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Denote by 2; (n) the number of different prime factors of n, and 
by y (r. n) the number of integers not exceeding x which are rela- 
tively prime to n. In a previous paper* I proved that for every n 
there exists an z so that, if ‘p (n, n)=y(n) denotes Euler’s $’ function, 

I 
cp (2, n) - x We / >c2 v(n)i2/(log (v),t)? 

On the other hand it is easy to see that il 

I y(.T, n)-x@$ < 2 I 
v(n) - I . 

It can be conjectured that if z;(n) -+ co 

(1) 

the 

(2) 

I wr, n)-,y 1 =o(2v’“‘). 

The proof of (1) seems difficult, In the present paper we prove 
following related result :- 

For every value k of v(n), (2) is the best pmsible result. 

First we show that (2) is best possiole. Let pl be a sufficiently 
large prime, and let p1 < p, < - - - < pk be k consecutive primes > pl. 

Put n=pi * p, * * * pk, a =plfk”‘, h=pk1k’2’. A simple argument shows 
k 

that every d/n in the interval (a, b) has i prime factors and every II3 
d 1 n with 2;(d) = [fl is in (a, b). Thus (2) holds with the sign of eqll- 

ality. Q.E.D. 

NOW we prove (2). It will clearly suffice to prove (2) if 11 iu 

squarefree, We evidently have (J I = 0) 
n 

(3) 
asdeb dsb a<d 

k-l 
Define now for even k, Ak -Bk= Ck=Dk= 

([ I> 

k-l ; 
2’ 
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for k=&+l, Ak=DR= 

for k=4t+3, Ak=Db= We prove 

(41 -Bk < x1 < Ak; -Dk < 23 < Ck. 

Suppose (4) is already proved. A simple argument shows that 

&+Ck=Bk+Dk= Thus clearly (3) and (4) imply (2). Thus 

it will suffice to prove (4). 

First we show that I1 < Ak. Denote by U(r, b) the numher of 
integers din, d < 6, ~(d)=r. Clearly if d is in U(r, b) and pld then 
d/p is in U(r - 1, b). Thus to every integer in U(r, b) correspond r 
integers of U(r - 1, h). On the other hand it is easy to eee that there 

are at most k-r + I. integers of U(r, b) to which correspond the same 
integer in U(r - 1, h). Thus we obtain 

(5) Ub - l, b, 2 k _ ; + 1 - U(r. h). 

We obtain from (5) that for r > k/2 

(6) U(r - 1, b) > U(r, b). 

If T < k/2 we obtain from (51 

U(r,b)-U(r-1,b) < (i- &) U(r, b)< (l- A)(,:) k-?-i-i 

- 0 - Cl>. 
Denote by 2s the greatest even number not exceeding k/2. We 

have from (6) and (7) 

cl- $ (-l)‘U(r,b) < : (-l)‘U(r.h) < ~~~-l)‘(~)=Ak, QED. 
Y=Q r=O 

The last equation follows from a simple argument on binomial 
coefficients. - Bk < 1 1 can be proved in the same way. - Ck < 12 < Dk 
can also be proved in the same way. (Only instead of considering the 

numbers dip with pi rJ, we consider the numbers pd with p 1 : * ) 

This proves the theorem. 
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