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Let a4, as, . . ., a, be arbitrary real numbers. Let us consider all possible

IS
sum

g+ a4+ ...+, lh<fh<...<% =N

formed by choosing s arbitrary different elements of the sequence a,, a,,
.- @, Let us put

and
| f' n Mn. 2
Dﬂ — ’g; ak — ?l 3
further

D

no-
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Let N, (z) denote the number of those sums a, 4 @, + ...+ a; which
do not exceed

sM,
2 42D,
and put
N, (x
Fp (@) = % .
B
We ask about conditions concerning the sequence {a,, ..., a,} and s under

which F, (x) will be approximately equal to the normal distribution function
®(z) defined by

x

1 -
(1) ®(m)=ﬁ_:Je 24t .
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In what follows we shall suppose throughout that

M, =0.
This is no essential restriction, because if M, &= 0 we may consider instead
of the sequence {a,, . . ., a,} the sequence {a;, . . ., ap} where a}, = a, — M,[n,

and for the new sequence a; we have evidently

n
J1f;1= yﬂ,;:O.
=

We may also suppose s < n/2, hecause evidently if M, = 0,

° n
By =— > a,
1 i

-
v

where 7, 7o, - . s jn—5 are those among the numbers 1, 2, . . ., # which are not
contained in the sequence 7;, 7y, .. ., 7, and therefore

F}I,-’I—S(:B) =1— Fn,s(_m) -

The problem can be interpreted statistically as follows: We choose
a sample {a;, @;, . . ., a;} of size s from the finite population {a,, a,, .. ., a,}
and ask under which conditions will the mean
l "}'a,'j
8 j=
of the sample be distributed asymptotically normally about the mea-n%‘

of the population. We shall prove that F, () tends to @(z), e. g. when
n— -+ oo and § = §,— -+ ©° in such a manner that putting

we have

or more generally, if putting

- 1
dn,s(‘s} == =5 ‘2‘ ai

Dn 15k=n
lag' =e Dy s

we have for any & > 0
lim dp s, (e) =0 .

Pl o
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Clearly our question asks about the distribution of @ sum of weakly
dependent random variables. As a matter of fact if we imagine the elements
of our sample as chosen successively without replacement and £, is the ele-
ment of the sequence which has been chosen at the &-th choice, then we have
to investigate the distribution of :

VB

&

1
8

ES
—

the random variables &;, ..., & being not independent. (They are however
equivalent.)

The special case, when all a; are equal to a or f§ & a, the number of
those @, which are equal to e being a positive percentage <1 of »n, is well-
known ; as a matter of fact, in this case our question reduces to the investi-
gation of the limiting distribution of the hypergeometric distribution, and it
is known (see e. g. BERNSTEIN [1]) that the Moivre—Laplace theorem can
be extended for the hypergeometric (instead of the binomial) distribution.

We shall express our principal result (Theorem 1.) as relating to the nth
row of an infinite triangular matrix with each row-sum being equal to 0;
we deduce from this theorem statements concerning sampling among the
first n terms of an infinite sequence (Thearem 2.).

We shall prove first the following.

Theorem 1. Let us consider an infinile triangular matriz

i
Aoy (gp

ty tpg -+« - gy

with real elements, such that the sum of elements in each row is zero;

n
(2) 2‘ ank == U .
k=1
Let us pul
; T
3) D,=| Sa,
k=1
and
(4) Dn's—_—_lfi 1—E]D,,. 1<s<n
n | n

where s is an integer.

Let N, ((x) for any real x denote the number of those sums

i, + By = oo - Gy, 1< <ip< oo, <G EW -

4*
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the value of which does not exceed x Dy, i. e. put

(5) Nps@= 21
Anirt - .- @uia<XDy
1=i ‘-’:!,{ <lEn

and put
(6) P o(x) =

N s(®)
n

Let us put for any & > 0,

(7) dn.s(s) = "];' Z a’l%k

D2 |a,z>eD,,

If s, < n/2 is chosen in such a manner that when n tends to infinity we have
for any € > 0
(8) lim d, s (¢) = 0,

n—o

it follows that for any real x we have

(9) lim F,(z) = D(z) 5

n——+ o

where D(x) is the normal distribution function defined by (1).

Remark. Clearly if we modify our problem as follows: we denote
by N¥ (x) the number of those sums a,,,l + a,;, + ...+ an, which are
< @D, where 1< i, <n(k=1, 2, ..., n), then
the question whether

Tk
lim Y@ _ gy
noe Pt
holds, can be answered according to the following theorem which is a special
case of a well-known theorem (see [2], p. 103):
Let &, (k= 1, 2, , 8) be independently and identically distributed
random variables with the distribution

Pl = an} = - (=12, -.i0) -
Then the sums
f:ns—"Dm

are in the limit for » — + oo normally distributed if and only if (8) holds
for every & > 0. Thus our theorem shows that if we take a sample without
replacement from a finite population, the distribution of the sample mean will
be in the limit normal, under the same condition as that which is known for sam-
pling with replacement.
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Proof of Theorem 1. Let us put for any real ¢

e
1 y
e —_ iyt Qg T o -'i'ﬂni‘J
(10) ‘Pn,su) = j 3”xan,s(m) o 2' et @niy+ ui ;
| ' 1=ii<ip<. . <he=n

—

-

To prove Theorem 1. we have to show that if (8) holds, we have

v 3 e
(11) Iim @, |- ]:.-e Z
=+ o2 1,5,

Now evidently, putting

Sn
(12) oo

n
and

‘n
(13) Buso) = ] ]pﬂ»tl — py=s
we have
1 -t

(1_1) Q’n,sﬂ[’ﬂ) l H 1 _?}_{_pez{!}-\- awﬁ-}}:lé it g § .

2 By (p)

Taking (2) into account we can write

1 T
(153)  @ns, (@) = ——
27 By (p)

J H(“ — p) e POt | peill-p)o+uam) d § .
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Now as well-known, if n = + oo and s, + o (which follows clearly from (8))

1
16 Bn A e e ————————l
" O = p)
and thus we have, substituting u = - v . .
Dn-;u lnp(l 1 p}
/ Riis
b e r
(17) ¥n. ., e l [ Qw-t)]d
Dn S '| l"rg T v thl'—ll ¢ N
—afnp(i—p)
where
pf( . fawe i ¥ taw
(18)  edp.t) =(1—pe i o +pe 5" Bund
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In what follows C,, C,, ... are absolute constants. Let us choose an
e > 0. If % is such that
LI Y
n,s

and |y| < 2¢|np(1 — p), we have

p(1 — p) U4 ta,;, ;
(19 Capil) =] —EA _ E) ¥y ke ey g
(19) o(y. 1) 5 [Vnp(l p + ; n] (14,8

with |#,| < C,. On the other hand, we have for an arbitrary %

1—p)y® | p(l—p) tpa,| , p(1— p)aj,
20 wt) —1 <0, % D) t¥any| , P(1— p)ap
(20) lor(y. t) = z( T 2V Das, 8 DL,

It follows that for || < 2¢)np (1 — p) we have

" n _ ‘,:l .- E_
(21) HE':.-(WJ)=e 22 .(1419,)
k=1
where :
7] £ Cyf d [i| Lyed—p-hL
L n
where

|¥n T 2 1 b=
I1=k=n
'
|@nk| > |:‘. Dy 4

As by the inequality of Scawarz wé have

2
Iﬂ B dn,s,.

-~ &p(l —p)

8 )
[t
we obtain

(22) limy, =0 .

nm—4 =

On the other hand if [y = 2¢ up(1 — p) we use the following estimates :

| £]
if &n_.'i! - B then 'lek{yh ’)I é ]'
n,s,
and

if Mée we have |gy.f) <1—p(1— p)(1— cose)
-Dn,s,.
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and thus

_ Cle) sy

[ j !}gk(w-t)dwéém ) Vs, = 2me O \q,
| =1

2el np(1—p)=ly =al'np(l—p)

i

where C(g) > 0 is a constant depending only on e,
Thus (11) holds and therewith our theorem is proved

Remark. Clearly our condition (8) is a condition of iindeberg’s type.
It is easy to see that the following condition of Liapounoff’s type implies (8)

Ir; 2 nkfs
(23) - lim 1 it i o
' Nt = &n n s
5
k=1

As a matter of fact, if i =< — we have

n 2
N la 02
@
1= [ 2n |2 o
diagle) o whee L - 3
£ 1,5, } az n 31 ank L
k=l .k

Thus (23) is a sufficient condition for the validity of (9)

For the special case when a,,, = @, does not depend on 7 (k=1,2
we obtain from Theorem 1. the following

.,
Theorem 2. Let {a,} be an arbitrary sequence of real numbers. Put

n

M, = 2‘ ay
(24) =
"t 2
Dn = ] ,\_l' (dk ——&]
=i 7
and
D, = Fi 1— 'E]Dn
n n

Let N, (%) denote the number of those sums

o +a,+ ... +a,

1S4 << ... <i£n
which do not exceed

S%{ - @ _D

n
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and put
_ Naal®)

)

(25) Fp )

1f putting a), = a, — %’ , and

1 =

26 dogle) =— 2 |aif?

( ) n,s() D% [a{i}st’ k[
1=hk=n

Z n 2
if m—>o0, §=s,< — depends in such a manner on n that for any € > 0
2

(27) lim dy¢ (g) =0

n—+=

then we have for any real

(28) lim Fp. (x) = Pz) .

A=

Let us consider some examples.

Example 1. If 0 < ¢ < a4 < C, then (27) is satisfied it s,— + oo
arbitrarily slowly.

Example 2. (27) is satisfied, provided that s, — - oo arbitrary slowly
if 0 < ck® < jag] < Ck* with a > —1/2.

Ezample 3. If

A
ak=(vk‘;l—)—r

then (27) is satistied if

n—+= logn

e. g. for

with arbitrary large A4>0.
Example 4. Evidently it is impossible to satisfy (8) if

Sayso
and

max |a,|=p§>0.
k
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The most far reaching previous result known to us is that of W. G.
Mapow [3]. His theorem, which can be compared with our result can he
stated with our notations as follows :

If

12
o bk
(29) ;'m = Tl_ﬁ'::l

I 21 gy

=1

< Cforall nand r = 3,4, ...

r =

2

then the assertion of Theorem 1. holds, provided that §, — -+ oo. Clearly.
Madow’s theorem follows from ours because if (29) holds for r = 4, we have
by Hélder’s inequality

n
N 3
Fo e | Qg - 3
(30) l{}ri"‘fl " ___<M4.Q
] n slf b cumd = e
8?1 - 3 3 Lsn VS”
- Gy,

and thus if s, — 4 oo, (23) is satisfied, which as remarked above ensures the
validity of (9). Thus if (29) holds for the single value r = 4, our theorem can
be applied, which implies that Madow’s result is much weaker than ours.

Madow's result includes as a special case a previous result of F. N.
Davip [4]. Thus our theorem contains as a special case that of the paper [4] too.

(Received 1. December, 1958.)
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VEGES SOKASAGBOL VETT MINTAKRA VONATKOZO CENTRALIS
HATARELOSZLASTETEL

ERDOS P. és RENYI A.
Kivonat

A dolgozat a valdszintiségszamitas centrilis hatareloszlastételének bizo-
nyos gyengén fiiggs viltozok esetére vald kiterjesztésével foglalkozik, ameny-
nyiben kimutatja, hogy a Lindeberg-féle feltétellel analdg feltétel teljesiilése
esetén egy véges sokasdghdl vett minta elemeinek kozépértéke kiozelitSleg
normdlis eloszldstu. Mas szoval a szerzék a kovetkezd tételt bizonyitjdk be :



58 ERDOZ—LENTI

1. wétel: Tekintsiink egy valos elemi

iy
a1 Q33
@y Gpa - © o+ Upp

hdromszig alaki mdtrizot, melyben az egy sorban dllo elemelk Gsszege mindeniitl
nulla :

; .
(2) Xay=0.
k=1
Vezessiil: be a
- " -
(3) D, = [/ Ias,
k=1
s
(4) p,.—/5(L_%p
ms — | '?i'( -_??] n
jeloléselet.
Legyen tetszbleges valds @-re N, (x) azon
Eite T Crigg=F e by, 1<i, <dy< ... <1.Zn
alaki osszegek szdma, melyek kisebbek x D, -nél, azaz
(5) E\rn,s(a’) = 2 1
iy @< XDy
1Zi<...<ig=n
és legyen
i?\r &
(®) Foole) = Yns2)
; i
[+
Vezessiil: be a
1
(7) d, fe) = 555 > ai 1=s=<n

n Qup =elDy,

jeldlést. Ha az {s,}(s, <n2)sorozatot gy vdlasztjuk, hogy minden pozitiv e-ra

(8) lim d, () = 0

=

legyen, akkor minden valds z-re

lim Fn,s,.(x) - q)(qg) 3

fi—s o

ahol D(x) a normdlis eloszldsfiiggrény.
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Az 1. tétel speciilis eseteként nyerhetd az aldbbi
2. tétel. Legyen {a,} tetszileges valds szdmsorozat. Vezessiik be az

n
j‘{ﬂ= )‘ a,‘
oy
n M2
(24) Dnm]f > |yt
k=1 7|

jelolésekel. Jelolje N, (x) azon
G B+ ... 0 1S <ip< ... <8, SN

alakid dsszegel: szdmdt, melyek kisebbek, mint

] ERTN
n
és legyen
M, (x
(25) Fodr)=—rat)
!
Vezessiik be az aj, = a;, — j—i’-‘, és '
(26) dofe)=L 3 ap
A Dg HQ;DNI *
1=k=n

jelolést. Ha az {s,} (s, < u/2) sorozatol tgy valasztjuk, hogy minden pozitiv e-ra

(27) lim d, (&) =0
n—=
akkor minden valds x-re
(28) lim Fpg () = D(z) .
n-s®

LEHTPAJIbHASI MPEJIEJIbHASI TEOPEMA JJIsi BBIBOPKAX
B3ATbIX U3 KOHEUYUHbBIX MHOXECTB

P. ERDOS u A. RENYL
Pe3siome

PaGorta 3anumaercst pacnpocTpaHeHuemM LeHTPpaIbHON NpeenbHOi Teopembl
BeposiTHOCTEl Ha ciywait HeKOTOpPBbIX €1ab0 3aBHCSLMX CAYYalHBIX BeJUUMH.
ABTOpBI JIOKa3LIBAIOT, YTO B CJyYae BLINOJHEHHs YCJIOBUS, aHAJOTHUHOTO YCII0~
B0 Lindeberg-a, cpennee 3Hauenue 3J1eMeHTOB BBHIGOPKM B3ATOH M3 KOHEYHOIO
MHOKeCTBa, HMeeT NPUOIM3UTEIbHO HopMalibHOe pacnpejienenne. Muave roBopsi
AOKasbpIBAETCH CleAymoLlas Teopema :
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Teopema 1: Paccuompum mpey20ibHy mampuyy

ay
gy Qgp

@y Apg - -+ Opp

13 electnGeHHLIX 3AEMEHINOE, § KOIMOPOU CyMMa IACMEHITIOE KaMCOoLl cmpoKl pagHa
HY10

(2) 5‘ aﬂk - 0 2
=1
BeedeM obozHauenns
(3) D,=| 3 a
k=1
i :
{

(4) D’“:Vi 1—5]1),, 1<s<n

Vi3 T

- Iyemo daa aobozo BeLyecimeeHo20 & N, s(x) o6o3nauaem wicao mex cymu
610a Api, + Qni, — ... Fay, 2061 < 4y < iy < ... < T, < M, KOMOpPbie MEHBLE
uem x D, m. e.

(5) N, s(2) = = 1
@utyt .-+ Aty <X Dy
1<h,<h<. .. <h=n

U nycmo
N

(6) Folz) =)

??.

¥
Beedex ofo3ngueritie
o 1 4
(‘) . dn,s(e) S e (4%

Dz ) e’
n ok, e D

Ecau nocaedosamesstioems s, (< nf2) ewdpana max, Wmo 048 Ka#0020 noao-
NCUMENbHOR0 & BHINOAHALINCA YCA08Ue

(8) lim dyg(e) =0

n—w
Mo 044 ecex GeljecmeeHHbIX X
lim P, . (x)= D(x)

fmaef

ede @(:r) HOPMAALHAA BYHKYUS pacnpedeeHus.
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B KauecTBe CHeLHaJIbHOTO cny4ast Teopembl 1 nony4yaercst cieiyrouan

Teopema 2. Ilycms {a,} aobas nocac006amensHOCNG BEJecnEeHHbIX HUCeN.
Beegem caedymiyue 0003naqeHus

fn
i, = 3o,

(24) D), = V 51 ak———]

Dn.s=]/§{ ;j D,

Obosnautm vepes N, (x) qucio mex cymm euoa

@+ Gy +. ..+ (14 < ... <i,<m
Komopble MeHble, qeM
n,s 2
u nycmo
N, )
(25) Fn.s(x) = _%
i’
- : M,
Beedém obosnauentie a, = a; — S o U
(26) dn,s(s) R 2 L’I
Dﬂ |ﬂk bEDi!l
1=k=

Ecau nocaedosameavrocms s, (< nf2) ebibpara mak, 4mo 048 KaAW0020 noac-
JHCUMEABHO20 & GbITOAHACTICA YCAOBUE

(27) lim dpg(e) =0

H— =
mo 044 6cex GELECIMIBEHHBIX X
(28) lim Fp,(x) = D) .

n—=
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