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In our joint paper [1] 1 published recently, we have proved among other
results the following

THEOREM 2'. If f(z) is an arbitrary entire function, •M(r) = Max If (z) 1,
lzl=r

and x = H(y) denotes the inverse function of y = log M (r), then we have

(1)

	

lim inf Nk (f(z),1) H(k)

	

e'
k-* co

Here Nk . (f (z), 1) denotes the number of zeros of Pk) (z) in the unit circle_
The aim of the present note is to prove an improvement of this theorem

for entire functions of finite order ? 1, contained in the following

THEOREM A . If f(z) is an arbitrary entire function of finite order a = 1,
M(r)= Max l f (z) l, and x = H(y) denotes the inverse function of y = log M(x),

lzl=r
further if N k (f(z), 1) denotes the number of zeros of f(k)(z) in the unit circle,
then we have

(2)

	

lim inf Nk(f(z), 1) H(k) C e2-
k±CD

	

k

1 We use this occasion to point out that the condition

lim inf log M (r)
<

1
r-+c

	

g(r)
in Theorem 2 of [1] can be replaced by the somewhat weaker condition : there exists a,
sequence r1, - + oo such that log M (r,,) < g(r1,). It is clear from the proof that only this
is actually used . Thus the following assertion is true

THEOREM B. Let g(r) denote an arbitrary increasing function, defined in 0 < r < ;-- 00,
tending to + oo for r --- + c--- . Let x = h (y) denote the inverse function of y = g(x) . Let
us suppose that f(z) is an entire function for which, putting M(r)= Max If(z)1, we have

lzl=r
log M (r,l) ~ g(rJ

	

(n = 1, 2, . . .)

where rn is some sequence of positive numbers, tending to + oc for n oc . Then we have-

lira inf
Nk (f(z), 1 ) h (k)

k-co

	

k



.'224

(9)
As µ(r) ::~ M(r), (9) implies

P. ERDÖS AND A. RÉNYI

PROOF . It has been shown in [1] (formula (30), p. 132) that if v(r)
denotes the central index of the power series of f (z) for l z l = r, then

(3)

	

N,, (r) (f(z), 1)

	

(v(r) + 1) log 1

It follows from (3) that

,(4)

	

lim sup N (,:)(f(z), 1) r
r->. oo

	

v (r)
if we may suppose without loss of generality that f(0) =1 . In that case
if µ(r) denotes the absolute value of the maximal term of the power series

f f(z) on the circle IzzI = r, the following well-known formula is valid (see [2],
Vol . II, p. 5, Problem IV. 33)

r

(5)

	

log µ (r)
f t

v(t) d t.
0

It follows from (5) that if c > 1, taking into account that v(t) is non-
-decreasing (see [2], Vol. 1, p. 21, Problem I . 120), we have

rc

(6)

	

log µ(rc)-log µ(r) = fv tt) dt v(r) log c .
r

-On the other hand, it is known (see [2], Vol. II, p. 9, Problem IV. 60) that

(7)

	

lim inf
v(r)

r--w 109 14(r)
Thus to any E > 0 there can be found a sequence r,, (n = 1, 2, . . .). for which
r,, o- and v (r,,) (a + E) log µ (r,,) . Applying (6) for r = r., we obtain

(8)

		

v (r„) log c + a + E = log It ( c

Choosing c = el «+E, it follows that

v(r.,) :!E~:- log µ r,te «+£

v(rn.) ::~:- log M r e a+E

1-
H(v(r.)) : re «+E .



As by (4)

(12)
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lim sup
Nv

(r,,(f(z), 1) r..
-c :::-- e

n -* oo

	

v (rn)

and with respect to (11), we obtain

(13)

	

lim sup N,(r„)(f(z),1) H(v(rr , )
n-* w

	

v(rn)

But (13) clearly implies

(14)

	

lim inf
Nk (f(z),1) H(k)

	

e2- a+E .
k-*m

	

k
As (14) is valid for any s > 0, the assertion of Theorem A is proved .

Especially 2 we have for entire functions of exponential type, with type A,

(15)

	

lim inf N1 (f(z), 1) ::!~ Ae .
k-> oD
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2 Let W (WHITTAKER'S constant) denote the greatest number such that if f(z) is of
exponential type A < W, then an infinity of derivatives of f (z) have no zeros in the unit

1
circle . The exact value of W is not known . It follows from (15) that - :< W. This esti-

e -
mate is, however, much weaker than the estimate 0,7259 _< W, proved by SHEILA SCOTT MAC-

INTYRE [3]. (In footnote 4 of [1] we mentioned only the weaker estimate 0,7199 ~ W, due to
N. LEVINSON [4] .) It has been shown also by S. S . MACINTYRE [5], that W c 0,7378 .

(it has been conjectured (see [4]) that W=e .~

2-e
1

c

	

a+a .
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