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On a Recursion Formula and on Some Tauberian Theorems'
N. G. de Bruijn’® and P. Erdés®

The paper is concerned with two sets of positive numbers, ¢, and f;, connected by a
linear recursion formula. Under certain assumptions there exists an asymptotic relation
n

L
between the partial sums > ¢ and > fi.
T T

The assumptions on the ¢; are of Tauberian type.

The method is based on discussing

the associated power series > | ¢zt and > fiz®.
T 1

Let

Cy 2 0, gck= 1.
Define i
=1, f)=Sexf(n—k)

(n>1). (1)

This recursion formula has various applications in
the theory of probability.t In the present note,
however, we will investigate (1) independently of
its applications. Assume, first, that

gkck< @,

Erdoés, Feller, and Pollard [2] proved that if the
greatest common divisor of the k's with ¢, >0 is 1,

then,
(A= Z_‘l,kc )

It is easy to see that if the greatest common divisor
of the k’s with ¢; >0 is greater than 1, then lim f(n)
cannot exist.® It was also shown that if

Jn)—Aa~ )

@™
Elkck= ®,

then (2) always holds, in other words, f(n)—0.
Feller in a paper [3] restricted himself to the case
when >ke;<< . In the present paper we will not
in general make this assumption.
We prove the following results:
Theorem 1. Assume that for every k>1,
(3)

ck—lck+]>ck2-
Then for every n>1,
Jfn—1)f(n+1)>F(n).
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1 See Feller [3]. This paper quotes most of the literature that deals with these
fuestions.
5 See [2] and the remarks at the end of the present paper.

Other theorems of the same type as theorem 1 were
proved by T. Kaluza [4]. Assuming (1), he showed

for instance, that f£(2)>0, f(n—1)f(n+1)>f*(n)

(n=2,3, . ..) imply that the ¢’s are positive.
Furthermore, he proved that f(1),/(2), .. .1is a
moment sequence if, and only if, ¢;, ¢, €3, . . . is a
moment sequence. (Here ¢, ¢5,¢5, . . . 1s called a

moment sequence whenever it is of the form
=) u"dx(u), where x(u) is nondecreasing and
such that the integral converges for all n).
Theorem 2. Putry= > c1,8(y)= > 1, Sty)= > f(k).
=% i<y ky

Assume that for every p_>0

lim &80 —pr @
Sor a fixed a,0 <a<1 (aindependent of p). Then
sWSW=ra—ararato®  ©®

Theorem 3. Assume that (3) and (4) both hold.
Then,

l—a 1
O (e = ) S

In case a=1, (6) does not give an asymptotic
formula, it only gives f(n)=o0(s,™1).

It would be interesting to obtain conditions that
imply f(n+1)/f(n)—1. We can prove that if
€ni1/c,—1, then f(n-+1)/f(n)—1; also if

¢,< B. min ¢,
1<k<n

then f(n+1)/f(n)—1. We suppress the proofs be-
cause we believe that very much more general
conditions can be obtained. If f(n41)/f(n)—1,
then it is not difficult to prove that ¢,_;=o0{f(n)}.
It can be conjectured that the converse is also true,
under the additional condition that the g.c.d of the
k's with ¢; >01s 1,
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Proof of theorem 1. First we show that for any n

enl f(n4-2)f(n) —_f’(" +1)}
= é (Cnyrii—ener) { f(n+1)f(n+1—k)
—f()f(n+2—k)}. (7)

To prove (7) split the right-hand side into four
sums. These are, respectively,

v 1) e fnH1—k) =1 fln 1) f(0);
i f{n}gct_,j{n +2—k)
=—cCapaf(@) { f(n+1)—caf(1)};

—euf(n+1)Seuf(n+1-k)
=—c, fin+1){f(n+1)

c,,f(?i.)éckf{n—{— 2—k)
=e,f(n) { f(n+2)—eppi f(1) —eif(n+1)}.

—eyf(n)};

Addition gives ¢,{f(n+2)f(n)—f*(n+1)}, which
proves (7).
To prove theorem 1, observe that

F)fB) = *2)=af(2) +eaf (1) —f*(2) =2 /(1) >0.

((3) implies that all the ¢'s are positive.) Assume
now n_>2, and suppose that f(k)f(k+2) >f*(k+1) is
already proved for 1<k<n. Then (3) implies
CatiCrot >Calr, Since by (3) (eafer) < (es/ea) < .

Thus in (7) all terms on the right side are positive,
and we obtain f(n)f(n+2) >f*(n+1), which proves
theorem 1.

Remarks: 1t is clear from the proof of theorem 1
that if we only assume that e,ne>¢* (B>>1), we
obtain f(n+1)f(n—1) >f*(n)(n>1).

If (3) is true, then, by theorem 1, f(n-+1)/f(n) is
an increasing function of n. We have f(n-+1)/f(n)<1
for all n, for otherwise we would have f(n+1)/
f(n)>a>>1 for some a and all large n. This would
contradict the fact that f(n)=0(1), which easily
follows from (1). Fromjf(n+1)<f(n) (n=12, . . .)
it follows that

fm) (e . . . Fe)<fn+1)<f(n),

and so (3) implies f(n+1)/f(r)—=1 (n— ).
To prove theorem 2 we need some lemmas.
Lemma 1.5 Letd,, d,, . . . be an infinite sequence,
and let a be a number greater than —1. Put g(y)=
;}d*, and assume that g(y) >0 for all large y, and that,
<v

(8)

o As far as the authors know, n complete proof of this lemma was not published
before, although it is the Abolian counterpart of the Tanberian lemma 2, which is
due to Knramata, K. L. Chung brought to our notice that in Doetsch [1] an
inpomplete proof is pmnted for a theorem very similar to our lemma 1. Doetsch
cluims to use onli‘h the inequalities L{y)=0(y), 1/L(y)=0(y) (y—=), whereas
an Inequality of the type (11) seems to be lndispensahle

for every p >0,

gpwlgy)—ps  (y—==). 9)

Then the series D(x)=
if 0, 10, we have

D(e)={1+0(1) }¢(1/)T (1 +a).

Ed@* converges for |x|< 1, and

(10)

Proof. The funetion L(y)=g(y)y= is positive for

y large, and it is measurable and bounded over any

fnite interval 0<y<4 (for g(y)=0 if 0<y<1)

Furthermore, L(y) is slowly increasing, that is,
L(&/)/L(y}—)l as y— @, for every p>0.

e shall prove that for any e >0 there exist
positive constants C(e), ('(e) such that

L(py)| o '
L) i<cl(‘){1’ +p7} @>0,y>C(). (11)

It is known 7 that L(py)/L(y)—1 as y— o, uni-
formly for a<p<b, where a and b are arbitrary

positive. Therefore, ("(e) can be determined such
that L(y) >0 for y>('(e) and such that

log{ L(py)/[L(y) }<e

It follows by induction that

(e'<p<ey=C(e).

log {L(pw)/L(y)}<e(l-+logp) (p=21y=>C(e), (12)
and
log {L(py)/L(y)}<e(1+log p~')

(Claoy'<p<l1, y=>C(g)). (13)

Put
M(e)= sup L(y).
0<y<Cle)

Then we have, for 0<p<C(e)y™',

log { L(py)/L(y) }
=log{L(C(e))/L(y)} +log{L(py)/L(C(e))}

y=>0C(e) by (13),

M(e) (14)
<e{1-+Hlog iy +log 11z

<Le(1+log p~') +Ca(e).
Now (12), (13) and (14) prove (11).

In the first place, we obtain from (11) that
L(z)=0(z*) as z—=, and therefore d,=0(k*"").

Hence the power series for D(z) converges if |»|<1.
We have, for >0,

D(e™") zﬁme‘“dy(y) =_£”!e‘“‘g(y)dy,

d to be contl ), and [7].

7 See [5] (where L(y) Is
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and so,
D(e)=t-=L(t™) L "o (u,)dy,

where

otgr=e-te L0

For any fixed y >0, ¢(y,t) tends to e *y= as {—0.
Furthermore, by (11), ¢(¥,t) can be majorized by a
positive function of ¥ only, whose integral over (0,%)
converges.  Therefore, by the Arzéla-Lebesgue
theorem, we have

J; ¢(y,t)dy—>J; e vycdy=T(14+a) (t>0,0—0).

This proves the lemma.
Lemma 2. Assume that

D(z)= ?d@“

s convergent for |$i<1, and that d;>0 but not all

d;=0. Let a>G be fixred. Assume that for any
Jized p=>0

D(e=*")[D(e™)—p™ (i>0,i—0). (15)
Then we have

Side={1+0()}D(E)/T(1+a)  (>0,6-0).

This result is due to Karamata [6].

Theorem 2 can be derived from lemmas 1 and 2.
Following a suggestion of Karamata, we first prove
a more general theorem:

Theorem 4. Let x>0 (but not all=0), b,>0 (but
not all=0), k=1,2,3, . . . ;

n—1
dn=23kb“.~k (n=2’3, . o .).
1

Put
s=2a, S=22by, T(y)=2ld:.
X i<y i<y

Assume that for every p >0, we have

T(py)[T(y)—p?

where v>a>0, v and « independent of p. Then we
have

s(py) [s(y)—p, (y—),

T(y) T'(14+%)
s(y) T(l+y—a)T(1+a)

Sw)={1+o}

Proof. Put A(x):ﬁ'::mk, B(z):ibm,

D(z) =$dm, then we have formally A (z) B(z)=D(z).
Both A(z) and D(z) are analytic for |z|<1 (see

lemma 1); it follows that B(z) is analytic in some
circle |z|<8. The coefficients of B(x) are non-
negative, and for 0<z<{l1, B(z) is analytic (since
A()>0 for 0<a<{1). Thus by a theorem of
Pringsheim (see [8], sec. 17) B(z) is analytic for

2| 1.
By lemma 1 we have, as {0, (—0,
Al ) ~s(t)T(1+a); D(e)~T(E)T(1+7).
Hence for any p_>0,
B(e™*")[B(e™")—p™.
But then by lemma 2
St ~B(e™)/T(1+y—a).

Now theorem 4 follows immediately from

D(z)=A(x)B().

Proof of theorem 2. Theorem 2 is an easy con-
sequence of theorem 4. If

F)=f)z+f2)2*+ ... R@E=ratra®+ ...

then it follows from (1) that F(z)R(z)=2*/(1—2),
and so

';i\:?.kf(ﬂ__k)zl (n=2,3, . ... (16)
=1

Therefore, taking

bi=f(k) (k=12 .. .),
=23, . . .)s

="y,

d,=1 y=1,

we obtain from theorem 4

) r(2)

S(n) ~ s(n) T(2—a)T(1+a)

which proves theorem 2.

Proof of theorem 3. Let e be a number greater
than 0. From (8) we infer

f(ﬂ)>{Su{!+¢J _Sn}/(en'i" 1).

It follows from (4) and (5) that

an

$2Sn~0n,  8:8nar9 ~Cn(l1+¢)'e,

where O=1/{T'(2—a)T(1+a)}. Therefore, (17) im-

plies
lim inf f(n)s, > C{(1+¢'*—1}/e (n—=).
This holds for every ¢>0. Making e—0, we obtain

lim inf f(n)s, > (1—a)C.
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Applying the same argument to n(l—e) instead
of n(1-+e€) we obtain lim inf f(n)s,<(1—a)C. This
proves theorem 3.

Some final remarks: Feller [3] proved the following
theorem: Assume that the g.c.d. of the k’s with
¢ >0 1is 1, and that

i}kﬁc&w , (18)

then
gf(l)=zi—‘n+d—|—o(1), (19)
where A=ﬁ;ch and, in fact, i‘,{ F)—A" <.

Now we show the converse, namely, if (19) holds,
then (18) holds too.
Theorem 6. Assume that the g.c.d. of the k’s with

¢, >0 18 1, and that $k20k=m. Then we have
SH—4)=e.
Proof. If A=, then (19) exiaresses thati;f(l)<oo :
This is false, since ﬁ}f{:}f::/ﬂ—ﬁ}@}, and the

right-hand side tends to « if z—1.
Now assume A<ow., Since f(I)—=A~"', we have by

(16),
222 0= TOre+220(0) 23 7
i 1 2<kFi<n = e
=n—14+23(A74¢) 23
=1 n+1-1
=n—14+A"Dkr 2> 2
=1 =1 afi
=n—14+25+2%.
We have >,—o, since 2> kr; diverges
Cokry>3> k%), and > =o0(2), since g—0.

Finally, we have ;ﬂr,:i}fwk:z’l, and so
1
ASO >0+ Tu+o(S).

Consequently,

SO -4 > (A o) e,
q.e.d.

Let D denote the greatest common factor of the
k's with ¢;>0. Erdés, Feller, and Pollard [2]
proved that if D=1 and > ke,<w, then

ﬁ;:lfck) —fk—1)|<e, (20)

which, of course, implies that f(k) tends to a limit.
It seems possible that the condition > key<e is
superfluous.

If D>1 and 2> ke,<o, then (20) does not hold,
since lim f(k) does not exist. In order to see this,
take cf=ckp, f*(k)=f(kD—D-1); it follows that

(k)= kep)'=DA™.
Hence,

FkD+1)—>DA1 %0, f(kD+2)=0.

If D>1 and 2> ke,=c, then we have f(k)—0.
Nevertheless, the series (20) need not converge.
Take ¢,=0 for n odd, ¢,=247x"*n~* for n even.
Then we have f(2n)=0, f(2n—1)=f*(n), where
f*(n) and cf=e,, are related by an equation of the

type (1), and i}c:zl. It follows, by theorem 3,
that f*(n) ~7% (16 log n).
Therefore,
f(2n—1) ~a* (6 log n), f(2n) =0,
and the series (20) diverges.
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