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ABOUT AN ESTIMATION PROBLEM OF ZAHORSKI
BY
P. ERDOS (BUDAPEST)

7. Zahorski [4] has asked for the best possible estimation from above
of the integral

2w
{ (COS R L | COS Ny ... + cospr|dr,
1
where (0 << n; << My << ... << 1y arve integers. He observes that the estima-
tion of ¢/ k is trivial, but he conjectures that clogn; is also valid. We shall
refute this question twice.
I. We find a sequence n; for which

2= k
f | Z COS N,
0 i=l

II. We find a sequence n; for iwhich

1
bt -1
dr =~ ck?®

2 &
] E cosnge dr = Vw ) ng--o(Vng),
=1

which proves that O(V n;) is the best estimation.
Since the proof of L is much more elementary than the proot of IIL,
we also include it.
The problem remains whether for every sequence i, << i, <7 ...
<< ng << ... and for every & > 0 we have for & > k (e}
k
f Z cosn;xr da < ( s)l"n;‘..
i=1
Proof of 1. Let us put »; = i%; 1 = { = k. We are going to prove
that
:!:: k 1
(1) b ; N cosita do > ck?
0
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To check this observe that clearly

(2) ffﬂ (Zk‘ com‘zm]*m = nk,

0 =1
and it is not difficult to see that for every n > 0 and k > k()

n kK

(3) f (2 cos @Zﬁa:rd;v 2,

0 iml

Namely, in order to prove (3), observe that

(4) f (Z cos@*x] de < ¢, 2 1< Y,

=l daidiiliiloo

1<y g, 93,14<k
Indeed, at least two terms in the sum 42 4-4; 4424 i; have the same
sign. If these terms are 4; and i, we can write 2 < ;442 = + 41443 < 2k2,
The inequalities 2 << + i+ < 2k?, 1 < 4,5, 4, < k have O(k?) solutions.
We denote by A(x) the number of solutions of the equation 4} = .
It is well known that A(z) = o(a®) (). Hence the number of solutions

of the equation 4344} ii-t4: = 0 is
k* max A(x) = o(k**°).

From (3) we observe that the set in x for which

. 12
|Zi‘ cosa’m‘ > tk

has a measure less than %7/t*. Thus, a simple computation shows that

(5) j(Z cosita)tde = Z j(z cosi2a) dz = o(k),

U= u fml

where I is the set in which
k

1
et . - +n
[ E cositx > k* ,

{ml

and the sets I, are those in which
+n

1 k 1

1, o 2

o2 <‘ E cosilxy| < UMK
i=1

(1) Indeed, A(x) << z(x), where 7(x) is the number of the divisors of x (see
e. g. [2), p. 398), and v(x) = o(z") (see e. g. [3], p. 26). (Remark of the Hditors).
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Formulae (2) and (5) imply
(6) _”2 cosiiw ) = whk+o(k),

where I’ is the complement of I, i.e. for xel’ we have

k
SR
‘Z cosiy < K

=1

Thus
k
f‘Zcoaaxldw l[vcosazw dr = J(vcoss’)da:
P Tin g \4
0 i=1 =l k2 i=1
% o
T —I;O(k)>ck2 n’
kE_Hl

which completes the proof of I.
The proof of IT is baged on a theorem of Salem and Zygmund [1].

Let us write
57

Sy = Z o5 (1) (agcos kx + bysinkx),
1

where [p,(?)} is the system of Rademacher funections,
5
ok = ai+b; By =1 d,
I

and let w(p) be a function of p increasing to -+ oo with p, such that p/w(p)
inereases and that 3'1/pw(p) < oo. Then, under the assumptions By — oo,
v = O|B%/w(B%)}, the distribution function of Sy/By tends, for almost
every t, to the Gaussian distribution with mean value zero and disper-
gion 1.

Let us set @ = 1,5, = 0 (k= 1, 2, ...); then ¢}y = 1, Bx = 1N where
N =1,2,... Moreover, it is easy to verify that the function w(p) = Vp
satisfies the conditions of the Salem-Zygmund theorem. Consequently,
for almost all ¢, the distribution funection of

tends to the Gaussian distribution with mean value zero and dispersion 1.
Furthermore, since the variance of Sy /By is equal to 1, we have for almost




170 P. ERDOS

all ¢ the convergence of the absolute moments of Sy/Bx to the absolute
moment of the normalized Gaussian distribution. In other words, we
have the relation

2 — N ] =

1 (V2 ; 1 2

lim —f P (Beoskz  dr = — || e-=* 2 dy = ]/-
Nosoo 2T 5 VN ;gﬂk Vor _.£ T

for almost all {. Hence, using the well-known equality

we obtain the relation

llIIl

] J V(% (1) +1)coskz | do = 2V=
N |

—
=
—

for almost all 1.
Let us fix an irrational number {, with this property. Let n,, n,, ...

denote the successive indices k¥ for which ¢;(f,) = 1. Then

ny N
y(%(tﬂ)ﬁ-l)eosm = "Z COS Ny &
k=1 k=1

and, according to (7),

2 N =
J +o(Vuy),
.,

which completes the proof of II.
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