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On the theory »f granhs, Colluquium Hathematicum
o (2]

SOLE THEOREMS ON GRAPIS (Summary)
Paul HErdés

Turdn [1] proved that if a graph of n vertices contains
M{n,k)+1 edges where

Min,k) =5rE=5y(n®-r2) +(3), n=(k-1)t+r, lerex-1

then it contains a complete k-gon, i.e. it contains k vertices any
two of which are connected by an edee. des also showed that a graph
having n vertices and ii(n,k) edges does no%t have to contain a
complete k-gon.

Thus in particular Turan's theorem implies that a graph of 2n
vertices and n2+1 edges contains at least one triangle. Rademacher
[2] proved that such a graph contains at least n triangles. I shall
simplify the proof of Rademacher and more generally prove the
following
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Theorem. Let 1¢3, n>21 and assume that our graph G has n
vertices and M(n,%)+l edges. Then it contains at least l[g]
triangles.

The theorem probably remains true for all 2l<n. If n is even
it certainly fails for l=%. This can be seen by considering the graph
with the vertices 1,2,...,2n and edees (1i,j), 1s¢i<n-1; n<j<2n, and
(n,n+1), [{n+1),(n+2)],..., [(2n-1),2n],(n,2n). Tais graph has n®+n
edges and only n2~1 triangles.

We prove our theorem in this summary only for l=1. We shall use
induection. Our theorem clearly holds for n=3. Assume that 1t holds
for n-1, we shall prove it for n. Assume first n=2mt+1l. Our graph
contains at least one vertex of order m or less, for if not, the
number of i‘s edges would be at least (m+1)(2m+1)/2>m(m+1)+1i=
M[(2m+1),5]+1 . Omit this vertex of grder m or less. The remainine
graph has 2m vertices and at least m~+1i=M(2m, 3) +1 edees, thus by the
induction hypothesis it contains at lesast m=[%] triangles, which
completes our proof if n=2mt1.

Assume next n=2w. As before we can see that our graph contains
at least one vertex of order sm. If it contains a vertex of order <m,
we omit it, the remaining graph has 2m-1 vertices and at least
M[(2m-1,3)] +2 edges, thus contains at least one triangle, by the
induction hypothesis. Omit an edge of this triangle. The remaining
graph has 2m-1 vertices and at least il[ (2m-1,3%)]+1 edges. Thus by the
induction hypothesis it contains at least m-1 triangles, and thus our
original graph contains at least m triangles, q.e.d.

Assume finally that sll vertices of our graph have order at
least m. Then our graph can contain at most two vertices of order
m+l. By omitting one of the vertices of order m, we see as in the
previous paragraph that our graph contains at least one triangle. At
least one vertex of this triangle must have order m. Omit this
vertex. The remaining graph has 2m-1 vertices and ¥[(2m-1),3]+1
edges. Thus by the induction hypothesis it must contain at least m-1
edges and thus our original graph must contain at léast m edees,
this complements our proof.

The same method gives the following stronger theorem:

Let G be a graph of n vertices and M(n,3)r1 edges. If G
contains only [%] trisngles its structure is uniquely determined,
1ts edges are (i,]), 1515[%], [%]<jfn and (n-1,n).
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