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g0l PROBLENS ON THE DISTRIBUTION OF FPRIVE
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In thig lecture I will telk about some recent guestions
on the distribution of primes. It is not claimed that the pro-
blews T will diseuss are necessarily important ones.l will mainly
speak about problems which have occupled me a great deal in the
lagt few years.

Denote by JT (X) the number of primes not excecding x., The
prime number theorem es that T(:{j/ EJ";]_D{."_,\.' —1 ap T =% @ . It
ig well knowvm that fi/ﬂ&a.ﬂ gives a much botter anproximation

to I (X) than x,flcrg n. The sbatement that for X > X (£ )

= Ay +E
(1) | Te(x) - Z t ol £
ey 2 4 .

is eaquivalent to the Biemann hyrothesis. In owr lectures we will
not deal with problems like (1) but will rather consider proble-
ms of distribution of primes in the small (2.2, preoblems on
congcbutive prime numbere).

An old and very diffieult probvlem on prime nmomboers regquires
to find to cvery integer n a prime number p ¥ n, or in other
words to be able to write down arbitrarily large prime numbers.
The largeat prime number which is known is 22281—1. this number
was proved to be a prime number by the electronic computer of the
Ingtitute for Numerical Anmalysis the SiW.A4.Cy in the spring of
1953. It is an unsolved problom whother there are infinitely

mgny primes of the form 2P,
A few years ago Mills1j

rroved that there exists a constant
¢ » 1 so that for all integers n,[ﬁ35 ig & prime, Unfortunately
it seems impossible To determine ¢ explieitely. Very likely for
every E » 1 there are infinitely many integers n for whichf:cn]
is composite,
Put dn=p

R It immediately follows frem the prime
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vyroved thet it is;:,

m = L
proved that Lim anlag W= iy F provedj} using

namber theorem that limﬁn/log ny 1, Backlund
3)

proved that the
above limit is 3 2 and Brauer and Zeits
Weatzynthius4j

Brun's method that for infinitemy many n

dm} g ;%,n. ;ﬂo}h@arm /Q'“ﬂ &79 - )

and Hhanﬁj proved the game reésult much simpler without the
7)

4.

use of Brun's methed. Finally Rankin proved that for infinite-

ly many n
y I_.‘ il ] /
(E} a% S C ,,E@_g "L [I E; Epl? e L r,li t% ‘T:G' {LI FL% fr'h-/;( r&ﬂ EGE[ Eﬁl

It seems very hard to improve (2). Ia the oppesite direec-

B !
tion Inghamg) proved that for n > n, dn > n’f&. Cramarg} conjec=—

tured that

| g /Cfﬂg%)i =l
g)

Using the Riemann hypothesis Craler wroved that

'!'-.' : \
2:; rig < c]ﬂ{~u%‘ﬁ
Y= 4

I conjecturedﬁm} that

Vi
2 L n ~
(3] Z &J_K & O 'w\{'*':i 11,) ;

e

Z GL }ﬁh{%lﬁ an immediate consecuence of the prime number

thed&em, thus (3) if true is best vossible. A simpler conjaeturg

0)

which I alsc can not prove 1g the following: Let n be any integer,
denote by a1,ae;...a: i) the integers < n which zre relatively
prime to n. Then there exigts a constant C independent of n 80
that

) N

o

(4) Z (2:-&._4) < ¢ ==

=2

inother conjecture which seems very decp is that ﬁnﬁlog n hag
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& continuous distribution function i.e. that for evory e 2 O the
density f(c) of integers n fer whieh dnfiag n ¢ ¢ exists and is
8 continuous function of ¢, for which £(0)=0, f(w )=1. Here is

another problem which has the same relation to the provious one

ag (4) has to (3): Put nk=2.3.5...pk,a1,az,...a¢,{nk} arefhe
integers, < n, relatively prime to n . Denote by ﬂ{c,nk] the

number of a's satiefying
Wl : . -.f..f_fffe:_(n,,
"LL I".Lb_i‘fc “—K/i--(wh) B e ~ ? K)

Then linm A(c,nk}/ q?{nkj gxigts and is & continuous function of o.
k=f’t follews from thoe prime number theorem that li_mﬂn/icg

n &1, and 119} proved that lim dnflog n < 1, It is of ecourse to

be expected that lim dnflog #i=0, in fact a wdll known ancient

1)

. W e 1 :
cenjoeture states that dn=2 for infinitely many n., I | Further

proved that

forn (v (o, Ain )] o = o0

4

I could not prove that

5 E}L_:‘n {’I’F‘M- " f.ﬂ{ﬂ’ o TR ‘;{’h . LJ)/MI W= 98 0% Aot
h | w (-'M-MK{’ 4‘*«.& i C’Ln H)) {fogna -

2) proved that d

have both more than c

o ~ |
Turan and I e # (1+ E}dn and dn+‘l F e T )dn

4% solutions in intcgors m € n. One would
of course conjecture that Tim rian’dn =0 and that lim dnﬂfd =0
and that the density of integers n for which dn+1 P r.:'il1 is 1/2, but
thoso conjecturcs seem very difficult to prove. Henyi and 113}

proved that the number of golution of 4 =dm, m n is less than

m+1
c.n/(log n}3/2, the right ordcr of magnitude for the number of
golutionw is very likely c.n/log n, but it is not even known that

the equation dn =dIL hag infinitely mahy solutions., All the

+1
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regults mentioned heru ere obiained by Hrun's mothod,

2)

prove that the inedualitics ﬂn+2} dn+1> &ﬂ have infinitcly many

In our papox with.Turan1 we remark that woe are unable to

solnbtions, In fact we are cven unable to prove that at lezst one

of th¢ inoguaolities dn*E} ﬁn+1}dn’ d < dn hove gnfinite-

n+2 < Y
1y mony solutions.

It svcems cortoin that dnﬁlog 1 ig everywhere densge in the
interval (0O,co ). We prove the follewing

:
Theor&mj4‘ The get of limit waintg_ggmgrfly; n form a se¥t

of positive measure,

Remark. Despite the fact that the set of limit points of
dnflog n hag pogitive measure, T can not lecide aboul mny given
number whether it actually belongs to owr set, thus in particular
I do not kunow if 1 ie a limit point of the numbers dﬂ/lﬂg T,

First of all it follows from the prime number thesorem that

there are st least x/4.loz x values of m for which

_.!f_ . " ; ."J,r { a :
Gy 3 Shm <K Fae 2 g

We shall show that the set of limit points 8 of dmflog m
(or what is the same thing of dmflog x) of the m patisfymng (5)
have positive measure, (A point z ig in S id there exists an

infinite segquence % —® and m_-> 00

k

4 - 4
el g Pf " J“J‘N»h
'5(1:'_5 4"_.L {)I(z."_-_':)"u;fﬁ:, VA I"l- .,..}.

If our Micorem ig false thon by the Heine-Borel theorem &

carn. be covered for cvery £ by a finite number of intervals the

gam of +the lﬁﬂﬁﬁﬁ of which is less then & . Tet {ak’hk)’

s G N | 2{ (bi-aijdf he the intervals whiech cowver S. Let
(==

-1"143/,;;7 . Clearly for all sufficiently large x the 4 which
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satisfy for some 1€ kK ¥

(6) Gy =My < i /Jam.ax < h

Now we cstimatc the number of integora m(meg x) whick
satisfy /6/.
A well known result of Schnirelmann

15)
of solutiong of dm;l, S X is less thean
X
B (44 4) -

Gox )R L

(Ggx) |
Thus the number of solutions is m of P, < % dm saticfies /6/3 is
less than

gthates that the ndumber

J&?k A

N (L) e e == 2 (-t 2Mige

gince it iz well known that

i :
2 ev e (b o)
Wi PIE
Por sufficiently small & /7/ contradicte /5/, thus our Theorem
is proved,
Before finisghing my lecture I mention a few problems on ad-

ditive number theory.

Rﬂmﬂnoff16} proved that the density off integers of the
form ak+p g integer, ig positive, This sult is uurprlsing
since the number of solutions of ak+9.§ ig less than - S

} :

i s - 1 . :
Generalising this result I proved 7 the following result 3

Let B8 be an infinite seguence of integers satisiying

2’11-

ik‘ % ? then the necegsary and sufficient condition that the

deneity of p+a, is positive 1s that Tor g certain ¢ and all k

k

a.ﬁ*::c"‘, n A+ -1-;]‘1@
f‘}4ﬁ



Kalmar18) raised the problem whether feor every a> 1 the density of
integers of the form p+jja%] ig positive. At present I cennot
angwer this question.

17) that if f£(n) denotes

the number of solutions of n=p+2k then 1im f(n)=0c , in fact for

rollowing a question of Turmm I nroved

infinitely many n f(n) ) ¢.loglog n. One would guess that .
f(n)/log n —»0; but I can not even prove that there do not exist
infinitely many integers n so that for all Ekf n, ﬂ“Ek ig a prime,
it seems that n=105 is She largest auch integegr.

Let B, < 85 < s be an infinite sequence of integers sati-

. k ! ! ]
sfying ﬂk<f ¢ . Denote again by f(n) the number of solutions of

D=p+B, It seems likely that lim f(n)=00,
Vaen der GDPPHtlw} and I'O] proved that there exist infinite-

8)

that therc emisgts an arithmetic progresalion consisting only of even
1
L & " ‘c

numbers no term of which is of the form 2 +p. I also wanted to pro

ly many odd integers n not of the form 2k+p, in fact I1 proved

vo that for every r therc czxists an arithmoetie prosrussion no term
of which is of thce form pHa, vwhere Q. has not more than r prime
factors. This result would easily follow if I could prove the
following conjecture on congrucnces whifth scoms intocresiing in
itself: To ecvery constahit ¢ therc cxists & system of congruences
(8) 0 imﬂd;ﬁh-)J CEM < Koo < Woge

so that eeery integoer satisfics at least one of tThe congruences
(8). The eimplest such systom ig O(mod 2), O(mod 3), 1(mod 4),
5{mod 5), T(mod 12).

Doan Swift consbtructed such a systom with e=6, but the goencral
guestion 3eUImE VoTy fifficult,

i ) :
Linnik ’ récently oroved thalt therc czists & number r so

that overy intoger is of the form p1+pg+2k1+...+2kr. It seems vury
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1likely that for overy r thore arc infinitely many intcgoers not of
the form p+2 +...+ERT.
One final problem: Is it true that To cvexry Cq9C, and suf-

fieiontly largce xz therc c¢xist morc than g, log X consccutive pri-

1
mes < x so that the #iifference betweon any two ie greator than

! g
02? If ¢, can be chosun suffieciently emall this is well known }
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