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ON ALMOST PRIMES®
P. Eznds

1. Introduction. D. H. Lehmer [1] and others have studied odd composite
numbers # which behave like primes in that they satisfy the congruence

2* = 2 (mod n).
For brevity, we call such numbers almost primes. In a preVious note [2] we
proved that for every k there exist infinitely many square free almost primes

having & distinct prime factors; this generalizes a result of Lehmer for kS$3. In
the present note we estimate from above the number of almost primes less than

a given limit.
2. Theorem. Our result is the following.

THEOREM. Let f(x) denote the number 3f almeost primes Sx. Then, for x suffi-
ciently large, we have

() < z exp { —}(log 2)114}.

Remark. Since the number of primes Sx is asymptotic to x/log x, our
theorem implies that the number of almost primes Sx is very much less than
the number of actual primes.

3. Proof. Let g(n) be the least positive exponent e such that
2 m 1 (mod n).
We separate the almost primes n Sx into two classes C; and C;. The class C;
consists of those »’s for which
g(») S [exp ((log 2)''*)] = H,

while G; consists of all the other almost primes Sx.
The members of C; are divisors of

* Revised by D. H. Lehmer.
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P= In] @ =1.

Let gy, a3, - - - ,ga be all the prime factors of P. Then the members of C, are in-
cluded in the class T, of integers Sx having prime factors taken from the set

@ - - - @ only. Since 2"—1 has less than r prime factors, we have
H

() k<X rs H.
re=]

We now separate the members of I into two subclasses I'y ; and I'y 5, where
T2 consists of those members of I'y which have less than

1
W=—(1 1/2
10(08 x)

distinct prime factors. From the fact that if m Sx and if g* divides m, thena g
(log x)/log 2, it follows from (1) that the number of members of Ty, is less
than

k
(log z/log )" 3", (T) < WEk¥(log xz/log 2)",

=]

a quantity less than x' for all sufficiently large x.

We consider next the class I'y 5. Let d(m) denote the number of, divisors of m,
and let v(m) be the number of distinct prime factors of m. If m belongs to Ty,
then

d(m) = 2°(™ = exp {o(m) log 2} > exp (W/2).

Hence, if N is the number of members of I'; s, we have
2rlogz>z w2y [i] = Ydmz T dim) 2 N exp (W/2).

g msz LM mSs mCrl1,3

That is, we have
N = 2x(log x) exp (—W/2).
'

Therefore, if x is sufficiently large, the total number of members of C, is less
than '
(2) 24+ N S 3" 4 2x(log x) exp (—W/2) < x exp {— %} (log .1‘)”'} i

We take up now the class C; which we separate into two classes Cy,; and Cy .
The class C;: consists of those members n of Cy which have a prime factor p
such that the greatest common divisor 8 of n—1 and p — 1 satisfies

§=((n—1,p—1) 2 exp((log z)'/*) = T.
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In other words, for each member » of Cy, there is a prime p and an integer m
such that

n = pm, p=St41, m=iut 1, /pam> L

The last inequality follows from the fact that » is composite. If p and & are
fixed, the number of choices for m is at most x/(5p). Hence the number of mem-
bers of C;,; does not exceed
T X wep<:Yy T @)t <zxX 2log x/a)?
T

T s BT <
3

) < 2x(log )T < x exp | —4(log 2},
for x sufficiently large.
Finally we consider the class C; . This consists of almost primes
]
n=I] "

=1

for which
bi=(n—1,—-1)<T, (im 1,2+, R).

It is well known that the exponent g(n) divides ,
$(n) = i{p?“‘(p« - 1).
Also g(») divides #—1 since # is an almost prime. Hence
HZSgn) S (n—1,4(n) S i]l:(n —1,p:—1) ST
That is,
k= (log H)/log T = log T.

Thus, if M denotes the number of members of C; 3, we have, as before,

2xlog x> 3 dm) = 3 27(m 228 3 12 M-2eT,
ma mEz mCCr 2

Hence, for x sufficiently large, we have
M s 2x(log x) exp { —(log 2) log T}
S zexp {—4(log 2)'4}.
Combining this result with (2) and (3) we have
#(3) < x{exp (~dyllog 97 + 2 exp (~(log )19}
< x exp (—4§(log x)19),

for x sufficiently large. This is our theorem.
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4. Discussion. By a slightly more complicated argument we could prove
that, for some positive constant ¢,

J(z) < x exp {—c(log 2)'1};

but the true order of f(x) seems to be considerably smaller. As far as I know, the
only estimate for f(x) from below is

f(z) > Clog x,

which is due to Lehmer.
Added later. As far as I know the question of the existence of even numbers

satisfying 2*=2 (mod m) has not been considered. Except for the trivial case
n=2, I have not succeeded in finding any such even numbers.* By the method
of this paper it is easy to see that their number Sx is certainly less than x exp
{—1 (log x)'4}.
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