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The problems of the theory of diophantine approximation concern
in general the solvability and non-solvability of systems of inequalities
in rational integers (or integers of an algebraic extension R (#) of the ra-
tional field). However, in the ecase of solvability, not very much is known
about the loealization of the solutions. The significance of this point of
view concerning the classical theorems of Dirichlet and Kronecker was
shown recently in a book [2], by the third of the present authors. In
this note we shall discuss the localization-problem econcerning the in-
equality

(1) la—a/y] < Aly?
where A is a positive constant,

(2) 0<a<1

and @, y are integers subjected fto

(3) () =1, y>1.

At a given A, as we know, even in the case of solvability, no inter-
val I on the half-line ¥ > 1 can be preassigned in such a way that the
system (1)-(3) has certainly a solution with y in I forall «’sin 0 < a < 1.
However, if we drop the requirement (z, y) = 1, the situation changes.
As the second of us proved (see [1]), there is a constant N, > 1 such that
the inequality [a—a/y| <y ° has a solution with ¥ <y < N° for all
@'sin 0 < a < 1if only N > N, and this is the best-possible in the sense
that N? cannot be replaced by o(N?®). Here we shall make the first step
towards the solution of the

Problem I (P 241). For fived A > 0 and ¢ > 1 we denote by S(N, A, ¢)
the set of those a’s for which with an integer N = 2 the system (1)-(3) is
solvable with an integer

(4) N<y<eN,
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If |S(N, A, ¢)| stands for the measure of S(N, A, ¢), does

(5) lim[S(N, 4, ¢) = f(4,¢)
Nearro
exist and, if it evists, what is its explicit form?

If we take inte account the previous remarks, the localization (4)
seems to be very strong and one might guess that f(A4, ¢) = 0. It is some-
what surprising that this is not the case. We shall prove

TueoreM I. We have for 4 >0, ¢ > 1

o 3 1 .,
lim |§(N, 4, ¢)] > —5 [1—— | min(1, 24).
:\'-—430 T {’

TuporeyM I1I. For A =1 and ¢ = 2 we have the stronger estimation

3 /(5 2
Hm |8(N, 4,¢0) = (2 — 2 .
e L¥sdyol] 32(4 cz)

TuporeM IIT. For 0 << A < ¢[(14 ¢?) the limes exist and

f(4,¢) = -3 loge.
T

i

TeoreM IV. For 4 > 10, ¢ > 10 say, we have for all sufficiently
large N
1

(8(N,4,¢) <1_WGTE’

i.e. if the lim|S(N, A, ¢) evists, it is < 1.

N—ma

A proof that f(4,c¢) exists for 4 > 0, ¢ > 1, seems to be rather
difficult. Theorem I for A = 1/2 gives the first step towards the solution
of the following problem of the metrical theory of continued fractions
which was the starting point of the present investigations:

Problem II (P 242). Denoting the set of those «’s in 0 < a <1, for
which with an integer N = 2 and ¢ > 1 the interval N <y << eN conlains
at least one denominator q, of the regular continued fraction of a, by
R(N, ¢), does
(6) \“m IR(N, ¢)] = P(c)
exist and, if it exists, what is its explicit form?

Namely, since any fraction «/y with (z,y ) =1 and

la—2fy| < 1/2y°

is a convergent of a, theorem I gives immediately the following
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COROLLARY. For the above defined R(N, ¢)-set we have

3 1
lim |R(N, ¢)| = —2(1— —;..-).
N—=o T ¢

Next we pass to the proofs of the above theorems. In order to prove
theorem 1 let g be an integer with
(7) N <g<[eN]-1
and h an integer with
(8) 1Sh<g=1, (kg =1.
First we assert that for two different pairs of such integers we have
| h I 1
(9) L= e,
| 1 ¥a [eN]
For if not and we had
(10) hifgy < hafgs,
then we had
hygs—hags| < 010:/[eNT < 1

which confradicts to (10). Then we construct open intervals I (h/g) around
each of our fractions h/g as centres of the length

min(1, L’él
[eNT

Tt follows from (9) that no two of these intervals have common
points; further for all «’s in each I(h/g) we have '

la—hfg) < A|[eNT < Alg?,

i.e. (1)-(3)-(4) are satisfied as well. Hence

. [eN] -
min(1l,24) <
— ) v(g),

N
IS(N,4,¢)] > [NF &

where ¢(g) stands for the usual Euler number-theoretical function. Since,
as we know, °

- 3
(11) i‘ﬂ xSan(n) o i

nex
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we have

.1 3
lim — 2 plg) = —, (€ —1),
N=reo N<g<[cN]-1 %

and theorem I follows.

In order to prove theorem II we start from the following remark.
Let I,,...,I; be finitely many intervals, which might have common
parts, J the union of all I,’s and I® the subset of J, which is covered by
the Is at least ! times. Then we have I < k and

(12) | = Z‘ I, — 2 9.

I=2

We again consider the points h/y with (7) and (8) and construct
around each h/g as centre the open interval I°(h/g) with the length
2/[eN . For the a's of I'(k/g) we have

la—h/gl <1/[eN] < Alg’
owing to (7) and 4 > 1; from (8) it follows that
(13) I*(hjg) C S(N, 4,c).

The intervals I°(h/g) may now have common parts; we assert,
however, that no three of them have a common point. Indeed, if &,/g,
< hyfgs < hslgs are any three consecutives of our fractions (7)-(8), then
we have from (9)

by hl > 2
s [G-N]J :

i.e. I'(h,/g,) and I'(hs/g;) cannot have common points. Hence (12)
and (13) give

(14) IS(N, 4,0) = Y [I*(h]g)|—I1?].
hg

In order to estimate the right-hand side of (14) from below let our
fractions be

h h,
0<hyfgy<hyfga<..<1 and —=——"=34,.

gwi_—l gs

-

Obviously, the intervals I°(h,/g,) and I (h,.,/g,.,) have a common
part if and only if 6, < 2/[eN]* and their contribution to I® is
2/[eNTJ'—6,. Thus from (14) it follows that
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ISV, 4, o) ;Z—[;};Tz— Y (le,—}z—é)

dy<2)[eN]2
’—v-c" [Civzrz if

ay=2/[eN)? sr<2/[eN)?

From (9) we have &, > 1/[eN]* and therefore

1 w
‘P{QH‘W Z 1.

a=2([eN]?

eN]=1

-

1
(15) IS(N, 4, ¢)| > [cNT

o
]
2

As to the second sum in (15) we may observe that for all fractions

h,/g, with
¢
N<g, < |-
v<o<|on]
the condition 6, = 2/[eN]* is fulfilled. Indeed, owing to

[ N]_1 (11 _ 1]

2
-

we have the inequality

k., b, 1 1 2

= > o >
Gorr G Gfs (b 1\-*]—1)[@1\?] [eN]

Thus the second sum in (15) is greater than

1
TeNE w(g).

N<g<[eN[2]-1

Using this and (11) theorem II follows from (15).

Next we turn to the proof of theorem III. Around each of our h/g's
with (7) and (8), as centres, we construct an interval of the length 24 [¢°
If we can prove that no two of these intervals have a common point,
then we obviously have

@lg)
L

g

(16) IS(N, A,¢) =24
N=g=[cN]-1
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In order to show that no two intervals of the above type have
a common point, let A /g, < k, ,,/g,., be two consecutive ones of our
fractions; then there is no overlapping indeed if we can prove t._at

i . A h, A P
( el Y B O
[ o1 v 4,

But this is true indeed, since the difference on the left is not smaller than
1 A A 1 g, \*

e | 9. .hd_d( g, )l,

gvgv+l !f:— .qu,—l gi lgﬂ.-l q, o | l

further g,/g,,, i8 certainly between ¢ and 1/e and the quadratic funection
y—A —Ay® is non-negative for 1/e < y < e. Since partial summation from

(11) gives at once
g(n) 6
g RO
2 g

NI

for & — oo, theorem IIT follows from (1G).
Finally we prove theorem IV. We shall prove it in a twofold sharper
form; denoting by S8*(¥N, 4,e¢) the set of «’s with the property that

(17) la—axfyl < AIN?,

is solvable with integer x and y satisfying

(18) N<y<cN

(i. e. dropping the restriction (@, %) = 1) we obviously have S(N, 4, ¢)

C 8*(N,A,c¢) and we assert that the inequality

(19) !S‘(N3 4,0 <1-— 1074%¢

holds for all sufficiently large N's. To prove (19) we consider the inter-
vals

2t .s\f,_1_A’a::‘<m<g+A’c2
(20) b 20N T T p ' 10N
where

(21) N[24%c < b < N/A ¢

and

(22) 1<a<b, (a,b)=1.
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If a/b < a'[b’ are two consecutive ones of our fractions, we have
from (21)

a A*¢ a' _}_(a, a') " A% @ a' 1 A
b TN T w \b ) 10N S b 1087
& a' A% ¢S " A*é - a’ ] A

b’ N? 10N ~ »" ' 20N7%

i. e. the intervals (20) do not overlap. Their total length is for sufficiently
large N's
' A\ s 1
20 £ ¥ 1074% M

using (21) and (11). Hence, if we succeed in proving that for the «'s in
(20) the inequalities (17)-(18) are not solvable, the proof of theorem IV
will be finished.

In order to prove this assertion we show first that fixing « in (20)
the solution x/y of (17) cannot be chosen as a/b. The assumption
z/y = afb would yield owing to (20) and (17)

A

{ &r
—&<a-_--—-:g-——.--: o1 — - < —_—
< y | <7

which is false owing to A > 10, ¢ > 10. If finally #/y == a/b, then owing
to (18), (21) and (17) we have

A 1} 1 r  a
Tl = T A r AT I AS By e (_ __)
N (eN)(N[A ) b ] b
z ' A At

<

‘ a
— la—— | < —S5 +—=
y T S T
which is again false owing to 4 > 10, ¢ > 10.

Added in proof. We can prove the following theorem: Let A
and e be arbitrary posittve numbers. Then there exist ¢, = cy(A, &) and
Ny = Ny(A, ¢) so that for ¢> ¢, and N > N,

S(N,A,¢) >1—¢.

As a corollary we obtain: for each &> 0 there is a ¢, and an N,
such that the set of those numbers in (0, 1) to which there is a con-
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vergent with denominator ¢ satisfying
N<q@gp<eN (e<e,N<N,)

has a measure great'r th n 1—e,
We shall return to this subject elsewhere.
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