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ON THE MAXIMUM MODULUS OF ENTIRE FUNCTIONS

By
P. ERDOS (Budapest), corresponding member of the Academy, and
T. KOVARI (Budapest)

The function
M(r)=max f(2)|

is called the maximum modulus function of the entire function f(z). In the
present paper we discuss the approximation of maximum modulus functions,
by means of power series with positive coefficients. We shall prove the fol-
lowing

THEOREM |. For every M(r) there exists a power series N(ry—=—Xc,r"
with non-negative coefficients and with the property

1 M(r) _
6= N~
Though these constants are not the best possible, the theorem can not

be sharpened essentially. We shall show this by constructing a maximum
modulus function M(r) with the property that there does not exist a power
series N(r) with non-negative coefficients which would satisfy the following
asymptotic equality :

M(r) ~ N(r).

In fact, the following stronger result holds:

THeEOREM Il. There exists an absolute constant & >0 (&-,.-—_- —I ] and @

maximuam modulus function M(ry so that for every power series N (r) with
non-negative coefficients the inequality

- MU)
e < N(:;jﬂ.e
Jails for arbitrary large r.
It is to be hoped that by the aid of Theorem I it will be possible to

extend certain properties of power series with non-negative coefficients to any
maximum modulus function.
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Now we-turn to the proof of Theorem I. Let
@
f(z)= :1 a2
h=n

be an arbitrary entire function, M(r) its maximum modulus function and
F(t)=1log M(e'). Latter is a monotonously increasing, convex, piecewise
analytic function in —~<f< 4->. In consequence of the convexity, every
discontinuity of F'(t) is of the first kind. The following construction of N(r)
is based on the approximation by polygons of the curve F(f).

We may suppose without restricting the generality that a,==0 (if z—0
is a 4-fold root of f(z), we can apply the theorem to f(z)/2*). Hence it fol-
lows that

{n lim F'(t)=0, lim F(t) = log|a,.
oo I—-om

Put {,= —=, for n =0 we define the values #, so that

2) F i, —0=n=F'(}0)

This defines' unambigously the non-decreasing sequence #,. Now let us de-
fine the number r, as follows:
Put 7,=f =—-—co and n,=0. We choose the positive integer £, so that
F(t.,)—F(t,) =log 3 < F(t, 1) —F(r,)
and put
n = max ik, 1}, =1,

Let us suppose that n, and r,—1t, are already defined. Then we put
T,41 =1, where t, has the property that one
of the distances AB and CD (on Fig. 1) is

Fity  =log3, but for ¢,., both are > log3. How-
ever, we have to make an exception if
for f, .1 already both of the distances are
> log 3. In this case we put =, =—1f, 1. To
formulate the definition, we introduce the
following notations :

h;‘-‘ — J’(t,.—'f‘,,,. =3 :F(rﬂ")_F(T.H‘);:
Flgl dy' — (F(ty)— F ()} — 1t —"Tn).
Owing to the convexity of F(f) these numbers increase with » and

T4 ki
h,=d., == 0.

1 The numbers £, are not necessarily different.
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We define the integers /[, and k, in the following way:
\ ki =log 3 < Al 1,

©) f dil =log3 <di) ..

After these we define n,, and T, as follows:

{4) Nyt = max {L, kn, Nua), Tt =l ;-

The numbers n,, . and r, = e increase with m monotonously.*
We define the positive numbers ¢, so that

(5) L Cml = M(rw).

Then we shall pm\?e that the power series

N()= 2, cur™

with non-negative coefficients possesses the desired properties.
Before verifying this statement we prove some lemmas in advance.

LEMMA L. In the inferval
Lsti=ta

we define the function G, (t) as follows:

G.(t) — max {F(t.) +n(t—1t.); F(t.)— (4 1) (ta—1)).
Then we have
(6) 0=F(t)—G.(t) < log 3.
{Geometrically this states simply that the distance
PQ on Fig. 2 is < log3.) This lemma, though
simple, is our most difficult one; this is the only
place, where we use the fact that F(¢) is not the

most general monotonic and convex curve, but
the logarithm of a maximum modulus function.

ProOF OF LEMMA I. The inequality
follows immediately from the convexity of F(f).

On the other hand, let us suppose that the second half of (6) is false, i.e. in
the interval '

Fig. 2

there exists a point ¢ for which
(6% F(t)—G.(t)=log3.

2 It is possible that — at most — two r,, coincide.
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From our hypothesis it follows that

(M log 3= F(1)— G, (f) = | (F'(t)—n)dt = | dt — i—t,,
fll r.n
N lr:'-i—l_ fuj—l
(8) log3=F(t)—G.(1) = _| (n+-1—F'()dt = | dt — b, —t.
. + n

We introduce the following notations :
0, -e*", o—¢ .
Using Cauchy’s inequality we have
lajei=M@), |ae, =M(, )

or "
) log jai| +kt. = F(t.),  logla]|+ktus = F(tun).
Hence, by (6%), (7), (9), we obtain
log |a, 5| = log |ax| + kt =log |ax| -+ kt. + k(t—t.) = F(t.)+k(t—t.) =
= Gu(H)—(n—k)(t—t,) = F(t)—log 3—log 3(n—k) —
— F(t)—log3(n--1—k)=log M(3)—log3(n-+1—k) for k=n,
1. €. -

|ai|o*

(10) M)

=3""Y for k=n.

Similarly, using (8), we obtain
log |@6*| = log |ax| -+ kt = log |ai |+ ktu —k(t,—1) =
= F(to)—k(tin—1) = G.()— (k—n—1)(t,u—1) =
=F(t)—log3—log3(k—n—1)=log M(a)—log3(k—n) for k=n+1,
i.e.:

|axje® _
an M@) =
By virtue of (10) and (11)

3% for kz=nt1.

5-“&“’;'1-
i_fz 4]_L+_l= e =1
, M@) ~“\3'"3" ]
which is impossible.
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LEMMA 1I. a) Let us consider the lines

(12) i = nit-+log e k=10,1,2,..))
and their upper supporting curve G(t). If we denote the maximal fterm of :
N(r) with u(r), then
G(t)=log u(t).
b) Since in view of (5)
{13) log ¢ + myty == log M(ry) = F(1),

therefore (12) is the supporting line of the curve F(t) at the point ..
So G(t) is a convex poligon which touches (or rather supports) the curve
F(t) at the points t=1, (k=0,1,2,...).

Lemma IIL
0=F(t)—G(t) =log 3.
Proor. Let be 7,,=f=v,.1. Suppose first that n,..=1/1.,. Then, by
virtue of (13) and Lemma II, using the convexity of F(f), we can write
0=F({)—G{)=F(t)—{nuat+loge,a) =
= F(t)— {1 Tusr + 108 €t} + Muia (Cuy — 1) =
= F(t)—F(tuu) -+ tua(Twn—1) = M (o —0) —
—{F(tw)—F(t.)} =N, = h;, =log3.

In the same way we obtain

0=F({t)—G(t)=d

ni+1

=dy, =log3
also in the case n,. =k,. Finally, in the case n,.,=n,+1 the statement
of the lemma follows immediately from Lemma I, because in that case

G(t)= G, (f)

for vn="H, St=4, = Tuoa.

Moy =—
[

Lemma IV. We introduce for m < p the following notations:
D,y = {F (1) — F(zu)} — (1, —T0),
H,,p = (v — 1) —{F (1) — F(tn)}.

(We mention that D, ...—dy, 1, Hywia—H) 1) Then, in consequence of
the convexity of F(t), for m < p<s we obtain

D, .= {F(r.)—F(1.)} —n.{(1s,—Ts) =
= {F(r)—F(r,)} + 1F(r))— F(tuw)} — u (Tp—Tw) — 1(Te— ;) 7= Dur, p - Dy,
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and similarly
Hm,& :—'_?.Hur, n —|_ Hf‘r B

LEMMA V.
Dymiz = Igg 3, Hm, AR = |()g‘ 3.

Namely, in view of (3) and (4), in consequence of the convexity of F(t),

Dni, md = "F('rm +2)_F(Tm)} _— -'Im('rm.;.;: — 'E;ﬁ) =
= {F(t“nwl" 1)‘— F(Tm)} — M (t”m+1" 1= T‘IN‘) =
= {F(t, 1) — F(Ta)} —m (b, o1 — Tm) = di

wm

1>log3

m’

and the assertion on H,. .. follows in the same way.

LEmmA VI. For k>0, on the basis of Lemma IV and V we have
k-1
Dm—[:’l:-f_l], = Dm-?k,m = ;DMHQ{H-I), m-2¢ gk iOg 3
and in the same way
i
Hm, mydk41 = Hm.m.‘.ﬂk == ;‘.Hmﬂi—l)ﬂ.irriif?':?k lﬂg 3

LEmma VII. For k>0 we have

L I Jh
Cm-ﬂ.—-lrn:" -1 - fm--::!-rmm . ek
r'um = rilm_ = 3 4
Couel, Cml,
My e My 23]
Constaat P g oy b2 s
T = it = -
Cml," Cnl ™

The lemma follows immediately from the previous one, by considering
that in view of (13)

Cyl,
Tlm
"

e

"

log =log e,—log cu+ Ny T — Ny T =

D,. if v<m,

= (T —Tu)— [ F(Tm) — F(T;)} = :Hm . if w>m.

LEmma VIII. For ro.=r=r..a we have

0 < N(r)—{ca-1r"™ 1+ cur™™ = Coegs 1™ - Cpupar ™12} = 2u(r).
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Namely,® in view of the previous lemma

0 = N(r)_ {Cm- Ir"'lr: -1 _|___ cmr"m _]_ s r"nr—-l _i_ Cm__jr"ru-l—ﬂ} —i=

o o -2 W & s
- i 2 1. B CyT i e Cyl
= .}..-C:--" Y+ l ™= r’ g e l — =
p=il y=m-+8 v=1 Cyul " p=m+d l:'m..I.r i+1
-2 My o o
3 -- C.r
b, i T u, Rl L] 3
=cur' D G > -
- 5] m—+
=l Emrm’ w2 Gt rﬂi—l

- o

Z -k ! 2 =
Ecuirﬂm 2'3 _J:__C“H_lrlunl 2‘3 =

—1 k=1

k

= (em "™+ Copa ™) 2(%—4—% +ees ) = 2u(r).
LEmma IX.
' w(r) < N(r) < 6u(r).
Namely, by virtue of the previous lemma we have
N(@r) = [N(r)—{Cu-1 r"™ '+ el "™ + Con1 T - G2 ™12} ] +
Feu " O™ b o T A o7 "2} = 20 (r) - 4 () = 6 (7).

After these preliminary remarks Theorem 1 follows immediately. In fact,
from Lemma IX we get

Lo o
(14) 5 <N Z1
On the other hand, in view of Lemma II and Il (f==1logr) we have
M(r) .
15 I=—as=g
(5 u(r) -
By comparing (14) and (15) we obtain the desired inequality :
1 M(r) _
6- = m < 3.

Q.e.d.

Now we turn to Theorem 2. We define the entire function f(z) by the
power series

o J!k 2
z z 2z
(16) fw;zﬁﬁ+-~ﬂ
=0 9" T )
where n, = 2", 1, =4"._ Let M(r) be the maximum modulus function of f(z).
¥ The following calculation is, strictly speaking, restricted to the case m = 2. How-

ever, if we put ¢ ;=c_,=0, then we can apply the argument to the case m =0, m =1,
too.
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We shall demonstrate that there does not exist a power series

N = lgﬂ,,r"
=

with non-negative coefficients which satisfies the inequality

L N0
amn e <

with & = 200 and for r >nr,.1. Let us suppose that our assertion is false
and there exists an N(r) satisfying (17). We introduce the following notations :

L Y 2
Oe="% Tkels To=T [li1;
g - Lh a6 (#=0,1,2,...)
Ue==1r; Ty, sx=17Tt
In consequence of the definition we obtain
Fio=2 0 <2 T << 0 < LL < Mg
Let us put o, =r=-+,. Then, for » >0,

r"k i
2“?:-:-
log 22T (a2 ) log2—(n,—n, ,—D)logr =
r'
2 :’
= (n,‘_—n,_._,.)y log 2(n. + fi-p)—10g G;-_1 [11 = 72)l 3
(]8) = j i T — My, *‘

=(nf..—nk-v)=Eogz(m.-—;—n,..-,) log 4 ‘+"‘: 2log 4 _’l‘_‘_é..?"" =

2
= (m,—n,.- ,) log 2(n; + ny ,)— IogE(m 2n;) H +4log2-n; =

3 2
== —(m—n; ) Eg— +4log2-n, = —(n.—m 1) li‘,g;—z +4log2-n, =

— 4 1%2 tlog 2- 2842 < —4k3,
We obtain in the same way that in the same interval

plkr

k4
{19) log 2 < — (e — )’ ‘Eg—z s i ‘|0§—2 < — =it

_2”;:-
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From (18) and (19) it follows that in the interval &x.,=r= 7, the k-th term
of (16) (for sufficiently large k) predominates strongly over the rest. There-
fore, denoting the maximum modulus function of the polynomial

14 2

SRS

by M,(r), we have

uE s
Com(Z)
21? I

4

(20) . g i W

< 2

in the interval o, =r =7, for k> k(¢). Comparing (17) and (20) we obtain
that in the same interval

=
M| —

~3p ar“k 1(\“-5'.) o,

{(21) e i"z—J?NU) < e

holds for k > k.(¢) = max {k,(¢), k,(#)}. On the other hand, in the interval
O 1=r=_§

1

;k-t-' o '."'-’r.--:i*_"' - ”k‘t*:.—-;
o3 e U B R

1< M, [i],; M,
R

{22) ’

. N |
W

— M@ F)<e if k>k).
In the same way in the interval e, =r=m,

T M, [ri)«w it k> k(o).

@) 1< -

Comparing (21) with (22) and (23), respectively, we obtain the following
inequalities :

r"J’.‘ ]
24 eﬂ:'h' e < 82*,
& o N(r)
"y b ]
(25) R gl W
22 NO)

which are valid in the interval
O =r=4.4 and o.=r=mn,

4 Acta Mathematica VIK3—4
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rcspectivély. Applying (24) for r—E& 1=} @x1Li1, we obtain for n < n,

@51 — (.00 .)( )*HN(G; 1)(5“} <

Rl_ n “k 'FI-"L n
Oy -
(26) <e =7 (—EL 1] — gt . (a" 1] =
2" L Ok:-1 2" & 1,
ﬂk_fﬂ
- _j'.i"_ e Mg e _q
= ple Tk-1 E_“'_‘{ 2 L Sk-1 :21' 6
I "E L ] "2
2 I 2___._._&.... 2 &

and similarly for n> n,

0B — (el ,)[ HJ‘ = N(Gy) (%-3)

(27 < ek at ‘[Q* ’] B (E) R
2™ gk 1 zui a.:k—l. ;

=T

L R
-::es;(r“ 1] B EY {2' ) - |

T 23:} 2";"
Here we utilized that the coefficients a, are non-negative.
we have
0< ; ﬂn‘:k 1= N(& 1}—'5!,5;"9'; 1=
H "k
(28) "J. { nil'.~1 \ Ty,
Bt ey 2 LeySl
7+ ge 1 2
0= (ﬁi") ,.A_z Yo ik > ky(e).

-1

On the other hand, it follows from (24) that
(29) e < ﬂg{—‘) 2% < o,

Comparing (28) and (29) we obtain
(30) et —g < ay, 2% < ete,
Using (25) we obtain in an entirely similar way that

(31) , €% < 02"k <.

From (26) and (27)
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From (26) it follows immediately that

”J'c I rﬁk
(32) ar<?2 ¢ - 5
2"
for r=C..1>&-,n<n and in an entirely similar way we also obtain
L R TR
1-(w-wp)— k
(33) gl PE L
2% rf

for r=o,,n>n,+2. From (32) and (33) it follows that in the interval

E.l:l f"fﬂ*

O ‘: N(-r)_{ank m‘ +a11*1—l r“ +] +ﬂi!k*2r“k+2} =

ny-d @ Mk 24 i
_;;awr"-.— > a,r’ﬁ}nk ® i—,.;gl — Sl =
(34) et ZT—] re) o™
R
=¢&|1+4- _]_T if k> ki(e).
\ r 2"

From (30) and (31) we obtain

g

{l o --;;)(e %— ) < (@w, + @uyar?)2’ ¥ (l +%Je?‘

k
Hence

et —g)

(1 + = )+a,,k4 | r! =a, e, ——a,,,l,__.;r"f‘*' SE a.r,l,-_gr”*”( <<
(35) il A )

3

g x 12 ' 1 +r—;J+a,.,,_H rl e
Lo\ 1) \

In view of (34) and (35)

(36) e —g < N(r) <e¥de,
3 [H— )—!—mﬁlrf r
2"# r;l‘
Comparing this with (21) we obtain
n(z)
(e —a)< L <ex(e+3),

142D
(37 . . 4
1 + 2"*aﬂk'ilr+' a

T

Ml(i]
T

~—1|<Te if s{%.

4=
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It is easy to verify that
l I+r—r if 0=r=)5-2,

M(r) = "’;;’-(1+:ﬂ) if /5—2=r=]5+2,

P4r—1 if J542=r<e.

[

Thus substituting in (37) r=r and r- --{-’, respectively, we
(M, (1)=1'5, M,(0,1)=1,00)

24 2%aare |
(38) pr—t—ere—— — 1 | T8
| V5 |
3 |
1,01 4+0,1-2% @, '
‘ 1,00 —1 | < T&,

(39)

From (38) we have
2ia, ari< (V5—2)+T)5¢,

on the other hand, from (39) we obtain

2%a, 17> 0,8—16,3¢.

If 6= these inequalities are inconsistent.

18
200

Thus, we arrived at a contradiction and this proves Theorem II.

obtain

It is an open question whether to an arbitrary maximum modulus func-
tion M(r) there exists a power series V(r)= Ya,r* with real coefficients, and
with the maximum modulus function M*(r) with the property that either

M(r)~ V(1)
or '

M(r)~ M*(r)
holds.

Similarly, the authors do not know whether Theorem [ holds for every
piecewise smooth, non-decreasing, logarithmically convex function Wi (r), or not.

(Received 27 August 1956)
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0 MAKCHMYME MOJYJISI UENBIX GYHKLMH
M 3paéw u T. Kérapwu (Bynanewr)

(Peawome)

B nactosiwugi crathe NOKASLIBAIOTCS CASAYIINHE ke TEOPEMb
Teopema I Ecau f(2) mobag uenas dywsums, M(r)=— E‘nlax | f(2)|, T0o cymecTeyer
&=
Takol CTeneuuoil psg ¢ HeoTpuuaTenbHRME Koadpumuentamn N(r) = 3¢, r", uto
1 M)
e s 0= r <oq).
6 N ¢ )

DTH NOCTOSHELIC HE HAWIYHILKE, HO TEOPEMA B CVIHOCTH BCE WE HE MOMKeT OhblTh
ycHAeHa, nh0 uMEET MECTO CHelyHLas TeopeMma:
Teopema Il Ilpegmaymas Teopema He OyAeT HMETh MECTO [AME A1 AOCTATOMHO
i 1 1

GOMBMINX r, €CIH 3AMEHHTH K HEl G HA & 200y 3 pa e2W,
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