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Denote by » (n) the number of different prime factors of n, and
by @ (x. n) the number of integers mnot exceeding x which are rela-
tively prime to #. In a previous paper! I proved that for every n
there exists an x so that, if € (n, n)=©(n) denotes Euler's ¥ funection,

© (n)] 174
O (x,n) - %) T 'zj(log (k.

On the other hand it is easy to see that?
(.O[n) ‘U(H)—I

@z, n) -2 o <2
It can be conjectured that if v(n) —> <o
w n)
(v Oz, n)-zx LI 0(21’{ )

T

The proof of (1) seems difficult. In the present paper we prove
the following related result:—

THEOREM. We have (p(d) is the Moehius symbol)

() aﬁ;;(d) l = ([J;S?z])'

For every value k of v(n), (2) ¢s the best possible resull.

First we show that (2) is best possible. Let p, be a sufficiently
large prime, and let py << py < - - - << m be k consecutive primes > p;.

iz} o _ psz]

Put n=p, *py--p, a=p, A simple argument shows

that every d|n in the interval (g, ») has [;c] prime factors and every
d|n with v(d)=[§] is in (a, 8). Thus (2) holds with the sign of equ-
ality. Q.E.D.

Now we prove (2). It will clearly suffice to prove (2) if n is
squarefree. We evidently have &E uld)=0)
| »

dy= 3 p(d)+ d)=31+ 2
asd<b d<b a=d
k=1
Define now for even k, Ax=By=Cr=Di= ([&_:_I:I),
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for k=4t+1, Ag=Du = (flt), Bk-"Ck:( 451');

for k=41+3, Ak-Dk"(4t+2) Bk_ok‘=(%$1%). We prove
(4) “Be < S < Ar; -De << 23 < G

Suppose (4) is already proved. A simple argument shows that
k
Ar+Cr=Be+Di= ([E]) Thus clearly (3) and (4) imply (2). Thus

it will suffice to prove (4).

First we show that 3, < Az. Denote by U(r,b) the number of
integers d|n, d < b, vld)=r. Clearly if d is in U(r, b) and p|d then
dip is in U(r-1, b). Thus to every integer in U(r, b) correspond »
integers of U{r -1, b). On the other hand it is easy to see that there
are at most % -r+1 integers of U(r, b) to which correspond the same
integer in U(r-1,5). Thus we obtain

(5) Ulr=18) > 57 Ul &)
We obtain from (5) that for r > k2
(6) Ul(r-1,5) = U(r, b).
If » < k{2 we obtain from (5)
U, - Utr-1,0) < (i - =) Ut 0 < (1- =25)(%)
k
- (r) - r—l)'
Denote by 2s the greatest even number not exceeding k/2. We
have from (6) and (7)
a k 2s k
Si= 3 (-0 U < 3 (-1 UGB < S (-1 (;)=as QED.
r=o

r=0

The last equation follows from a simple argument on binomial
coefficients. — Bz < 3, can be proved in the same way. =Ci < 25 < D&
can also be proved in the same way. (Only instead of considering the

numbers d/p with p|d, we consider the numbers pd with rl z—;—-)

This proves the theorem.
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