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ON THE MAXIMUM MODULUS OF ENTIRE FUNCTIONS

By

P. ERDÖS (Budapest), corresponding member of the Academy, and
T. KÖVÁRI (Budapest)

The function
M(r)--- max f(z)

is called the maximum modulus function of the entire function f(z). In the
present paper we discuss the approximation of maximum modulus functions,
by means of power series with positive coefficients. We shall prove the fol-
lowing

THEOREM I. For every M(r) there exists a power series N(r) - -c„ r,,
with non-negative coefficients and with the property

6 < N(r) <3.
O

Though these constants are not the best possible, the theorem can not
be sharpened essentially . We shall show this by constructing a maximum
modulus function M(r) with the property that there does not exist a power
series N(r) with non-negative coefficients which would satisfy the following
asymptotic equality

M(r) N(r) .

In fact, the following stronger result holds

THEOREM II. There exists an absolute constant v,)>0
(.Fl)
= 200) and a

maximum modulus function M(r) so that for every power series N(r) with
non-negative coefficients the inequality

e-° < M(r)
< ero()

fails for arbitrary large r.

It is to be hoped that by the aid of Theorem I it will be possible to
extend certain properties of power, series with non-negative coefficients to any
maximum modulus function .



306

Now we- turn to the proof of Theorem I . Let
00

f(z)

	

a,, z"

be an arbitrary entire function, M(r) its maximum modulus function and

F(t)	log M(et) . Latter is a monotonously increasing, convex, piecewise
analytic function in -a < t < + a . In consequence of the convexity, every
discontinuity of F'(t) is of the first kind . The following construction of N(r)
is based on the approximation by polygons of the curve F(t) .

We may suppose without restricting the generality that a„ 1 0 (if z-0
is a ;,-fold root of f(z), we can apply the theorem to f(z)/z") . Hence it fol-
lows that

(1)

	

lim F'(t) =0,

	

lim F(t) =- log ! a,, !' .
h- Co

Put t,, - - c, for n > 0 we define the values t,,, so that

(2)

	

F'(t„-0) >~ n := F" (t,, -0) .

This defines' unambigously the non-decreasing sequence t,, . Now let us de-
fine the number T,, as follows

Put T,, -- t„ -- and n„ = 0. We choose the positive integer k„ so that

F(t,,.) -F(r(,) -- log 3 < F(t,;,,+1)-F('c„)
and put

Let us suppose that nand

Fig. 1

Owing to the convexity
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n,--max{k,,, I!,

h, 1 ,,, - d„1'~ 0

1 The numbers t„ are not necessarily different .

	U 1 = t„
r„ > 	t,,,,, are already defined . Then we put

T,,, +1 ~ t,. where t,, has the property that one
of the distances AB and CD (on Fig . 1) is

log 3, but for t,. - 1 both are > log 3. How-
ever, we have to make an exception if
for t +1 already both of the distances are
> log 3. In this case we put Tw -,-t to, _ . To
formulate the definition, we introduce the
following notations

"' - - 1, F t F(-(,,)

d,"	{F(t,,)-F(r-.)) -n,,, (t, ..-z,,) .

of F(t) these numbers increase with v and
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We define the integers 1,,, and k in . the following way
,1t Ch,y„ - log 3 < h ,1L

(3)
~d,7,<- log 3<dm+1 .

After these we define n,,, +1 and zm+~ as follows
(4) n,,. o - m ax { l,,, , km , n7„+1 j ,

The numbers n,,,, -r,,, and r,,, = elm increase with m monotonously.'
We define the positive numbers c m so that

(5)

	

c,,, r'm'l = M
Then we shall prove that the power series

c
N(r) _

	

c,,, ran
711==0

with non-negative coefficients possesses the desired properties .
Before verifying this statement we prove some lemmas in advance .

LEMMA I . In the interval
t„ t - t„+1

we define the function G„ (t) as follows
	max{F(t„)+n(t-t„) ; F(t11+i)-(n T1)(t,z_,-1-t) ; .

Then we have
(6)

	

0 ~ F(t) -G„(t) < log 3 .

(Geometrically this states simply that the distance
PQ on Fig. 2 is < log 3.) This lemma, though
simple, is our most difficult one ; this is the only
place, where we use the fact that F(t) is not the
most general monotonic and convex curve, but
the logarithm of a maximum modulus function .

PROOF OF LEMMA I . The inequality
F(t) - G,, (t) - 0

follows immediately from the convexity of F(t) .
On the other hand, let us suppose that the second half of (6) is false, i . e . in
the interval

ta.

	

t C t„__.1
there exists a point t for which
(6*)

	

F(t)-G„ (t) ~_log 3 .

2 It is possible that - at most - two T,,, coincide .

r,„+1 - tnm+l .

Fig. 2
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From our hypothesis it follows that

t

	

t

(7)

	

log 3-F(t)-G„(t)~) (F'(t,t)-n)dt ) ~dt=t-t,,,
t lb

	

tit
tH+1

	

tv,+1
(8) log 3 - F(t)-G.(0 (n -; 1-F'(t)}dt dt -- t,l+l-t.

We introduce the following notations

e t, ',

Using Cauchy's inequality we have

or

(9)

i . e . .

which is impossible .

h:
ak i P,, = M(°,,),

log I ak]+ kt„ :s: F(t), log jak j --;- kt„+1 -F(t„+1) .
Hence, by (6*), (7), (9), we obtain

log ak~J k J= log jak j +kt= log a,; +kt,,+k(t-t„)
G,2(t)-(n-k)(t-t,)~ F(t)-log 3-log 3 (n-k) _

=F(t)-log3(n-~- 1-k)=logM(j)-Iog3(n+ l-k) for kin,

I

ahj°'`

Similarly, using (8), we obtain

log jak :~ k j=logjak J+kt=log a k +kt„+1-k(t,,+l-t)
F(t„+1)-k(t„+1-t) G,~(t)-(k-n-1)(t,~+1-t)

F(t)-log 3-log3(k-n-l)=log^,,)-log3(k-n) for k~: n±1,

(1 I )

	

~i.

	

3-(h-`) for k ~ n + 1 .
( . )

By virtue of (10) and (11)

OD
(a k19

k O

M(-V)

u	 te .

t

ak p,~+1 = M °n+1

-(n+1-h:)

	

for

1
.)-'
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LEMMA II . a) Let us consider the lines

(12)

	

u=n,c t+logc,;,

	

(k--0, 1, 2, . . .)

and their upper supporting curve ' G (t) . If we denote the maximal term of
1V(r) with ,u-(r), then

G(t) = log t' (t) .
b) Since in view of (5)

log c,; + n k T,. =log M(rk) -F(TA ),

therefore (12) is the supporting line of the curve F(t) at the point t-t,: .
So G(t) is a convex poligon which touches (or rather supports) the curve
F(t) at the points t = Tk (k = 0, 1, 2, . )

LEMMA III .

O F(t)-G(t) :!!E~ log 3 .

PROOF . Let be T,,, - t :!si

	

Suppose first that n,,,+1 =1,,, . Then, by
virtue of (13) and Lemma 11, using the convexity of F(t), we can write

0~F(t)-G(t) F(t)- {n,,,+1t+logc,,,+l}
- F(t)- {nn,+1't +1 1 logc,,,+1} T n,,,+1

=F(t)-F( •r -,,,-

-{F(u,,,+l)-F(T,,,)}

	

=h,",, :f~; log 3 .

n the same way we obtain

0 ::!~; F(t)-G(t) :!!~; d,';,, +1 = d,;., ~ log 3

.also in the case n,,,+1=- k. . Finally, in the case n,,,+l = n,,, + 1 the statement
of the lemma follows immediately from Lemma I, because in that case

G(t) _- G" . (t)
_for r,n = t,im C t C t,,.,,,+l = Tm+l

LEMMA IV . We introduce for m < p the following notations :

Dm . 1, { F(T1,) - F(Tn,.) } - n„, (T , - rn,),

H,,,, , - n1,(rr,-T,,,)-{F(T,,)-F(T,n)} .

,(We mention that

	

d)a„ n,+1, H,,,, ,,,+1 = h,, ;,2+1 .) Then, in consequence of
.the convexity of F(t), for m < p < s we obtain

D,n, .., - {F(T) -F(7-,),)}-n,,,(zs-T„~)
{F(r) -F(r1,)} + {F(r1,)-F(T,,,)}- n,,(r,,-r,,,)-nn,(Tc- D., 1, -f-_ Dp, 4
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similarly
H ~-

	

H117, 5-

	

1n. v

	

17, R

Dm, m+2 !-i~ log 3,

	

H., .12 -'- I o g 3.

Namely, in view of (3) and (4), in consequence of the convexity of F(t),

D.,, .+2 - {F(u,. +2)-F(z-.)}-

{F(t1,m+~±1) - F(r )} - not (t,,,,7+i_ 1- c777)

{F(tkl,t+i)-F(~„1)}-n,,,.(tk„z i- rm) - d,' ;;,-1 > log 3

LEMMA V.

and

and the assertion on H,n , m±2 follows in the same way.

LEMMA VI . For k > 0, on the basis of Lemma IV and V we have

Dm-(2k+1), m

	

Dm-2k, n,

and in the same way
lc

Hm,,n+2k+1 Hm, m+2k >

	

Hnt }(i-1)?, m}3i k log 3 .
i=1

LEMMA VII . For k > 0 we have

em-2k- l

	

"m-2kcn7-'?.k-1 r17t

	

Ci 7- ' k r1n

	

k

CH,
rm17t

	

cmr9,tnt

nn,+2k+1

	

cn,

	

7tm +2k
c7n+2k+1 nt

	

+n. .k fm

	

1,.-~_

	

-~:: 3- .
Cm r,rtm

	

Cm f~not

The lemma follows immediately from the previous one, by considering
that in view of (13)

cvr",
log	= log cy-log el,t -}- n,,Tm - u rn T,;, _

cm rm
77„7

~ nV (Um- TV)

k-1

I Dsn-2(i+1), m-2i I k log 3
i=U

F ,n)-F(T,,)} _

LEMMA VIII . For rm < r - r1n+1 we have

0 < NO-{cm-1rn7n'-1 1 cn,rnm -}-Cm+1 r""+1 +cm+2r'n+2} ~ 2µ (r ).

H,n , v
if v < m,

if v>m .
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Namely,' in view of the previous lemma
0 < 1V(r)-{Cn,-1r"" -1

	

Cm l "nz - _Cm+11 'En'+1

	

C,,,+~r"n~-+~~
m-2

	

Co

	

m-2

	

9a ,

	

'7c, r

	

m	 1 	't'"t+1

	

7V	cv r v	 C= L c,•r +~'

	

c yr

	

c,,,, r

	

" + c,,,+1 l

	

y
I-A)

	

v=ri +3

	

v=1 cn,~r "a

	

i'=>n+3 c„~4 r"111+ 1
'~ .'n-2 C"/m "

	

co

	

Crr "
cm r nt

	

+ c,,, .,-, r",11+1

	

~_
-1 C„2 rna

	

z -»'

	

Cn,+1 rr„+1
[m/2l

	

w

--f--2 , 3-k

	

c,,,, +,r ""t

	

2.3 -
k=1

	

k=1

C (c.,,i r-+ c",+1 r'
') 2

	

+ 12 + . . . -C 2,u, ( r)3

	

3

	

.

LEMMA IX.

1,(r) < N(r) < 6 µ (r) .
Namely, by virtue of the previous lemma we have

N(r) _ [N(r) - {c, _ 1 r12m-1 + cr" r"
.",+ c.+1 r '2'rm+1 + c„ 4_2 r

+ {cm.-1 r","-1 + cm r"'', + cm+1 r'i'm+l +
c,"+2 r",.+2} C 2,u (r) + 4,11 (r) = 6 y (r) .

After these preliminary remarks Theorem I follows immediately . In fact,
from Lemma IX we get

1 <µ(r) <1 .(14)

	

6

	

N(r)
On the other hand, in view of Lemma 11 and III (t = log r) we have

(15)

	

1 M(r) ._ 3 .
(r)

By comparing (14) and (15) we obtain the desired inequality

311

M(r)
< 3.N(r)

Q. e . d .
Now we turn to Theorem 2. We define the entire function f(z) by the

power series
z"'

	

z

	

z
A z) _

	

1 -+- -
k-0 2"

	

z
r,,

	

rk

where n = 2", r,,; - 4n '` . Let M(r) be the maximum modulus function of f(z) .

3 The following calculation is, strictly speaking, restricted to the case m > 2 . How-
ever, if we put c_ 1 = c_2 = 0, then we can apply the argument to the case m = 0, m =1,
too.

(16)

1
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We shall demonstrate that there does not exist a power series
CO

N(r) --

	

a.r~2

with non-negative coefficients which satisfies the inequality

(17)

	

e- F < N(r) < er
()

with i F

	

200 and for r >

	

Let us suppose that our assertion is false

and there exists an N(r) satisfying (17) . We introduce the following notations

9k. -- r,, t ' , 1-, : - r1 r,,.,' ,
r,, r,:-I ,

	

~,. = r,: r,.-,
In consequence of the definition we obtain

< 9,. < •r,; <

	

< <
Let us put (s,; ~ r T,,. . Then, for r > 0,

log	
2121.- r

2" -,;

(k--0, 1, 2, . . .) .

(n,'-n _,,) log2-(n,,-n,, 1,-2) loot-

(nr-n,;-,,) log 2(n,. + n,.-,-)-log 6,,:-1 1-

	

2

	

-
(18)

	

n,,,-n,,_.,.

(

	

) log 2 (n,,: + n,;_,.)--log 4
n,.-' -}- n'. ~

	

2 log 4 n,:-1 + 2 n,.= n,. - n,; -,. ~

	

3

	

3

(n,.-n,: ,.) log 2(n,,: + n,;

	

3 log 2(n,;_„-{-2n,;) ` -~-4 log 2 •n ,; __

-(n,,:-n,;-,.)2log2 +4log2 .n,.~-(n,.-n,, 1 ) 2 log 2 +4log2 •m;__

_ -4k-' log2 + log 2 .2,.+-' < -4,.-

We obtain in the same way that in the same interval
r ",;- ,'

2"i,+,.

	

, log 2

	

log2

	

,- ;+,.<19)

	

log 1	<-(n,;+,.-n,;)=3 -41;+- 1 3 <-4~.

2' 11;
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From (18) and (19) it follows that in the interval ~,, r -~ r,; the k=th term
of (16) (for sufficiently large k) predominates strongly over the rest . There-
fore, denoting the maximum modulus Junction of the polynomial

1 +~
by M, (r), we have

r"'L

	

rMl -
2"k

	

r'.
e -1 <	M	 (r)	< eE

in the interval U,;_1 :!~-r - Tk for k > k, (F) . Comparing (17) and (20) we obtain
#hat in the same interval

e -2 .-

-holds for k > k8 (iF) -- max {k( (1), k, (' ) ; . On the other
41k-1 - r - ~r,,-t

<22)
1<M - <

	

k-1 =M, 1r, .-1~ s
=M,(4( r,;

	

1 r, ;
c )_

In the same way in the interval, ok : r = c,;

{23)

	

1 < r~ Ml - < eE if k > k4p) .r-

	

rA.

Comparing (21) with (22) and (23), respectively, we obtain the following
inequalities

r1e-3E

<

	

N(r) <
e'E,

2)4 k
(24)

r` 7 +J

	

1{25)

	

e- „ N(r) < e~

2"' r;:

which are valid in the interval

and

4 Acta Mathematica VlI /3-4

r? 'k-

	

r") < e"£2 Nt r27~,z

	

)

M, (4 " ) < et if k > k ; (F) .

hand, in the interval
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respectively, Applying (24) for r
= ~k-1 = ~ ak-i 5k-I , we obtain for n < nk:

(26)

and similarly for n > nk

(27)

(28)

P . ERDÖS AND T . KÖVÁRI

n

	

9a

	

~k 1
an k-1- (a. ak-1)

ak-i

nk

	

l~z

	

7Lk

	

' k- n
9 (	< e3-, ak-1

l
	 Sk-1~ - e3Ek-1 ak-1

2nk ak-1,

	

2%
. nk-n

12

	

"k
rk-1

	

k-1

	

2.egE

rk J

	

n2 < nk- " k-1
2k

C egE
(Tii)

-

rk
12

2

n

6

~k-1 1L
N(6k-1)

9
Ilk

	

Izk-1

	

'zl:
k-1 = 21- s

	

k-1
L

2 n1`

~

	

' 't'

	

n
n

	

}-n

	

~ k-1

	

~k--1
an k-1 _ (an~+k-1) ~k-1

	

N(~k
1)

	

<
y- n k

	

~z

	

"k

	

n - " It< egE ;k-1 9k-1 _ e3E k-1 9k-1
n2 l ;k-1

	

Yz2 \'~k-12k

	

2k
n-nk

nk

	

nk-1 s-"k
k=1 C 21-(u-zz'k~ 6

	

~k-1

2 nk
2 -

2" IC

Here we utilized that the coefficients an are non-negative. From (26) and (27)
we have

'~I~

	

97k0 <

	

an k -1 =

	

an,; k-1
~ztnk

9
nk

	

"k-1

	

"IC
C	I' 2

	

1 b +" 2

	

<E k ,~,

2"k
nk

2

	

k 1

	

!

	

2n1i2 6 -1
N(~k_1)

1
2

	

x z0 <

	

72h 2 k - an k2 k <

	

if k > k4 (E) .
k-1

On the other hand, it follows from (24) that
(29)

	

a-:)E < Nnk-1 2nk < egE .
k

9k-1

Comparing (28) and (29) we obtain
2(30)

	

a-2E-8 < an
k2nk < elf; .

Using (25) we obtain in an entirely similar way that
2(31)

	

a-2E- 8 < a„k.+.2 2n k < e3E .

2%.



From (26) it follows immediately that
l- "k-1 r '~ k

(32)

	

a,., rn < 2

	

6	

2nk

for r <k_1 >
-4_1, n < n k and in an entirely similar way we also obtain

nk
1- (11"k) - r nk+22

(33)

	

a, r? < 2

	

s	
nk 22 rk

for r ::--- ok, n > n k + 2. From (32) and (33) it follows that in the interval
' ;k-1~TC ;Ok

0 < N(r)

	

~rnk + a

	

r'2 '~ +1

	

a„ .2 r ?zk+2--a,, k

	

32 ]cTl

	

],:

nk-1

	

m

	

nk-1

	

n

	

zz k
-

_

	

a,, r~' rt

	

a,,ra' = nk • 21 6
+

	

2

	

r° r
9

(34)

	

V--0

	

r -nk+3

	

2 nk-11 rk 2 nks -
r2 r nk

I +--	 if k > k4 (,-) .
rk 2 nk

From (30) and (31) we obtain
r2

	

~~2

	

r-'

	

3,s1 +	(e -- Q) < (a.tk- + ank+2 r-) 2 < i -1

	

e .
rk

	

rk
Hence

nlc

	

2s-	1

	

r

	

lz,,

	

"'+1

	

"k ?-2r (e -

	

e)	2 1+2

	

a,,k+1 r < a,,,,, r

	

a, ik 1r

	

+ a~ik r
(35)

	

2nk

	

rk

i

	

r2
e;

	

, L2
t

1 -E

	

+ a,,,, +1 r , r k .
2 k

of (34) and (35)

ON THE MAXIMUM MODULUS OF ENTIRE FUNCTIONS

In view

(36)

	

e-2F-E <

	

1

	

rN(r)

	

< e3F
-}- ~ •

2 1 + ° + ank:+1 r
2

7t
k

	

krk ,

Comparing this with (21) we obtain

M,(r

(37)

4*

e-2F (e -E) <

2

	

2
1 + 2 nkank+i r - f -

r -

rk

M1
( r )
r k

n 2

	

r21+2 k ank+l r +
rk

--1

r 1?k

<7E if
c< 20'

< e2e (e3F + 8),

315
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It is easy to verify that

1+r-r' if 0=r{U5-2,

M, (r)

	

UZ (1 + r' if VS

	

2 ::-:::: - 1, 5+2,

r'+r-1 f V5+2~r<oc .

Thus substituting in (37) r - r,,: and

(M, (1)=u s, M1 (0,1)- 1,09)

2+2

	

,'+1
rk -1(38) y~5

1"r:

10'

1,01 + 0,1 .2" k a,,k+ 1 r,.;
(39)	 1,09

	

1 < 7k.

From (38) we have

2"' a,,,+1 r1 <(15 2) + 7 l;` 5 ~,
on the other hand, from (39) we obtain

2"k

	

> 0,8 - 76,3t .

If _ c	I , these inequalities are inconsistent .200'
Thus, we arrived at a contradiction and this proves Theorem II .
It is an open question whether to an arbitrary maximum modulus func-

tion M(r) there exists a power series V(r) --- ..a„ ri with real coefficients, and
with the maximum modulus function M* (r) with the property that either

M(r) "' V (r)
or

M(r) M*(r)
holds .

Similarly, the authors do not know whether Theorem I holds for every
piecewise smooth, non-decreasing, logarithmically convex function 901(r), or not .

(Received 27 August 1956)

< 7 F,

respectively, we obtain



ON THE MAXIMUM MODULUS OF ENTIRE FUNCTIONS

O MAKCHMYME MOAYJ15I UEJIbIX IYHKLUKH

fl . 9pAeul H T. KeBapH (ByAanewT)

(PeaioMe)

B HacTOSluueH cTaTbe Ao1aabIBaIOTCSI cneAy!ouAHe ABe TeopeMbi
T e o p e m a I . EcnH f (z) nio6asi i enasi 4)yHI L HR, M (r)= max I f (z) I,, TO cyIL eCTByeT

lz l=r

TaKON CTefeHHOH pslA C HeOTpHLgaTenbHbIMH Koa4xl)HIjHeHTaMH N(r) _ fC"r", IIT .O

1 < M
(r)

< 3

	

( r < oo) .
6

	

N(r)

3TH nOCTOSIHHbie He HaHnyqIIIHe, HO TeopeMa B CyI(HOCTH Bce We He MoI<eT 6bITb
yCHneHa, H60 HMeeT McCTO caeAyIoulasl TeopeMa

T e o p e m a II . IZpeAbiAymasl TeopeMa He 6yAeT ilMeTb McCTO Aaxce iii AOCTaTO4Ho
1

	

i

	

I

6onbwHx r, ecaH aaMeHHTb B Heil
6

Ha e 20) H 3 Ha e2fm) .
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