INTEGRAL DISTANCES
NORMAN H, ANNING AND PAUL ERDOS
In the present note we are going to prove the following result:

For any n we can find n points in the plane not all on o line such thal
their distances are all integral, but it is impossible to find infinitely many
points with integral distances (not all on a ling).!

Proor. Consider the circle of diameter 1, x*43y*=1/4. Let
1 Py -+ - be the sequence of primes of the form 45-+1. It is well
known that

pi=ai+ by, a0, bi#0,

is solvable. Consider the point (on the circle 22 L y*=1/4) whose dis-
tance from (—1/2, 0} is b;/pi. Denote this point by (x, ¥). Consider
the sequence of points (—1,/2, 09, {1/2, 0}, (2, vi),4=1,2, -+ - . We
shall show that any two distances are rational. Suppose this has been
shown for all {<j. We then prove that the distance from (x;, ¥;) to
{(x:, i) is rational. Consider the 4 concyelic points (—1/2, 0, (1/2, 0},
(x4, 3:), (25, 403 5 distances are clearly rational, and then by Ptolemy’s
theorem the distance from (x;, ) to (x; ;) is also rational. This
campletes the proof, Thus of course by enlarging the radius of the
circle we can obtain » points with integral distances,

It is very likely that these points are dense in the circle x®4v2=1/4,
but this we can not prove. It is easy to obtain a set which is dense on
x*+3*=1/4 such that all the distances are rational. Consider the
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point x; whose distance from (—1/2, 0) is 3/3; the distance from
(0, 1/2) is of course 4/5. Denote (—1/2, 0) by Py, (1/2, 0) by P4,
and let «e be the angle PeP1X\. « is known to be an irrational multiple
of w. Let x; be the point for which the angle PyP:X; equals 2o the
points X; are known to be dense on the circle X*4¥*=1/2, and all
distances between x; and x; are rational because if sin o and cos « are
rational, clearly sin fa and cos o are also rational.

To give another configuration of # points with integral distances,
let m® be an edd number with 4 divisors, and put

3 i 2
m = & — Y

This equation has clearly d solutions. Consider now the points

{m,ﬂ}, {l]‘, j’i} i=‘1. 2."+ 5

It is immediate that all the distances are integral.

These configurations are all of very special nature. Several years
ago Ulam asked whether it is possible to find a dense set in the plane
such that all the distances are rational. We do not know the answer.

Now we prove that we cannot have infinitely many points
Py, Pa, -+ ¢ in the plane not all on 2 line with all the distances PPy
being integral.

First we show that no line L can contain infinitely many points
(1, O, + - - . Let P be a point not on L, Q; and Q; two points very
far away from P and wvery far from each other. Put d(PQ,)=a,
d(Q:0;) =b, d(PQ;)=e¢. (d(4, B) denotes the distance from 4 to B.)

(1) cse+b—1
Let OyR be perpendicular to PQ;. We have

o < d(PR) + (d(Q:R))*/d(PR), b < d(Q;R) + (d(Q:R))*/d(Q;R).

Thus from (1)
1
@QR (5 + =)

NarR) T aR)
which is clearly false for g and b suffciently large. (d{Q:R) is clearly
less than the distance of P from L.) This completes the proof.

There clearly exists a direction P1X such that in every angular
neighborhood of P.X there are infinitely many Py

Let P; be a point not on the line P,X.

Denote the angle XPiP: by a, 0 <e<w. Evidently the P; cannot
form a bounded set. Let ) be one of the P; sufficiently far away from
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Py, where the angle QP,X equals ¢ (e sufficiently small). Denote
d(Py, Po)=a, d(Py, Q)=0b, d{P:, J}=c. We evidently have

e = g+ B* — 2ab cos (o — €.

2, b, ¢ all are integers. From this we shall show that if § and ¢ are
sufficiently large, € sufficiently small, then

(3 ¢c=05b— acos .
Put
r=h— agcos a4 i > 1.
Then

(b—acona+§)* =58 —2abcosa+ a’cos’a+ 28(F — @ cos a)
+ 58> a4 B — 2ab cos (o — o)

if & is sufficiently large and e sufficiently small. Similarly we dispose
of the case § <0. Thus (2} is proved.
From (2) we have
a* + b — 2obcos (a— o) = b — 2abcos e + a¥ cosl
or
a* sin® o

cos (@ — €) — cos @ =
( ) %

Thus we clearly obtain
e < /b,
Thus clearly all the points @; have distance less than ¢z from the line
P X, Let (h, (b, (s be three such points not on a line, where 2{Q.0;)
are large. Let (40; be the largest side of the triangle (10:0;. Let (:R
be perpendicular to (4(%s We have as before
d(0:0s) = d(Qy, Qo) + d(0:05) — 1,

also
a((hQs) — d(Q:R) < ¢,  d(Q23) — d((sR) < ¢

an evident contradiction; this completes the proof.

By a similar argument we can show that we cannot have infinitely
many points in #-dimensional space not all on a line, with all the dis-
tances being integral.
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