t s ve s .
P bab y a s t e e ua ty

(3 .10)

	

J

	

',1 „ (x,

	

`dx> .,
-

ds eve t e e ua ty

=1
A) > 4

[- , + 1] w t t e ex e t a set w t easu e te d t 0 w t

1 ; we u d t ve s a w et e t a - -- a < b =1

(3.12)

	

ax 2: 1 „(x,A)I > 2 -~~
_'b =1

	

T

	

ds a > 1 ,(s, a, b) ( eve > , ( )) .
I u t e e t e a t a e a s be e a ed by 1 ; a

u t e e e e t, e ab t ve t at ( ) s a vex u t a,
see s t be vey d u t .
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Ou et d u s es utat s uta d s a t e e ua ty

(3.13)

	

ax

	

1;,,(x, A) - 2 - 5
-1-'-+1 .1=

	

:z

a at es A ; a s ew at wea e e ua ty was ved S. BERN-
STEIN'S a e [1] . T e s a e (3. 13) s ve , u se, by t e a t
t at, u t w t t e a t t at > ,(~F)

2
ax G (x, T)~

	

-+~. ,
-1=,-+.91

	

%~

t s ves asy t t a y t e ext e a b e t d t e u

ax 2: ~1;,,(x, A)I w e A va es. We s a s et u (3. 13)
-1- te+I ,=1

(T e e II) a d d t e u at b e s a a us t (3. 10),
(3 . 11) a d (3. 12) w t 1 ;,,(x, A) stead (I) 1 , (x, A).

S e t e u t e e we a e a ways dea w t a a e
but xed , s y t e tat we t t e d es . He e

1-x,>x.,> . . .>x„~:- - ,

v (x) _ H(x-x), (x)

	

(x)
) , 00 (x-X )

we ave t ve t at
(1)

(x) ,,
(3.14)

	

ax ±		 ax

	

I (x)' _
, =1 UJ (x ;)- x- x (

	

_1

ax 2 J x- . 1 (x)"	 2 ( - , ).
=I

	

- ,T

4. We s a eed tw e as .

LEMMA 1 . I a 0<b<2 a d 0 < , < I a d a at a y a

J(x) de ee t e e ua t es

J(x) -- M - 1 = x + 1,

J(x) ~ ,M -b x-+b

d, t e 0 < :, < 4 a d

-(1- ,,)b x (I- ) b
t e e ua ty

ds .

15 A ta Mat e at a XII/1-2

dJ
dx

	 4 ~
M + ( +b')'„ +	 .4 1



226

t e est at

(4.2)

we et

d ,
d,9

s M. RIESZ [9] .

J, (-9,) ,

P. ERDÖS AND P. TURÁN

F t e t s e a we ay su se M= 1, a d s de t e
u e s e y a

(4. 1)

	

J( s 9) =J, (,9,) .

We a y t e we - w te at u a M . RIESZ s w ves

dJ, = 1 J {9 - -,9 ;) (-1) +
d,9

	

2 . ; 1

	

1- s ,9a
w e e

C - (2 - 1);z .

	

2

S e u y t es s a u ts t

~ ,(61),-1

we et
a s b ~ ,'~ : ---u-a s b,

a s(1- )b - 9 ~ -a s(1- , 2)b

	 I

	

1
d9- I C 2 a s -&+&1 -a s 1-C s,9, +
d , 'I

+
	 I

	

2

	

1	
+

1	1	
2:"2 st+a sb-.Y+0)-2% -a sb 1- s,9

	

2

	

1-C s O9

w e e t e ast su at s exte ded t t e ,9 's t ta ed t e e-
v us tw . S e

1	1

	

'2 , - 1 1- s 91

1
~'" + 1- s(a s (1- 2)b-a s b) - '~ +

1
+

	

1-(1- 2)2b2 •V 1-b2 =

+ {I-( - ) b2}+ v`1-( - 2) 22b2 y1-b2
{1-( - 2)b-}2-{ -(1- ;2)2b2}( -b2)

2

	

1 _

	

2 1
"" + 1 ~(1- 2)~-2(1- ,) b2 -'

`



He e -(1- )b<x_(1- J,)b

d (x)

	

d ,(51)

	

1

	

2

	

1

	

4
d

	

d9

	

1-x' - (,'-,
	 1

,b~ I 1% 1-b2 < (
1 +b 2 ) + ,- b , '

deed .
LEMMA 11 . Let J.-, (x) be a at a y a de ee - w as-

su es ts abs ute ax u t w t es e t t [-1, + 1] at x=9. T e t e e

s a te va I [-1, +11 e t
2 I

su t at e ts e d ts

s ~ a d w t e e ua ty

IJ9(x)1
? 2

I-

ds .

We se, a e y, as I t at e a t e te va s

(5 .2)

a d

(5.3)

(5.4)

15*

11 See MARKOV [8] .

AN EXTREMAL PROBLEM IN THE THEORY OF INTERPOLATION

[

	

2 2

227

w es [- , + ]. We ay su se t e st. T e us MARKOV'S
ass a t e e " we et I

J>(x)1= J2 O+ (J=(t)dt

deed .
5. We s a e y t e w tat s . Let

(5.1)

	

M de ax -) (x) ,

?IJ.(0 I-

	

,uI 2 dt

a d t s s u d be atta ed e e x = ~, say. We s a s de t e te va s

= 0, 1, . . ., ( ' ] ass R .

,u

	

~
	 ,u- 2 =2,

d,. : -

	

G G	
e I + - - x -

I
1 + - )"

- I +
z

	

	

)" (
1-

3 )

	

x
(1+ 2 ) (1

	

' )
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(5.6)

P . ERDÖS AND P . TURÁN

We s a use d,.,,-d,. a d d, . (t e e e ta y d, w t es e t t
[-1, + 1]) t e usua se se . We s a de te by ~, . e t e va ues x

d,, w t

(5.5)

	

1 wGO dEt ax w (x) de t M
, Ea ,

T e te va s d„ a e > 6 [-1, --1] a d t us

A _'A-_ . . . zMR<M.
6. T e u T e e I s s t t t ee ases .

Case I. T e e s a dex 1 :~:- , - a d a -1

	

* -- + 1

(6. 1)

	

ax 1 .,, (x)

	

1,;,,(~*) ".

su t at

A y Le a II t 11,,,(x) we bta t e ex ste e a te va 1

[-1, + 1] e t
> 2 z

su t at I t e e ua ty

(6.2)

	

(x)

ds. We se I a ~** as ws. I x~_, s t I, t e ets** be
t e dd e- t I, say; t e

4 2
I x,;,, s I, t e

	

a be se 1 s t at (6. 3) ds a a . T e
we ave

11

ax L ,, (x)
_I- =+1 =I

	

;=1

1 ,, > 2
4 - 4

	

;T

> , . He e t s ase u t e e s ved a d we ay su se
t e se ue t e e ua ty

(6.4)

	

ax 1,;(x)'' < '

= 1, 2, . . ., . T s ast e ua ty w be used y t e t at t
es" u t e x1's t at w t t e t e

x;= s ;

	

(0 -_

	

=1,2, . . ., )

11 See ERDÖS [3] . H s s a ve e t t at ta ed ERDÖS-TURÁN

[4], es . . 548-552 .



t e ~;'s a e u y d st buted t e se se t at 0 -~a <,,'<

~- a I
(6.5)

	

2:; 1-'	 < s ' .
a~s -P

	

T

7. Case II. W t t e tat 5 we su se t e e ua ty

M
(7. 1)

	

M0< t y
ds .
We a y Le a I w t

J(x) = aw (x), b -- ,

_ 1

	

1

'"

	

y '

	

' I2

	

' '

t e assu t (7. 1) assu es t e a ab ty t s e a. T s ves
x (d' t e est at

~ (x)

	

1 + -
- +4 8 ~ <M

2
°

	

y

	

'

u y, > ~, . He e we bta
4

I ax

	

~ (x)~ _

	

~ b( ) >2

	

~~ ~x~) , ? 2

	

,,(,),(X )2 ~ ,

A y (6. 5), t e ast su s ( u y) > 10

1

	

>4 '
. e .

ax 2:t (x)	 3 > 2
1= = 1 ,J1

	

- 32

	

;z

> ,, . He e a s t s ase u t e e s ved a d t e se ue
we ay su se (Case III)

a) t e u y de se d st but (6.5),
b) t e e ua ty

(7.2)

	

M„ > .

8. Case III (a d t e ast) . F st we asse t t at t e e s a dex 0 w t
0 ~ „ :~: [ y ] = R a d

-

	

(8. 1)

	

-1 = 1 1 + 11 I

AN EXTREMAL PROBLEM IN THE THEORY OF INTERPOLATION 229
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F t, t e we s u d ave a t ese v's

M,.+ > M,. ( +	
)

,

. e . (5. 6), (7 . 2) > ,~ by u t y we et

M-M],>MO ( +
)
>M°y >

2
M>2M

w s a se. He e (8. 1) s t ue. W t t s ,, we ave, w t t e ta-
t s 5,

(8.2)

	

ax

	

(x) ~ I [I ",) : -
=1

~ + ~. + ~; aet S,+S2 +Ss ?S,+S2 .
x E d,

	

x/EI,'°+ -dv„

	

•~ Ed2

T bta a we b u d S, we use Le a I w t > 73 a d

P. ERDÖS AND P . TURÁN

1
~ = 3 ,

I

	

1

	

1b_
(1+ - ) >

T s ves x E d,,, w t (7 . 2) a d (5. 6) > „

! '(x,)~~M I {
0 5 ) M1

	 { 4 8 <2

25J
M„

< M #(1 I 9 ) M° -{ ( M"° ' 14 8 ~ _

= Mz,° (1 }
~
+ 4 10 < M„ I 1 + O ) ,

a d e e
M~,,,

	

1

	

I
(8.3)

	

S, _ IJ w (x,-) 9

	

>

	

30 9

	

x;
(1 + ';	 '

I de t bta a we b u d S:2 we a y a a Le a I w t

1
M ' -

°
b

	

1+
-

	 I

	

> ) .



T s ves x; E d,,,,,, as be e,

. e. by us (8. 1)

2

	

'9,'
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2

~~,(x7) < M,+1 (I + 30 ,109 -

S,
= E

G.
v

(0 1(X ~ ~ -X, >

	

v -1

	

T

M,',

	

1

	

1

	

1> -		~,
30

.

		

>~Me ,+I

	

2 ~

1

	

I
>

	

30
I + ' )

T s a d (8. 3) ve t et e > 12,

(8.4)

	

S1 + S, >!	I .

~I

	

30 - > E~„`T I ' -
+-,

9. N w we use t e u e t e u d st but (6 . 5). T
d s we w te st

v = s
a d ave

1 +	2

	

s 0,;, ~	
~,

	

) -

	

~I + - ) 7

. e .

(9.1)

	

+

	

1
< a s + , 1 + J' '

we e a u t e t at t e x,'s (8. 4) a e exa t y t e ,9-'s w t

(9.2)

S e

1

	

1

	

9' 1~ a s

	

]

	

I _	 + =
2I - + - )

	

. 	 3 )1

I

	

I

	

1
-x.;

	

s Ov,- s '9~ ;

we ave t e e a Case III

(9.3)

	

ax 2:1 1(x) > I _ ,30 _ _

	

I
2 , ~

231
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S e (9. 1) we ave

+
+ z)

	

a s , ( + ' )

	

(1-	2

	

'. 1 " I

(1

	

1	' w" '

	

1

	

(

	

1

	

y'

	

1
-a s (1 + ` > a s I

1 + ' ) 1 + 2 ' )

a d

07 , + 5 <+( +1) '

	

(%=0,1, . . ., [2 , ])

	

y 0
- a s I I + ' ) ~~ >

P . ERDÖS AND P. TURÁN

t e a e su at (9. 3) s
e by

0,1 ~ I C	
1

2 '
De t t e a s

5 	 5
0+ 1),, -V -

He e (9. 3) Case III

> ,, . Q. e . d .

- < 0,,,, -

	

by Ux a d VV., es e t ve y, (6 .5) esu ts

I

		

1
-

1+ - -~ 2 ' > 21 ' '

t eased by e a t e a

[3
2 ' )

1

Z
	 0,1, . . .,

1>
;

	

} 1

>

	

1

	

1 5-C, 2 ~ _

	

I

	

1- ST C

5 (2+1) :T	(	:T J-~-1	 3 1'

a d s a y

Tax	 1(X) > 1- . 30

	

1 1 _
;"

	

+ 1 >
~~,~+1 , ;_~

	

~ - , ;T

	

, =~=[

	

]

2

	

> .T

		

,,,
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10. As t d we s a s et t e

THEOREM II . F > ,, we ave

2
ax

	

11,(x) > - - , 9 .
v=1

	

=Z

PROOF . W t ut ss e e a ty we ay su se t e e ua ty

(10 . )

	

1 1,.(x) -

-1 ax- + I a d v= 1, 2, . . ., , w t e e u d st but (6. 5)
ws at e. S we s a ave y tw ases ( ee t e ev us

tat s) .
Case I.

(10.2)

	

A <	 M.
20 .

We a y Le a I w t

(x) - w (x), b = '

1

	

1
20 -

	

''-

	

' '

a a (10 . 2) assu es t e a ab ty t s e a. T s ves x E d as
7 > 20

»'(x) <	10
M 11

'
a d

ax

	

(x)

	

M

	

1	
> 5 2 	 1 >

5
~~~	 tz,

	

=

	

1~~
-I ,~+1 v-1

	

=1

	

2 XJC-dS a) (-N )

		

MEd„

	

4

us (6. 5) u y .

Case II. We ay su se

(10.3)

	

M0? 20

A a we ave > „ a dex v, w t 0 - v, :EE~R a d

(10.4)

	

M,+1 M"' I
) ;

t, we s u d ave

M>M(, 1 >M- / °	 >2M
20 2

233
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w s a se. A a

ax 1 1 (x) : 2: 1 I (9v) 1 - G.; +

	

Y e{ S + S~, .

-1=x=}1 =1

	

=1

	

;', E11

	

x Ea .±1-2 .

T bta a we b u d S we use Le a I > :» w t

M

	

d

_ 1

	

1

	

1
b 	 1 + 2 ,

11>

T s ves x; E d;. , us a s (10.3), > :, 3

( '(x') ~M (1
25

)
	 MyM } 4 ' ` <

< M I 1 -{ )	 M' + ~M' 20 2 ) 4 ' ~ < M , + 2 J .
T e u t e a t t e u s exa t y a te t e atte T e e I a d
a be d ed .

(Re e ved 19 A 1960)
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