ON THE MAXIMAL NUMBER OF PAIRWISE
ORTHOGONAL LATIN SQUARES OF A GIVEN ORDER
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1. Introduction. In the preceding paper Bose, Shrikhande, and Parker
give their important discovery of the disproof of Euler's conjecture on Latin
squares. In this paper we show that their results can be strengthened to imply
that N (n), the maximal number of pairwise orthogonal Latin squares of order
n, tends to infinity with #. In fact there exists a positive constant ¢, such
that N(n) > n¢ for all sufficiently large #.

Our proof involves no new combinatorial insights, but is based entirely on
a number-theoretical investigation of the following inequality due to Bose
and Shrikhande.

TaeoreM A. If < Nm)+1 and 1 <u <m then N(km + u)
> min{N(), N+ 1),1 + N¥N(m),1 + N(u)} — 1.
The only other results on Latin squares which we need are due to H. F.
MacNeish.
TueoreM B, (1) N(eb) > min{N(a), N(&)}. -
(2) N(g) = q — 1 if ¢ 1s the power of ¢ prime.

In § 2 we give a proof of the fact that N(n) tends to infinity, using only
the most elementary tools. In § 3 we use Brun’'s method to obtain quanti-
tative results on the lower bound of N(x). Finally, in § 4, we discuss the
theoretical limitations on the results that can be derived from Theorem A.

2. Proof that

lim N(n) = =.
oo

Let x be an arbitrarily large positive integer. Let

(1) k+1=1]] p° (pprime).

pez

Then by Theorem B we have
(2) Ne+1)>2—-13x

and
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(3) NE) >x
since all prime factors of k are greater than x. Now set
(4) m = k* H q (g prime).
ain
g<z

Note that while », is defined in terms of #, it has an upper bound which
depends on x alone. If # is sufficiently large then the interval (n/(k + 1)m,,
(n — 1)/km;) contains a number ms such that

(5) my = 1 (mod E!).
Thus the least prime factor of m. is greater than k.
If we set m = mym, then from Theorem B and equations (4), (5) we obtain
(6) N(m) > min|{ N (m,), N(m3)} > min[2* — 1, k}.
> k.
Thus the first condition of Theorem A is satisfied. Finally we set © = n — km.

Since we had chosen n/(k + 1)m; < mas < (n — 1)/km; we have km + 1
< n < (k4 1)m, so that

(7 l<u<m
which satisfies the second condition of Theorem A. From (1), (4), and (5)

we see that # and km are incongruent module any prime less than x and
therefore u has no divisors less than x. Thus

(8) N(u) > «.
Combining (2), (3), (6), and (8) we obtain from Theorem A
(9 N(n) >x—1

for arbitrary x and sufficiently large #.

3. Numerical estimates on the lower bound of N(#). In addition to
Theorems A and B we need a result of Brun's sieve method. We shall use

the following theorem due to H. Rademacher (1).

Tueorem C. Let P(D; x; p1, . .., ;) denote the number of positive integers,
¥, no greater than x which lie in an arithmetic progression A +tD(¢ =0,1,...))
where0 < A < Dand (A, D) = 1end sothaty # a; (mod p,),y # b; (mod p,)
(b= 1, oyt

If pr < ... < p,are primes with p, > 7, then

oo _Cx ., 1m0
P(Duxlplv---!pr)>Dlog2pr CP@'

where C and C' are positive constants.

We shall also need the following simple fact.
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LeMMA D. The number of integers, v, no greater than x which are divisible by
a prime factor p of n so that p > n¢, is no greater than x/cn’.

Proof. Obviously there are at most x/p numbers y divisible by #$ and
therefore the number in question is no greater than

1 -
‘cz --<x§, c<x 2 = Xx/cn
win P nin n ¢

pnt

since there are less than 1/¢ prime factors of # which exceed n°.

Case I. n 1s even. Pick k so that

[gl_ logzn]
(10) k= —1 (mod 2" ), k=1 (mod 15);
k3£ 0or —1 (mod p) for p prime, 7 < p < n**; & < 2",

We note that this restricts * to an arithmetic progression with difference

D = 1520 o
Thus by Theorem C there are at least
Call® » 1000
(11) P ni/!}] Iogi' n (1;/90)2 - C'n
= ¢ 81}910/108_ 3 CJ' 7900 > s 81}910/I0g n

choices of k.

According to Lemma D the number of natural numbers below #'/!® which
have a prime factor greater than #/%" in common with # does not exceed
090 #8/9°, Since 81/910 > 8/90, it follows from (11), and the fact that % has
no factors less than #'/%, that we can choose k so that

(12) (k, n) =
From (10) and Theorem B it follows that
(13) NE) >na"™-1> s,

N(k+ 1) > min {32, ) — 1> 14"

for # sufficiently large.
We now set # = n; + #nek where 0 < #y < k and let # = n, + w1k, where
we pick #; subject to the following conditions.

(14) u; # n (mod 2);

uy &= —ny/k (mod p), p ¥ k] ] .
1) # ns (mod p) (  pprime,3 <p <k

159,200
H < M bR

Note that the incongruence (mod 2) implies that # is odd.




PAIRWISE ORTHOGONAL LATIN SQUARES 207

The incongruences modulo 2, 3, and 5 can be satisfied by restricting u, to
a progression with difference 30. In order to apply Theorem C we need
(11, 30) = 1. If (21, 30) > 1 we write u; = uy" . (1, 30) with (z,/, 30) = 1;
then according to Theorem C, the number of such choices of ;' is at least

C 510200
30 log” &

for » sufficiently large.

From (14) we see that # is not divisible by any prime less than & and
prime to k. If # were divisible by a prime p which divides %, then #,, and
hence #, would be divisible by p, in contradiction to (12). Hence from (13)
we obtain

(15) e C.r k?wl{'l > 1 ?3159!200/]0g2?’£ ays C; n?‘JleD > 0

(16) N(u) >k > N(k) > tn' {or sufficiently large #.
Also, if we set m = (m — u)/k, then

(17) " > nllr.-"’nlr‘lo = (1 + nlssmoo) > JingfIl}
> nlilﬂ + (1 + nlﬁﬁmoﬂ) > U > 1

for sufficiently large n. Finally, according to (12) and (14), all prime factors
of m exceed k so that

(18) N(m) » k > N(&) > n',

According to (17) and (18) our choice of %, #, m satisfies the conditions
of Theorem A. Thus by (13), (16}, and (18) we have

(19) N(n) > snt/* for all sufficiently large even n.
Case II. n odd. Instead of applving Theorem C to % we apply it to 2 + 1
with equation (10) replaced by
i o]
(10" E+1=1(mod?2 YR+ 1 =2 (mod 15);
E+ 135 0o0r1 (modp)for7 < p < #™*°;
k + 1 “{\ n.ljll!‘

The rest of the argument on % proceeds as before and equation (12) remains
unchanged, while (13) becomes

(13" N (&) > minf{int/® gl — 1 > int/9
NEA+1) >nt/0— 1> it
The choice of # is modified so that (14) is replaced by
(144 Hu; # n2 (mod 2); 1y # — ny/k (mod p)

for all primes 3 < p < k which do not divide &; while %, # ny (mod p) for
all primes 83 < p < k; wy < n159/200,
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It then follows from (13’) and (14') that both # and m = (n — #)/k are
odd, and the remainder of the argument proceeds exactly as before to vield
the following.

THEOREM. There exists ¢ number no so that for all n > no we have
N(n) > intio,

4. Remarks. The exponent 1/91 in our result is far from best possible. We
have not used the best available sieve method, nor have we even squeezed
the last drop out of the sieve method quoted. It seems, however, reasonable
to defer such efforts in the hope that other theorems of the type of Theorem A
can be developed, which may eliminate the twofold use of the double sieve of
Theorem C. This would be accomplished, for example, if either the occurrences
of both N (k) and N(k + 1) or the inequality N(m) + 1 > k could be elimin-
ated.

Theorem A can never lead to N(n) > #!/? since we must have » > mk and
N(m) + 1> Eso that < m < #'/? and N (k) < n!/2

On the other hand, our result seems to eliminate the possibility of a reason-
able modification of MacNeish's conjecture which would express N{(z) in
terms of prime power divisors of #; since for any positive ¢ there are infinitely
many 7 for which even the greatest prime power divisor is less than z°.
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