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Double points of paths of Brownian motion in n-space .

By A. I~VoRETZKY, P. ERDüS and S . KAKUTANI in t~rbana, Ihinois.,

~ l . ir~trod~tctian .
Let (~, ~, Pr} b~ a probability space, i, e. ~ {w} _is ~ bet of elements ~,

~ {E} is a Borel field of subsets E of ~ called- "events", and Pr (E) is
a countably additive measure defined on ~ with the normalization Pr (~} l .
Pr (~ is called the "probability" of .the event E .

A ogre-a~imensio~~al Brownian motion [cf . 3, 5, ~, ~] ~is a real-valued function
x(t, w) of the two variables t and w, defined. for alI non-negative real
numbers t, 0s t < ~, and for all c;~ ~S~, with the following properties

(B~) x(0, w) -`- 0,
(B~) for ariy 'real num~er~ s, t with

is ~measurable in w arrd h~s a ~au-ssian
and variance t--s, i, e . 1}

~x, s, t, a, ~ ~

	

{~ # a < aC (t, (~t~}

Pr E -

	

1( x, s, t, a, ~
}~2~(t

0< s < t < °°, x (t, cv} x (s, cv}
distribution with mean value o

x (s, w) < ~} E~,

~

	

tcs
e-~ ct ° ~~ du

a

for any. real numbers a, ~ with ----•cx~ < ac < ~

4B 3 } for any real num hers sk, tk (Ir

	

1, . . ., p) with-0 ~ sl < t1 s s~ < t~ ~
. . s sp < tp < «~, the functions x(t~, cv) --x(sk , cü), k

	

l, . . ., p are indepen-
dent in the sense of probability theory, i . e.

	

•
Pr (~ &=1 Ex, sk , t k , ak, ~z )

	

~k--1 P~ (~x, sk

	

ak, ~~
for any- real numbers a~, ~k with

	

~ < a& < ,8k < ~, k l, , . ., p.
An n-dimensional Brownian motion is an n-system of mutually independent

one-dimensional Brownian motions, i . e. an n-system {x~(t, c~) ( i 1, . . ., n} of
one-dimensional Brownian motions x~(t, cv}, i

	

1, . . ., n~ with the property that

Pr (fln lE~) ~~ ~~r(~t)~
where E1~ is any subset of ~ determined by x~(t, c~}, i, e. a subset of ~
which belongs to the . Bore1 subfieid ~z of ~ which is generated by
{~x,$,t,a,l~ ~ 0<S<t<~, --oo<a<~<~},

	

I, . . .,n .

z

•

	

~) {cv ~ . . . } denotes the set of all w having the properties`	nd similarly in other
..casc~.



as an Rr-valued function of~ t defined for o ~ i ~ ~ .

~f we consider x (t, c~) ., {~'{t, ~} ~ -~

	

; . . . , n} as a point in an n-d rnen-
s onal Eucl~d~an ~pace ~, then, for each fixed cv, ~~~`, u~} can be considered

ft ~~ ~ easy to see that this defini#ion of an n-d~r~ensional Brownian

motion is independent of the choice of the rectan~ular coordinafe , sy~tem,

i . e . it is invariant vis-~-vis ratati~ns of the ~€~ord-inate system .

It is . assumed (cf. Doos ,l]} that~ h~e ~flr~i field

	

_i~ -already e~te~ded_ .
by addiflg null sets in such a v~ay thát #h~ subset .~` ~ ~f ~ c~r~~ist}ng o~ ai~f

,-

~~ _ f~or which- x (t, ~} is ~ cvri~ n~ ~us function of t for ~ ~~í` ~ ~ ~~~= = ea~nr-
able and satisfies Pr(C) -- l .

For any y {y1 , . . . , y9=} E R~ and for any w E ~, let us put

(5} LQ»b (Y ~ w) {Y -~~ x (t, ~) ~ a~ t ~ b}~ 0~a ~ b < ~,

(6} L~n ~ (y ; ~) ~y -f x (t, ~~) ~~ as t ~ ~}, 0~ a ~ ~,
(~) L~~' (~ s w} - ~~~(Y ~ w)r

	

tn}

	

~;~

	

- (n)

	

jni~~) Láttb~~~~~ LQó- ~ ~ ~- ~a,oo ~~

	

,~~a, t )~ ~ ~~~ ~ ~ ~~~ ~)~
w ere Y .-~. x (~, U,} -~-- -~-~_ (~`, w) ~ ~ _ _ _. ~ t : ~. . , n }t L~~; ~ (Y f ~:: ~s- c ~d the (a, b}-path
d# the r~-diménsional ~rownian motion st~rtíng fram ~ an~ L~~}(~; u~) is ealled
the path ~ ó~ the n=dimensional Brownian motion startin~ fro~ - y.

For almost aII cz~ (i, e . for a11 c~ E C), Lánb(y ; w)- is a continuous irr~age
o~ a closed interval ~a, -b] -~-{t ~ a < t< b}, and is hence a compact subset of R„

~~ {x©, . . . ~ n} ~ R~ is c~lled a double 4~-r~t o~ La~~,~y ~~} ~resp . of L~~~~(
i~ there-e~cists a a~~ of refit numbers s t wiffit a z ~ ~~ ~ 1~ -(rte;_ _
such that- ~~ =-..- Y T ~ `~ ~ j

	

~ ~ ~~, ~~ ~ % e. ~~ == -~-~ ~ (s, ~ -y` -~- ~ (~, ~,}!
~

	

1, . . ., n). It is clear that ~ is a double point of Lanb(y ; c~) jresp. Lan~~y ; w)~:
if and only if xa ^-y is a double poiht of Lánb (~ ; cv} Lán~(w} jresp . L¢n~(0 ; w)

L~n~(w)].
It is known_ that (i) ~L~vY ~J~in R2 , almosi alI ~aths ~í2~(cv} of a 2-din~en-

s onal ~$rownian ~n~ótio~ ha~é double ~~}nts~ and (ii} ~3~ in ~ R~, -alr~ost all .
paths L~5} (c~) - of a 5-dir~ens c~nat ~rov~nian motion have n~ á~ b~e i'~t~
~ii) ev dentiy ~nplies tbat almost ~afl~ paths ~ 1 with- n > 5 have riá double
points. Thus the probiem of dot~ble points ef --pa~hs of an n-dimensional
Brownian motion_ is ~ nns~ttled only for the cases n - ~ - 4 . These eases do-
not y~eld to the ri~~~ho s used in p~owih~ {í) ~r~d . (i~) ; it is the p~~p~s~ .

	

_

	

-a-f thus pape~r °t~`- ~ spose of these ~nd~cided cases by showing.. -that (ii~ i_

	

~ .al-~o t- all gaths ~ L~~~cv} have double pa~n#s, wh~ie (~a) In

	

, aim~st.Yali p~a
L~¢~(~) have no double poin#s .

	

.
The proof of these results will be given n ~ 3 .and ~ ~ respectively .
Qur proof is based on the notion of capacity whic.h p~ays an important role

in~ the theory of harmon c fur~cti~n~.- in ,F~n . "I'he defin tion of ~apacity and the
statement of #hose of its fuhdamental pr~pert e~ which we n~éd in the . proof
of ~ ~ and ~ ~ will bé~~fonnd in ~ ~,



§ 2. Capacity.

é a compact sabset of R^(n ~ 3) . Let ~fZ (F) be the family of
a 'cauntably additívé measures r~(B) de#éned for alt Borel subsets B of F
~uvitb tit (F) =1 : Let ús put -

i9)

	

~~"'iF) f (~ (~~ídX) m(dY)m(dx)m(dy)
~~~Yf°-a~~~y~*_a

where. - fx~ denotes the distance of x from the origin 0 of R", so that { x y ~
~s --~ e d stance of ~ and y in 1?~ ;_ the double integral is extended over ~`xF
af~d l~f denotes #he ~ infi~tx~ for : -al me~snres tn E ~}~Z {~~. ~in~{F) --.- ~ if and
onl~ if the ~oubl~ in#~gr~l ~is ~ f~r all

	

~~~Z{.

	

t n-diru~nsional~ capa~ t~
~~~~~~J of F }s def~ne

1

0

	

if ~~^'(F)
The notion of capacity is important in the theory of harmonic functions

in R", 'where under a harmonic function f(x) defined in a domain D of R^ we
understands real-valued function f(x) witlr continuous second partim derivative
which satisfies

(j~Í

~~

In this paper we 'neéd - the following properties of the capacity ; .
(Cl~ PROSTMAN 2J Let F= {x(t) ~a < t < b} eR" be the continuous

image of a closed interval a, bJ = {t ~ a < t < b} of rest numbers through the
~napping ~~(t~. : _~.T ~ ~

	

~ nee~ n+~

	

-~~ a~-~n~} Tbe~ ~ ~.,~~ ~„
~_

~

	

s~ ~~ .
ő b

	 dsa~t

~x (~) x (~) In~~
a a

(C~) hó~.Y~---S~~~~ 9~ For any compact subwt ~ of , "let ns put
~

	

1~n-f

	

_2 ,

inf _~enotes- the infi~ium f~r ~ll ~-systems {x l . . , ,xp} e ~. Then
(14) ti l im ~~~} {F}

	

~~~~ {t'}.
~~~

~C3) 9J The union of a fin e number of compa~c# subsets ~ af - R~ eac~ o~
~vhich has zero n-di~ensional cap~~it~~has a~ain zero~ n-dtmensiQn~l eapacit~.

t~~)- Z] In order that .a ~ompact~ ~ubset 1~ of ~~ have pósitiae rüdi e~~ _
sit~h~l - adi it is necessary and sufficient tha~° tl~ere exist a fu~cti~~~ {~)
hi~r o~~c, pos~t~ve and smal~er than t in -F, and sati~fyi~~ g~~~~-~o ~~ ~y~~~ .

We need also the following result :
L e m m a 1 . tet F be a compact subset of Ifi^ (n ~ 3). F,vr any y E R~ F let



us put s~ (Y ; F}={w ~ Lc^>(Y~ w) ~ ~~ ~} Z) 7-ien S2 (Y ~ ~ E Viand PrI~(y ; F}~-=
- f (y ; F) is a l~armor~~ füncfion of y de~néd - irr R^-F. Fúrthermore, (i)
.f~Y~~=O in R^-Fif,C~^>(i~)=0; (ii) 0<f{Y;-F}< 1 in R°-F,attd-f(y ;F)-.U
as f y~-~~ . if CE"~(F) > 0 .

In the two=dimensional case the situation is rafher different : (i) is sfill
valid, but if the two-dimensional (I~garithmic} capacity $) of F is positive then
f (y ;F) l . This result can be found ix, ~4] and the method o# proof used
f~ere yields also our Lemma 1 foc r~ > 3. This is d~~ #6 the properly. (C4} o#
the capacity which holds only for n > 3

L e m m a 2. Let 0 < a < b < ~. Then, for at-most all cv, . the (a, b)-pa~~
La~~(ccj) of a 3-dimensional Brawnian motion ht~s positive 3-diménsional capacity ..

P r o o f . Dne to property (~~} of the capacity, it suffices to show that

('
	

dsri!t
~(t, w~=~(~, w)I `~a a

for almost all w, and hence it suffices to show that
b b

J ~ J
s`~16~

	

1. ~ d a

	

I.X(t, w) x(s, w)~ <a It is~easy i6

	

{try (~„) ~~d (B$} ~,§ .~~ teat

f i it, w) X(S, w)i

	

~`y-~~jt
(~7)
	t_ ~V2~It

3. T~~e -~áf~nensional ~ase.

a~ -}-~ ~--~ -~ -~

p(-2i~~s,}

	

~
r	 .4~r2dr-	

s

a a

l .4~~t-s

b b
(' (' ~Itsds
JJ

and consequently, by the Fubini théorem,
b .ó

18

	

dsdt	d
( )

	

~# _XSwE? .

	

(?

	

)i
a a

	

~
V41e can novv prove ~ cur first main result
T h ~e o r e m i . 1~n a 3-dimensional ~rownian motion, almost alh path

~,~~~ tw) Dave infinitely many . ..double points.
P r o o f. Let 0-~ a < b < c < ~ . Sy f emma 2, almost all (a, b~-~~ ~-~~3~ .~~)

have a positive 3-dimensional capacity . ~y Lemma t .and by ~h~ property (B~~
of Brownian motion it is easy to see that Pr {cam ~ La3~ (cv} ;~~~~~~, (w} ~ 8} > 0 .
From this it - fflllows that there exists a teat number d with c < d < ~ such

$) ,B denotes the empty ~ set .
$~ ~~f. .e, g, . R . ~~vA~~c

	

A ~~~.



That P { I L;~C ) fi L~ at ~u

	

c~a

	

_r . ~

	

~

	

t~' (~,) ~ ~.~ = ~ > 0. L,et u~ p~~t a~ ~-- a -~- ~d, b~ ~ b -~- ~d,
c

	

~ - (k -~-1) d ~ --~ 1 ~, 2,	Then Pr {cv ~ ~~~ bk («~) ~} ~,~~ ~~(~~ ~ ~~
~, ~ 1, 2, . f, d consequently (sine the independence property (~3}

enables us to reproduce ~ -the standard argument of the zero or one la~~
Pr {u~ Í Lay,~k (cv} f1 L~kj dk (cv) ~ ~. for infinitely many k}

	

i
R e m a r k ft is easily seen from the proof that for alt 0 s a < b < ~ end

for. alms t all w tyre (a, b} páth La3b(cv~ ha$ infinitely many ~ double points.
~--~us xf vve count only the doube points for which . 0 < t--s < ó ~ v~here á is ~r~
~rbitrari~y .small positive number,. then again almost alt paths LEA' (r.,~)1~av~ infini-
tely many such double paints . Similarly, for any _arbitrarily large ® < ~, almost
alI path~~ L~ 3'(c~} have infiu~teiy many double :points with t--s > B. (Of course,
the probabili~Y thát La3~(~~} have such - double points is always smáller than 1 ;
it is zoo if - ~~~ % a and p~~itive ather~vise.)

~ 4, The 4-dir~:er,siona~ ~case.

L e m m a ~3 . - Let 0 < a < b < ~. Then for almost all cc~, ~he (a, b)-patf~
L~~i(cv} af a 4-dimensional Brownian motion has zero 4-dime~stonc,~ capaci~y.

P r o o f. By the uniform Li~s~chitz prQperty- of ~rawnian

	

i.a ~~

	

~,
~2 pp. 166-173], there ~exist a fini e cor~stau# ~ ~a~cf a- pt~s~ ve numbe;~

d~~t, b, ~} wi#h Q ~ .á~~~ b, c:~) <,~ ~such t~at for afmos# a~~ c~r-
x~~w)--R{S,wj~~~y~t Slog 1/fit S~

holds for alb s and t with a<s < t< b and t s < á(a, b, co) . Since the closed
interval a, bJ is a union of a finite number of closed intervals of length
~ d(a, b, cv), the property (C3) of the capacity in~jes that it is sufficient to show
.that La4b(w) has zero 4-dirnet~sional capacity wfienever b~---a ~ 1 and (t9) is
satisfied for all s, t Faith a < s < t~.ó. Thus, by property {CQ} fl# #tie capacity
it suffices to prove

~, e m ur a 4. If we put

ig)

~~

	

~'

	

inf	
2

	

1
~ )

	

p n(

	

~

	

~~Ylp

	

1) ICi<J~p ~ t9

	

#s) log 1/~t;----t~{
~ ~e u,~ ~nates the iafi um f©r all p-systems 4t~, . . , , tp~ of real rtambers
t; {~

	

. : . , , p} saeh ~hat 0 < t1 < . . . < tp < 1, then
(21)

	

lim ~p
p`i~

.P r o o f . Let N,~ be the number of pairs (t;, t;) such that 2-~<t, t~ < 2-~~#
m

	

1, Z, . . . . Then -

- (~~)
. . .and

(23)

Nm-2p(p

2mN~
p~p- j~ lag ~ ~=1

~

	

.l

	

~ 2

	

N
~~~<,~p

	

t=} #~g . ~~~ ;

	

p{p-- --,~+



80

fari ~ the other hand, if we denote by Nm, k
(k l ) 2-m < tá < k2-~,

	

. . . , 2~, then .

(24)
and

(25)

ni~ 1 n1

~ Dvoretzl~~, ~P . ~rdós 5.- Kakgtani

.~ N~, kk=1
2m

NZ > ~ 1 Nm, k (1V,~, k
t--m-}-I

	

k =1 2
Thís follows from the fact that {k--- ~)2`~ < t < t ; < k2- implies t;
Consequently, by the Schwarz inequality,

~

	

2m

	

2rn
N~

	

N > t

	

N2

	

1Vm ~ l

	

~ m, k ~ m, kl=rn+1

	

2 k-1

	

k=1
f 2S)

~ ~

	

2m

	

2

	

2m

	

~ p2

	

~ ~ p2Nm, k ~m ~ Nm, k

	

2 ~ ~ -- 2~ + 2 ~k-=-1

	

k--1
where the last inequality holds for those m which satisfy 2m+1 < p, i, e . or

.logm m

	

l0 2~

	

t '
g

Consequently, by Abel's transformation, we have
°° ZmNm

	

°° 2m(1V~-1 N~

m~I

	

m

m 1 2mN*
„~T2 m tm -~- ~ )

	

~

m ~ >p

l 2

	

m- l 2 ~10 ~P ~ l) log 2m=2
which, together with {20) and (23}, imply

~ ~ log logp

	

1
p ~ 12 log 2

	

6

c2~n

(2$)

1

	

2~ p~

	

m+2m=2 ln

	

3 ~=2 Ín

m~l m
21Vó -}-

--.> o0

as p ---~ ~. .
From this it is easy to deduce our last- result

T h e o re m 2. In a 4-dimensional ~rownian motion, almost all -paths Lt4} («,)
have no double points .

P r o o f . In view of X83), it suffices to show thaE, for any rafional numbers
a, b, c, d, with 0 < á < b < c < d < ~, we have Pr {~~ ~ L~4 b {cam} f1 L~~á (u~) ~ 8~ o .
But this Last fact is an easy consequence of Lemmas . 1 and 3.
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