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This paper may be read without a knowledge of our first two papers on

interpolation.
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All the z{® may be written in the form cos #{™; hence for each M we may
define a triangular matrix
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Let f(2) be defined in [—1, +1]; then we define the nt* Lagrange interpolatory
polynomial of f(z) with respect to I as the polynomial L,.(f) of degree (n — 1)
at most taking at the points z{", z{™, ... , z{ the values f(z{™), f(z5™), - .-, .
f@™). It may be verified that

(53) Ln(f) = gf(zf"])l,,.(x) = ':Elf(x’)lr(z) = ?:_-a: f(zsﬂ m:(zsu;‘;"(gf)_ xsuj)a

! Bome of these results have been presented before the Mathematical Association in
Budapest in April, 1937,
510
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where
(5b) o) = I @ -2 =TT @ - ).

We shall explicitly indicate the upper and double indices only when some
misunderstanding may arise. The polynomials [,(z) (for which we omitted to
indicate explicitly their dependence upon n) are independent of f(z) and
dependent only upon M, », and n; following Fejér they are called the funda-
mental functions of interpolation. For these it is easy to verify that

(6a) i: La(z) = i L) =1, n=12...,
and more generally
(6b) L) = S Hahe) =i, H=ELLELY -

1
where 7(z) denotes any polynomial of degree k. The numbers L L(z)de =

AM™ = ), (depending only upon M, », and n) are called the Cotes numbers
belonging to M. From (6a) we evidently have

) }:l, AV = 21 A= 2.

We intend to consider chiefly the case of two general and very often used
matrices. The first of them is obtained as follows: let p(z) be nonnegative and
integrable in Lebesgue’s sense (L-integrable) for [—1, 4+1]. Then a sequence

of uniquely determined polynomials wy(z), wi(z), - , corresponds to p(z) so
that wa(z) is & polynomial of degree n with
(8a) coeff. z" inwu(z) = 1
and

1
(8b) L wn(Z)wm(z)p(z) dz = 0, n = m.
The sequence of such polynomials is called orthogonal with respect to the
weight function p(z). The sequence of polynomials Q(z), - - - , Qu(x) - - - , for
which

1
(80) [ 2 @0n@p@ dz = 0 nm,

1

8d) [ o@rpa)ds = 1 n=0,1,...,

(8e) coeff. z” in Q4(z) is greater than 0, n=0,1,:..,
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we call a sequence of normal-orthogonal polynomials with respect to p(z).
The polynomials w,(z) and Q,(z) evidently differ only in a constant factor
dependent only upon n. By (8b) it is easy to see that all roots of wa(z) are
real and situated in [—1, +1]. Taking these roots for n = 1, 2, ... we obtain
the so called p-matrix. It is well known that for p(z) = 1 we obtain the
sequence of Legendre-polynomials P,(z), for p(z) = 1/4/(1 — z*) the Tcheby-
cheff-polynomials T,(z), and in general, for p(z) = (1 — z)°(1 + z)* with
a > —-1,8 > —1, the Jacobi-polynomials P{**® (z).

The second class of matrices has been found by Fejér’ in his paper about
Lagrange-interpolation. According to his notation the matrix I is normal, if

(98) niz) m1— ::E::; — e

-12z=+41, k=12...2, n=12...,
and it is strongly normal, if

(z —z2) 21,

“’n (zl)
9b 1-—
( ) Wa (Zb)

—1<z<+1, k=12..n n=12...,

where c;—and later all the other ¢’s—are positive constants independent of
z, n, k. Their dependence upon accidental parameters will always be explicitly
stated. Fejér proved that e.g. the sequence of Jacobi-polynomials P*? (z)
presents a normal matrix if —1 < @ £ 0, —1 < 8 = 0 and a strongly normal
ong, if —1 <a <0, —1 <8 <0. For this second matrix class, by

(10) 3 w@)lh@) = 1,
Jo=1

we have

1) () | = \/i

~1Sz2+1l, k=12..m n=12...

Orthogonal polynomials, and especially Jacobi-polynomials, play a most im-
portant part in many problems of analysis; we mention here only the works of
Legendre, Laplace, Jacobi, Bruns Tchebycheff, A. Markoff, Stieltjes, Christoffel,
Darboux, Fejér, 8. Bernstein and Szegé. In the general theory of orthogonal
polynomials (i.e. for general p(z)) an important step has been made by G. Szegé.’
He succeeded in proving for a general class of weight-functions the asymptotic
formulae of Laplace-Darboux concerning Jacobi-polynomials. Thus he proved

2 L, Fejér: Lagrangesche interpolation und die zugehdrigen konjugierten Punkte, Math.
Ann., 1932, pp. 1-55.

3 G. Szegt: Uber die Entwicklung einer analytischen Funciion usw., Math. Ann., 1921,
pp. 188-212.
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that if p(z) is such that to p (cos &) | sin ¢ = py(¥) there exists a function D(z)
regular in | z| < 1, here # 0 and for almost all ¢
(12) fim | D(re®) ' = pu(®),

r=+l—

thenin |z| = R > 1 for n — « uniformly

mg,.[(tz)%L i
e (%)

which determines the asymptotic behavior of the polynomials for any point of
the z plane not lying in [—1, +1]. (12) is satisfied, if p(z) = 0, further if p(z)
and log p(z) are Lebesgue-integrable in [—1, 41]. Further—and this is a
deeper result—Szego* gave for the fundamental interval itself i.e. for [—1, +1]
an asymptotic formula

2 } 1 T
(13)  Qu(cos o) ~ (m) cos [(n - §) o7~ a],

where « depends in a given way upon p(z). In order to give a simple example,
he proved this for ¢ £ % < 7 — eand n — o, if p(z) remains in [—1, +1]
between two positive bounds and the first and second derivatives of p(z) in
the same interval exist. 8. Bernstein® proved a theorem, which is analogous
to the above mentioned theorem of Szegé. He proved the asymptotic formula
(13) if, in [—1, +1] p(z) /(1 — 2°) remains between two positive bounds and
uniformly satisfies here a logarithmic Lipschitz condition with the exponent
1 4+ e For this theorem, Szegd gives a very simple proof in his book to be
published. The papers of J. Shohat® also contain general results of this kind.

The problems concerning orthogonal polynomials can be divided into four
classes: a) the behavior of the polynomials within the interval [—1, +1]
((#nternal behavior), b) the behavior of the polynomials upon the plane cut along
[—1, 4+1] (external behavior), ¢) distance of consecutive roots (problems of the
finer distribution of roots), d) number of roots in a fixed subinterval (problems
of the mean-distribution of roots). Problems concerning a) are completely
solved by Szegd and Bernstein for a rather general class of weight-functions;
if we require the weight function only to satisfy

(14a) p(z) 2 ¢ -1=22z3 +1,
(14b) p(z) is Lebesgue-integrable in [—1, +1],

4 Q. Szego: Uber den asymplotischen Ausdruck von Polynomen, die durch eine Ortho-
gondlitatseigenschafi definiert sind, Math. Ann., 1922, pp. 114-139.

5 5. Bernstein: Sur les polynomes orthogonauz on a segment fini, Journal de Mathema-
t.iques; PP- 127-177.

¢ See J. Shohat: Théorie générale des polynomes orthogonauzx de T'chebichef, Mémorial
des Sciences Mathématiques, Fasc. LXVIII.
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then Shohat® gives an upper estimate for the orthogonal polynomials belonging
to p(z). As far as we know there are no other general results in this direction.
Question b) is settled by Szego for rather general weights. As for ¢) we obtain
from Szegi's formula that if the weight function throughout a subinterval has
derivatives of the first and second order and remains throughout [—1, +1]
between two positive bounds (Szegd gives some other, more general condition),

then for the n* fundamental points z{” = cos #{" lying in that subinterval,

we have lim n(8{3] — 9{"”) = =; we obtain the same result for consecutive
i -]

fundamental points from Bernstein’s theorem, if throughout the interval
[_1: +1]

(15a) e 2 p()V/(1 —2°) 2 e
and if for p(cos @) sin ¢ = {(#) throughout and uniformly in [0, =]

(15b) €0 + 1) = 0 < —
log™

Concerning d) Szegd’ implicitly proved, that, if the weights are non-negative in

[—1, 41], and if in the same interval p(z) and ﬁ log p(z) are L-inte-
grable, then the distribution of the n* fundamental points is uniform, which

means, that if 0 £ o < 8 £ , then with 2\ = cos 9"

(16) lim-Z‘,l:ﬁ:“, a <™ <8

Szegd’s and Bernstein’s methods are based upon asymptotic formulae for
polynomials. But it is probable that in the general case such a formula does
not exist not even for continuous weights remaining between two positive
bounds. Thus, in this way we cannot obtain any answer to questions such as
e.g. what is the effect of the singularities of the weight function (loci of dis-
continuity, infinities, zeros) upon the distribution of roots, whether this effect
is only local ete. The investigation of this last question will be a main object
of our paper. Here we make use of a principle introduced by Fejér: we derive
the structure of the matrix from the properties of interpolatory fundamental
functions belonging to M. Fejér deals with two such properties. The first®
is the property of being strongly normal, from which he deduces the relation
(17) lim max  (z{}] — V) =0,

n=0 pm=l2,: (n—1)
which—from what precedes—means a statement about the distribution of roots
of certain Jacobi-polynomials. The second property’ is the non-negativeness

7 L, Fejér: Mechanische Quadraturen mit positiven Cotesschen Zahlen, Math. Zeitschr.,
1933, pp. 287-310. His proof gives also the following result: if there exista for the matrix
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of the Cotes-numbers belonging to I, from which we once more obtain (17).
Theorems deducing properties of 9 from some interpolatory properties we shall
call Fejérian theorems. We proved® two such sheorems, the application of
which to p-matrices gave the following two theorems.
1. If throughout [—1, +1] s < p(x) < ¢; and p(z) 18 L-integrable, then
s -0 s>

y=0,12...0—1),n n=12..., & =0 N=rx
for the corresponding matriz IM'. (See (3).)

H.U&mw%ﬂ&uﬂmﬂ[—L+ﬂp@)gapwhmdiaLMmeh
then

SRR L

y=0,1,c0om  n=1,2-.-.

By systematic application of Fejér’s principle we obtain Fejérian theorems
for each of the four classes mentioned above, theorems, which may be applied
to p-matrices as well as to strongly normal ones. Properly speaking we deduce
the theory of both classes of polynomials from that of a more general class of
polynomials, the roots of which form a matrix M, and for which the values of
the fundamental functions l,(z) satisfy certain conditions.

In §2 we consider problem a). That will be the only section in which we
shall not explicitly express a Fejérian-theorem. Our theorem I asserts for
strongly normal polynomials

8 Vvn
n = — ;] — é § 1, = 1,4 -
|w(z)i_v612n 1Sz = +], n=1,2
where ¢, is any constant for which (11) is valid. This result cannot be essen-
tially improved in [—1, +1], but it is probable, that in [—1 + ¢ 1 — ¢ the
factor with +/n can be omitted and the factor 8/+/¢; replaced by a ¢ =

cwlci, €). Theorem II applies to the orthogonal polynomials and it states that,

M a function s(x), non-negative and L-integrable on [—1, 41}, positive in [a, b] and such
that

1
_[ bn(2)s(2) dz 2 0, S N i B
1

then (17) holds in [a, b]. This is satisfied e.g. if the matrix MM is a p-matrix and s(z)= p(z);
hence the roots of the polynomials orthogonal to a weight-function, non-negative and
L-integrable on [—1, 41] and positive throughout the subinterval [a, b] cover the interval
[a, b] everywhere densely.

8 P. Erdés and P. Turdn: On Interpolation II, Annals of Math. 1938, pp. 703-724.
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if the weight-function is non-negative and L-integrable in [—1, 41] and if
throughout the subinterval [a, b] p(z) = m > 0, then

(188) |w,‘(:c)|<|:(b ma)mf ()dt]—” b G S B eney

12 \/
asy 1@ <[ gy [p0a]- 32

in a+esz=b—en=12...

For the case a = —1, b = 41 these estimations have been presented by Shohat.
By the same method we obtain lower estimates for the orthogonal polynomials
wa(z). More exactly: if the weight p(z) is non-negative and L-integrable
throughout [—1, +1] and p(z) = m > 0 throughout a subinterval [a, b], then
for any z (real or complex)

L -
(19a) |wa(z) | 2 | eu m: e l:.':—:r."’l,
[ (b—a)[lp(:m]( )

(n)

where z,” denotes the n* fundamental point nearest to z. As a matter of
fact this has importance only for the interval [—1, +1]. If in addition to the
above properties throughout a subinterval [¢, d] of [a, b] the weight is bounded,
p(z) = M, then a factor with 4/n can be appended to the right side, if we take
ey = cu(M). Forc=a= —1,d =b = +1 we find implicitly and qualitatively
the same as Shohat.” By this and by the results of §3 we obtain e.g. that if
for the L-integrable weight function p(z) 2 m > 0 throughout [—1, +1] and
if p(z) S M throughout the subinterval [e, f], then w.(z) takes in any [zf-?-i ;2™
lying in [e + ¢, f — €] a value, greater than

cule, M, m, e, f)
2"/n

It is probable, that in (18a) and (18b) the factor n or +/n may be improved to
ci(a, b, m)v/n or to cu(e, a, b, m) respectively—this is true in the mean—and
also in (19b) we may omit from the denominator the factor with +/n. If in
[—=1, +1] p(z) = m > Oandin the subinterval [a, b] p(z) £ M, then we proved
that there exists an 5(n) such that n(n) = 0forn — « and thatin[a + ¢, b — ¢

n(n)v/n
e

(19b)

|wa(2) | < c1s(a, b, ¢, m, M)

We omit the details of the proof.

* Bee footnote 6, p. 41, formula (60).
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In §3 we are concerned with b) problems. The base of the investigation is
the following Fejérian theorem: If for the matrix I for every ¢ > 0

[G@) " =1+ ¢

(20)
n > ciele), k=12 ... -1 =z = +1,

then for any fixed z of the complex plane cut along [—1, +1] we have

(21) lim [wa(2)]'" = iil‘%zz'—l)

where we are to take those values of the n* and square roots, which are positive
on the positive real axis. Condition (20) is abundantly satisfied for sequences
of strongly normal polynomials. Thus the asymptotic representation (21)
applies for these too.

We shall see that if in [—1, +1] the L-integrable p(z) is =0 and its roots form
an aggregate of measure 0, then (20) is satisfied hence (21) holds too. Formula
(21) presents less than the above quoted formula of Szegé but it refers to a
wider class of weight-functions: e.g. (21) holds for the weight-function p(z) =
eV ", whereas Szegd’s formula has nothing to say in this case.

We shall give a direct and elementary proof of the aforesaid theorem, but we
are bound to mention that it is to be deduced indirectly from a deep theorem of
L. Kalmér® by the following note of Polya:™ If upon the matrix I we have

uniformly in [—1, 4-1]
lim [[L(z) |+ -+ + [l@) [ =1,

[ S ]

then the Lagrange parabolas taken upon I of a function f(z) analytic in this
interval uniformly converge to f(z). In order to prove this note standard
theorems about approximation of analytic functions are required.

On the other hand by a further theorem of Kalm4r® it follows, that the ele-

10 L. Kalmdr: Az interpoldtiérél, Mathematikai és Fizikai Lapok, 1927, pp. 120-149
(Hungarian). This gives the following result: Let 8 be the closed interior of Jordan-curve
I on the complex z-plane and let £ = ¢(2) be regular on the exterior of | and continuous
on the closed exterior of I, which maps 8 upon the exterior of a circle [z | S ¢ withI lim

2| —+om
n
wi_z} = 1. Let the matrix 3 be given in B and wa(z) = H (z— 2!™), Then a necessary
p=]

and sufficient condition that lim L.(f) = f(z) uniformly in 8B for any f(2) regular in B is
=+
that Hm [wa(2)]V¥* = ¢(z) for any z of the exterior of I. We use this only in the case if l is
n—tod

the interval [—1, +1].
1 G. Polya: Uber die Konvergenz von Quadraturverfahren, Math. Zeitschrift, 1933, pp.
264-287.
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ments of 9’ belonging to M are uniformly distributed in [0, #.” From this we
incidentally obtained the following result: if p(z) is non-negative and L-inte-
grable in [—1, +1], and further, if the roots of this p(z) form an aggregate of
measure 0, then the elements of the matrix 9’ belonging to the roots of the
respective orthogonal polynomials are uniformly distributed. (We can prove
this result in a direct and elementary way, too.)

In §4 we consider ¢) problems. The basis of the general consideration is
given by the following Fejérian-theorem: If a matrix %’ is such, that for a
subinterval [a, 8] of [0, x] with

dfl<asd” <l < ... <Y =B <N
we have
|ll(z) | = K, k=v»v+1...n a=cosf=<z=cosa=Db,

and, in the same subinterval, the absolute value of the other n* fundamental
functions does not exceed cign’'’, then

[E(b - ":"-)]Il (n) (n) Cu(cu, Ci7, € a4, b)K
(22) T e Sy —h = n )
if 94" and 953 arein [a + ¢, 8 — €. If [, B] = [0, ], then 613 is independent
of e and the estimate holds for all [15“” ]k =1,2 ... ,n — 1), the upper

estimation holds even, as we proved® for k = 0 and k = n, if s:i"" =0,00% = =

The content of the theorem may briefly be expressed as follows: if the funda-
mental functions belonging to the fundamental points of a subinterval are
bounded and the other fundamental functions are in the same subinterval
not excessively great, then the distribution of the matrix is approximately uni-
form in that subinterval. In our paper cited under’ we already proved, that
the estimate of the form (22) holds in the case of strongly normal polynomials
for any pair [09f”, 94%]] with an absolute constant ¢s. For orthogonal poly-
nomials we obtain that, if the L-integrable weight function is non-negative in
[—1, +1] and if 0 < m =< p(z) £ M in a subinterval [cos B, cos a], then for
any pair [05”, 954]in [a@ + ¢, 8 — €] we have

cl'(m; M a, ﬁ) E) Gm(’“‘: M o, 81 E)

n

"(" ) 0(!‘!}

For [a, 8] = [0, 7] ¢1s and ¢y are independent of ¢; in our paper we proved the
upper estimate for this case, we omit the details of the lower estimate.
If in the subinterval [cos B, cos o] p(x)v/(1 — 2*) = m > 0 and besides it

12 This means of course, that for any fixed subinterval [a, 8] of [0, «]

I | B—a
31_1’1; 5 2 1= = holds.

¥
ago(Mgs
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p(x)v/(1 — z°) is continuous, very much more is to be said from the nth funda-
mental-points situated in [a + ¢, 8 — €. In this case we have for n — «

o — " ~

The proof is also based upon the analysis of interpolatory forms but not upon
a Fejérian-theorem; it is important to notice that the formula obtained for the
fundamental functions relative to [« 4+ ¢, 8§ — €] is to some extent an asymptotic
one. The interval [@ + ¢, 8 — ¢ may be replaced by [a + A(n)’ B8 — A:@)]
where A(n), though arbitrarily slowly, tends to infinity, and we may postulate
other, more general conditions for the weight function. In the case of strongly
normal polynomials the former of us proved in another way, that for

A(n) =Y <o ST A(n) the difference 953 — 95" ~E. We do not
glve the details of the proof.

In §5 we consider d) problems. The analysis is based upon two Fejérian-
theorems. The first of them states, that the uniform distribution in the sense
(16) of the matrix I is a consequence of condition (20); we give for this a
completely elementary direct proof. If for a matrix It with the absolute
constant K’

|L(z) | = K, —1 =2 =5 +1, v=12-..7m

then more exactly

@) —emK, )l —am}t< X 1-° '; Zn < {8 — a)n} en(K,e)
agof™<p

for (8 — a)n > cu(K’', ). This means, that for uniformly bounded funda-
mental functions the uniform distribution is already effected for very small
subintervals [a, 8], the size of which depend upon n. If [@, 8] means any
interval in [0, =], then by the condition

@) L@ | Sean™, -1Szs+1, v=12..n n=12..
we have
(25) > 1-# ; % 0| < calens, cu, On'™,

»
agsiM<p

which establishes the uniform distribution already for intervals of the length
1/n*™. This is not very much weaker than the former conclusion.

By applying the above-arguments to sequences of strongly normal poly-
nomials we immediately see that the fundamental points are distributed accord-
ing to (23). Thus for orthogonal polynomials we obtained a new and strictly
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elementary proof of our theorem that, if the L-integrable p(z) weight-function
isin [—1, 41] not less than 0 and the aggregate of the points z with p(r) = 0,
is of measure 0, then the distribution of the elements of the matrix ' formed
of the roots of the respective orthogonal polynomials is uniformly dense in [0, =].
Here we must remark, that although our hypothesis is more general than that
of Szegd, we obtained only the sufficient condition for the uniform distribution
of the roots; the necessary and sufficient condition—as the first of us proved—
is connected with the transfinite diameter of the aggregate of points, for which
p(z) = 0. We omit the proof here.

Our second theorem states that, if the L-integrable weight functionis 2m > 0
in [—1, +1], then (25) holds for the corresponding matrix M’; if in addition,
for [—1, +1] M = p(z)v/(1 — 2*) = m, then (23) holds too. If the aforesaid
conditions are valid only for a subinterval and for the complementary sub-
interval of [—1, +1] we postulate only the non-negativeness and the L-inte-
grability, then nothing may be said with respect to the d) problems.

From the point of view of the theory of uniform distribution we make fol-
lowing remarks. Weyl’s criterion for the uniform distribution of 9 under (1)

postulates, that for n — w the expressions s = >y e tend to 0 for any
positive integer k. Our theorems of §5 deduce the uniform distribution from
the behavior of certain polynomials associated with 9. It is to be noticed
that instead of asymptotic equalities we have in the condition only inequalities
and that we obtain also an error-term, that could not be obtained by Weyl’s
criterion. It would be plausible to ask, whether the uniform distribution with
error-term is to be deduced from an inequality relative—in [—1, +1]—to
wa(z) itself. The answer is affirmative; if in [—1, +1] |wa(z) | = An) with

2»
A(n) = 2, then for a fixed subinterval [e, 8] we have

> o1 3;% < 8lnlog A()]}.
asa;"’sﬂ

We will return to this problem on another occasion. If we disregard the error-
term then, as we learned later the theorem is contained in a general theorem
of Fekete" stating that the distribution of a matrix M given upon any Jordan-
curve [ is uniform, if upon ! the inequality [| wa(z) []'" < M holds, where M
denotes the transfinite diameter of the Jordan-curve. Our argument essen-
tially differs from his method.

From what is said before the reader may see the chief results of this paper:
the uniformity of the method, the statement that the polynomials and their
roots essentially depend only upon the local values of the weight function and
asymptotic formulae of more general validity than before. We hope to con-
sider the other fundamental problems in another paper.

13 Oral communication.
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1.
TuroreMm 1. For strongly normal matrices we have in [—1, 41]
8 vn _
Iwu($)|§“‘\7a°?, n—1,2,---

Proor. As the arithmetic mean is not less than the geometric mean we
may write

cl S 2:1 L(z)’ 2 [1_1 z,(zﬁ]"" = [#;(—’%T

pem]

1
n
As the z,’s are in [—1, +1], we have after Schur™

nti
H | Wn(xr) I < 2,‘:_.3,, ’

ie.

2—2n 1 Oﬁ'ﬂ
lwl(x) l < a 29.' H
hence
| wn(@) | < "“2‘_/ B Qed.

This proof is very simple, but Schur’s theorem which we applied is not of
interpolatory nature. Hence it will perhaps be of some interest to give another
proof for it. We require

Lemva I If1 2 2” > 2P > ... > 2l = —1, then

- ]- n—2
— 22"
=1 | wa() |

(Equality only for wa(z) = (2* — 1)U.—s(z), where Uy (cos ¢) =

but for the present we shall not use this.)
Proor. Let us fixin [—1, +1] the values £ > & > ... >£, and let us deter-
mine the polynomial f(z) of degree (n — 1), for which coeff. 2" = 1 and

max |f(¢) | is minimum. According to standard theorems such f(z) exists
yuul2, o

and takes at the places {, with alternating signs the same absolute values
(#=1,2, .--,n). Thus by coeff. "™ = 1 we have
n (_1)r+l w(x)
=1 w'(§) z— &
n ( l)r-H *
=1 w'(§)

14 1, Schur: Uber die Verteilung der Wurzeln bei gewissen algebraischen Gleichungen mit
ganzzahligen Koeffizienien, Math. Zeitachrift, 1918, pp. 377-402.

_1 sin (k + 1)9
sin ¢

!

f(z) =
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where w(z) = ][y (z — £). The minimum value is given by the formula
1 1

M" = i (_1).+1 ~ a 1
S VE) SEVE) )
i.e.
g—lT —=,pin  omex [f@)|S, mn o mex |f)]S g,
vt | 0'(&) |

since for f(z) = Tuu(z)(Tsu (cos &) = cos (n — 1)9), in [—1, +1]

1
2n—2

23_2 . By taking the reciprocals we obtain the Lemma.
By the Lemma we immediately obtain that

n 28—25 Wn 2“
| wa(2) | 1 (x)lglwa(é.)ls ZE

n §
=23 1@ | gzvn[ga<x)?] s 2,

max l Tn—l(x) | =

wa(z)

6\!: (Er) (5 — Er)

which establishes the theorem. Notice that in both proofs we used only the
fact that 2or L(z)® < ¢ .

This result is not to be improved essentially in [—1, +1], that is to be seen
by the matrix given by the roots of the Jacobi-polynomial P$ ™ ?(z) for e
being any small fixed positive numbers. Its being strongly normal we already
mentioned in the introduction. On the other hand by

#(+)
PER)m N~ B/
(Zn +a+ ﬁ)

n

a>—-1,8>—1

we have
i—e
Pf.""’(l) ~ ¢z (e) ?‘!-2_“ .

TreorEM I1. If the L-integrable weighi-function p(x) is non-negative in
[—1, +1], and for the subinterval [a, b] = m(> 0), then in [a, b]

| wal) | < [(b——SWn.’: p(t) da!]i . 2n2-l- 1,

whereas in [a + ¢, b — ¢

1 1 V(@2n + 1) 1)
| wn(x) | =2 [ﬂm f_l P(f,) dt] ] 2n
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Proor. As is known—and it may easily be verified—o,(z) minimizes the
¥
integral J(f) = f f)*p(t) dt, if f(¢) runs over the polynomials of degree n
-1
with coeff. 2" = 1. Thusfora < z < b we have

m fb wa(t)? dt £ f wa()’p(t) dt < [lw“(t)“p(z)dt < f , T.(t)p(t) dt,
where T, (cos ¢) = L cos nd. Hence

b
(26) - f w®td s X j: p(0) dt.

But then, according to a theorem of A. Markoff (stating that if fora < z £ b

| F(z) | < M, then here | F/(z) | = bsza n’, where n denotes the degree of F(x))
fora £ ¢ £ b we have

@ s g [ pyar En D Qed

By applying to (26) the theorem of Bernstein-Fejér (stating that if for
Mn

a2z=b|Fx)| £ M, then |F'(z)| £ =26 =a] where n denotes

the degree of F(z)) we obtainfora + e S 2 S b — ¢

1 2n + 1

‘o 4
@ s> [ poa T Qe.d.

In connection with theorem II we mentioned that it is probable that the
factor v/n in (18b) is to be improved to ¢u(e, @, b, m). This conjecture may to
some extent be supported by the fact that from (26)

(@) [ wora] <Z[L [ soa],

i.e. for [a, b] the mean value of |w.(?) | is O ( 2“)

The proof of theorem II is very simple, but it is not of interpolatory char-
acter; thus we give a proof of such kind which with a slight modification gives
the lower estimate indicated in the introduction, and besides it contains many
elements needed in the following investigations.

Let the numbers

1
(28) k:”) - -[l L'”(t)p(t)dt =k, v=1,2-.+,n, n=12 ...,

denote the Christoffel-numbers belonging to p(z), then we have
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Lemma II. In [—1, +41] suppose p1(z) = po(z) = 0, both L-integrable. If
) =1,2,--- ,m;n = 1,2, ...) stand for the fundamental functions and k,
Jor the Chﬁstoﬁel—«numbers belonging to pi(x), I (z) and K for those belonging to
p2(x) respectively, then for any fixed (real or complex) 2o

EIL(%)FSE|[F(‘W)I, n=12....
=1

ye=l

Proor. Let 2o denote any fixed number and determine the polynomial
F(l:c) of degree (n — 1) at the utmost, for which F(x) = 1 and I(F) =

L | F(t) [* pu(6) dt is minimum.
We express F(z) by the interpolatory polynomials belonging to the roots of
n* polynomial orthogonal to p;(z), then we have
F(z) = Z; d,l(z),

ie.

1h) = = 34,4 [ Leh@n@d =3 14,
as” for u #% »

1 * wa(2)
wn(@)wn(z,) L1 (@ — ) (z — )

@) [ LOLOPO X = on(@pu) dz = 0,

and
(29) [L@p@ iz = [ bwped = k.
As

Flm) =1 = Z dy (),

we obtain from what precedes

2 Edn/k. ‘\(/”;’) (’};”’(”“” (;l k,[d,I’),
le.
1 18
I(F) 2
| () |
2=

15 P, Erdos and P. Turdn: On Interpolation. I. Annals of Math., 1937, pp. 142-155.
1 Implicitly J. S8hohat: Théorie générale etc., p. 47, formula (75).
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Equality is evidently to be obtained if and only if

1 L (20)
F ,
) = zu.(:m) & L&) [ Z} 5

ye]

ie.

w0} Z; II (xﬂ) | [r( y=1 P(s)ﬁﬂ"'ﬂ gzl .[1 IF“) IsPl(t) dt]_ '
But then ev1dently
31) el ¥ F(zg)=1, F 32—a° RS P
E |T"(-’co) i Q.e.d.

ye=1

In the special case of z, bemg the v* root of the nt polynomial orthogonal to
pi(x), then by (30) the minimum-value is k, and this minimum is attained only
for F(z) = L(z) (Corollary I).”

Here we remark—although we make no use of it in this paper—that the sum

n ﬁf) z 2
s
derivative.

In Lemma I let py(z) = p(z) and pa(z) = m(>0)ifa < 2 £ b, and pa(z) = 0
for the complementary intervals; furthermore suppose z, real. Then the
explicit form of the polynomials orthogonal in [—1, 41] with respect to p.(z)

is given by
Wn(z)=A'Pn(_ ::Z)!

where P,(z) denotes the n* Legendre-polynomial for [—1, 41], with the nor-
malization P,(1) = 1, A depending only upon n, @, b so that coeff. z" in w.(z)
equals 1. As in this case withP () =0@0r=1,2, ... n),

is also monotone with respect to p,(z), if I\”(z) denotes the rt

b 18
k:. . I:. 1) dt = G) P”(t) dt = m(b = ’a) ,
" j; ( ) '[l P (11,) (t = 'r.'r) (1 b ﬂg)Pn(ﬂr)g
from Lemma II, if &, &, - - - , £, denote the roots of P, (— : ___ 2) =0,
\ . 1'9,.(—1+2"""_'“)2
S s S APy e
(32) " ¥ 4 (m) P:(’ﬂr):(zo == Er)z

(—1 pal o “)22,—1 =
b—a ?

yl (xl] = £r :

17 J. Shohat: On the convergence-properties of Lagrange-interpolation elc., Annals of
Math., 1937, pp. 758-769, formula (39).
18], Fejér: Az interpoldtiorél, Akadémiai Ertesitd (Hungarian), 1915.
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& —a
b—a
equation of the Legendre-polynomials we obtain by the substitution z, =

a + b g g (1 + o) in (32) for any real y,

As —1 4+ 2

= ( = 1, 2, ... n), making use of the differential

" I.(a 4 b—;—a (yo + l))2 1
33) 2 S e

Equality in (33) holds only for p(z) = m. Suppose now —1 =< y = +1;
then, by a well known result | Pa(y) | < 1, and by the above cited theorem of
Bernstein-Fejér | P.(yo)v/(1 — #i) | < m, ie. from (33) fora = ¢ = b we obtain

(34a) g E’JE:')R e (62— ) n.

[(1 — ¥)Pr(w)* + n*Pa(yo)’).

19

Letnow —1 4+ € = y £ 1 — e. Then according to the classical formula of
Laplace for ¢ = ¢ < = — ¢, we have

i (e
rion~[cctesl e[ (e )o3]| <.

by this and by the theorem of Bernstein-Fejér for [—1 + ¢, 1 — ¢] we have

P2 S22, |PLG) | S enldvi,

i.e. we obtain roughly“’ from (33) in [a + ¢, b — ¢

(34b) ): L@ owle

r=1 k. - m(b — 0-)

We remark, that for the validity of (34a) and (34b) in the above intervals
we require only that the L-integrable p(z) is in [—1, +1] not less than 0, and
in [a, b] p(z) = m > 0. (Corollary IL.)

Let in Lemma II pi(z) = p(z), po(x) = 0in [—1, a][b, 1] and not less than

[TJ:__:;)”L—_@—x)]‘ in [a, b]; if 1,72, - - - v« stand for the roots of the Tehebycheff

polynomial T.(z)(T,. (cos &#) = cos nd¥), p, pe, --- u. for the roots of

T,;(—l + 2(:__;) , then

RS A () [ T . _
B=n) G=ot=m* "™ [, TG — ) VA=

m

™
n;

Y Fora= —1,b=1, see J. Shohat: On Interpolaiion, Annals of Math., 1933.
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i.e. by easy computation with real x

pDRANPRID 3P TAT

p=] kr m’l’r—l
(34¢) . ) . )
n ’ r—a
=nﬂ[l_%+2n(2n—1)“’“‘(_l+ b—a ]

Thus we came to the result, that if the L-integrable p(z) is not lessin [—1, 1]
m
than 0 and in the subinterval [a, b] p(x) = [-———-——(x “ b — :s)]" thenfora =z =< b

L@ 2

(35) =1 k = Tm

(Corollary III). Equality holds only when in [a, b] p(z) = i — a)Tb — a:)]*’

and in the complementary intervals p(z) = 0, furtherz = aorz = b.
We deduce theorem II from (34a) and (34b) as follows. As

n W 1 n _ 1
2 k" = L (; z,(::)) p(t) dt Lp(c) dt
and as k™ > 0 by (6a) and (29b), we have in [a, b] by (343)

g”»(z)l) ('Zlil(z”‘/k) EL(:E) Ek < )[ p(t) dt-n?

y=] vyl

and analogously in [¢ + ¢, b — ¢

(Z1@1) < o9 [ 0 an

S[m(b ][_[ ;o(t)dt] fora £z <b

< [m‘:gss(e) ] [‘[ p(t) dt] A/n fora+eSz<b—e.

It is to be remarked, that the same argument leads to the following result:
if the L-integrable p(z) is not less than 0 in [—1, +1] and if in the subinterval
la, B]

But then

lon(@)| 27 < 2 >_: 11,()]

m
PR 2 e - P

then fora £ z < b we have

(36) o) | <4 2, [ip(s)da]'--‘—z/;‘ n=1,2 ..

Some further corollaries of Lemma II we shall mention later.
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Let us now consider the lower estimate of the orthogonal polynomials w.(z).

TaeoREM III. Let the weighi-function p(x) be non-negative and L-integrable
in [—1, 41]; throughout the subinterval [a, b] suppose p(z) = m > 0. Then, if
25" denotes the root of w.(z) nearest to z, we have for real

- L -
lw”(z)lg[(b—a)_[:p(t)dtjl( - ) T

We require two lemmas.

Lemma III. In [—1, +1] suppose ;mi(z) = pa(z) = 0 and both L-integrable.
If wa(z) and w} (x) denote the corresponding orthogonal polynomials respectively, k,
and kf the respective Christoffel-numbers, , and = the respective fundamental
poinis, then

" 1 < i 1
p> kit (@)

pe] klwn(xl)g = yeml

1
Proor. Let us consider the minimum of N(F) = L | F(t) Ppu(t) de

amongst the polynomials of degree (n — 1), in which coeff. 2" = 1. It is
known that this problem has one and only one solution and that the minimum
is assumed only for F(r) = wa.—i(z). But we want to represent the solution in
the form F(z) = D)= d,l,(z), where the [,(z)’s denote the fundamental func-
tions of Lagrange-interpolation formed upon the roots of w,(z). It is evident
that in thls case we have to determine the minimum of the form ) k, | d, |,

if Ew; ) = = 1. From this, by applying Schwarz’s inequality once more,

el

b3 1 -1
we obtain for the value of this minimum [Z ol (2 ) & )s] and equality holds
yeu] fylin Ly

only for the polynomial

n

2 L(x)
@7) f@) = =k “‘(”1"

>

el !wn(xv)
Thus again

% e [ m.iP Lo d‘T = L_,,m}gm [ 150t d‘]-,

- Za: (:u. Q.e.d.

If 21(x) = p(z) and throughout the intervals [—1, 4], [b, 1] p2(z) = 0, further
fora = x = b pa(x) = m, then

2 —1

L=l

Sty saln. [oa] g [en(-
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where the integrand is the linear transform of the (n — 1)* Legendre poly-
nomial with the normalization coeff. 2" = 1. Thus

2n — 2\?
n (2n — 1)( )
1 1 n—1
(38) E k,w:(x')ﬂ é 5‘ (b—a)”“l ¥

if throughout [—1, 41] the L-integrable p(z) = 0 and throughout [e, b] p(z) =
m > 0. Equality holds only if p(x) = m in [a, b] and = 0 outside of [a, b).

Lemma IV. For the fundamental funcltions of the Lagrange-interpolation
formed upon any mairiz M we have

¢(@) = La(2) + hyan(z) 2 1
w2z al.

Proor. Let2 < k < n — 2. Then ¢(z) is a polynomial of degree (n — 1)

at the utmost, vanishing at z{™, z$"” ..., z{*) , =i, - .- 23", le. at n — 2
places and equals 1 at 5™ and {3} . Consequently its ﬁmt derivative has one
root in each of the intervals [zi", z{™]--- [zt"), z5"2], [z&13, ziha),

[m,(.“’ , a:f.".’l , which determines at least » — 4 roots. In consequence of ¢(zg”’) =
#(z53)) = 1 one of the roots of this derivative lies evidently in [z£}), z™).

We now show that ¢'(zt™) < 0 and ¢'(z4}]) = 0. It will be sufficient to show
the first. Suppose ¢'(z:) > 0. Then ¢'(z) must have at least one root in

[zt™, zi™)]. But then ¢'(z) could not have more roots and thus ¢/(zs31) < 0;
hence ¢’(x) ought to have one more root in [z{t} , zi11], and this is impossible.
¢'(zi11) = 0 is to be obtained analogously. But then, if in (zi}l, z£™) there
were a point £ with ¢(&) = 1 then ¢’(z) would have 3 roots in [zi}] , zt™]; an
evident impossibility, which establishes the lemma. Fork =1,2,n — 2,n — 1

the proof runs analogously. \
Proor or THeoreM III. Here also we start from 21 I’%)- . By (38) we

have—z;™ has the meaning given above—
: n 1 ]—l n ly(&')z
wn(a)” = [E kywn (@) (@ — 2,)° .;1 K
(39) |2 m(b — a)zn—l n L(x)z

2 |z — 2 —o\t 2 s

1
But since k™ < [ p(f) dt (we made use of this at the upper estimate, too)
1

then if e.g. z34] < z < 25, we may write

m (b — a)t

2[1‘1(-’5)2 + ldd-l(x)g]lx == x§“’ |2.
_[ @) dt (2n — 1) 2“ 1)

(40)  w.(2)’ >
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Now by lemma IV for any z in the interval in question
L(@)' + Ln()’ 2 Ha@) + bu@) 2 §
i.e. by

(2n — 1) (2:“:"_" 12)2 ~ cud"

we obtain that

lan(z) | > c..{b .. a[ j:: p(t) .:u]"}i (" = “)" o — 2|,

which proves the theorem.
TaroreMm IV. Let us add to the hypotheses of theorem III that, throughout a

subinteral [e,d] of a, b}, m S p(x) < — (1M 5+ Then, if 24" denates again
the root of wa(z) nearest to z, we have in [c + ¢ d — ¢ for n > ny(e, ¢, d, p)

lon(@) | > — e - (22) v
V(b_“)[M+[p(t)&I ( )

For the proof we require
Lemma V. In[—1, +1] suppose p(z) = 0 and L-inlegrable; suppose further-

e, Divoug st nosibinteodl T, ol 9 2 ‘/(IM 5y then for the Christofel-

numbers k"™ belonging to the zi™’s lying in [u + n, v — 7] (n > 0), we have

1
(n) Cyr Cap
k" < ;[M + ’},—ﬂL p(t) dt].

ProoF. According to the first corollary due to Shohat of Lemma II we
may write

k'[n) = -[ 3 2
(x("’)—ll}l;lu.a"‘l-i- @1 p(t) dt
" min f | F(9) ['p(cos 8) sin & dd
F (O ))m), P (8)=bot+ ++by—1 c08 (n—1)0
9 + "{D) % & — ',(!'I)
«| |8inn —5— sinn —E;
= f e _ ¢) sin & d¢
= EEYL + = o™ p(cos ¢) sin
gin 3 n sin 3

=E+Lah+h
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where u = cos 8, v = cos a and C stands for the intervals complementary to
[e, 8] in [0, x]. Evidently

2 ir

- 0(!‘} 2
2

o 0_055) n
13

gsinn

and
1
Csp
I < ;’;;; _[1 ?(t) dt,

which proves the lemma.
Proor or Taeorem IV. From (39)

b —a)" (2 — 2") [la(@) | lan()
(%_1) 2?1'-22 kd + kd+l
n—1
Ifc+ e <z =d— eand n > n(c, d, ¢ p) then, according to footnote,’
the interval [z51] , z5™] containing z lies in [¢ + }¢, d — 3¢, and hence, by

applying lemma IV, and with the substitution u = ¢,v = d, n = 3¢, Lemma V
we obtain for n > max (n;, 4/¢') = ne
o\l
o\ e,

2 __mn (b
w(z) >O“M+£ip(g)dg( 3

which establishes the theorem.

wn(z)s =m

RemArk I. In the special case m < p(z) < ; (1 throughout [—1, +1]

%)
we have by the aforesaidin [—1 + ¢ 1 — ¢

ca(p, € % \/ |2 — 28" | < |walz) | S calp, ¢ ‘gt

Remark II. In lemma V we required the upper estimate of the Christoffel-
numbers. Although we shall not use it, we mention, that if in [—1, 1]
p(z) = m > 0, then

(n) > 2"'
* = (1 - 8)Pa(@)’ + 1’ Pa(z)”

equality only for p(z) = m; here P,(z) means the n** Legendre-polynomial with
normalization P,(1) = 1. By this

Pz, v=12%..m  a=12..
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Further it is easy to obtain that if in [—1, +1] p(z) =2 m > 0, then

Wy calm L am g
and, if in [—1, +1] p(z) = \/(1 o holds, then
B2, = 1,2, .. m
n

Remarx III. If in Lemma V [u, v] = [—1, +1], then we have the sharper

result
M

[
B = iﬂ-, »=1,2 .00 n

Remark IV. We obtain from the proof of Lemma III
(\?..(3?)
2 k, wn(xv) z.(z) Z

wna—l( ) r=1 v—l (xr — T

1 L] 1 '
e > o

yumal ym] fp

where [,(z) are the fundamental functions of the Lagrange interpolation formed
upon the roots of wa(z). As k, > 0 we evidently have for sufficiently small e

(see (2))
SE wa(2” — € = —sgwa(z” — €),
Sg war(@H + €) =  sgua(@if + ),

i.e. we obtained the well known fact that there is a root of w.—i(z) between
each pair of roots of wa(z).

2.
Turorem V. If for the fundamental functions belonging to the matriz IN
@) (k@[ =1+ ¢ ~1£zs<+L,k=12 ---n,n> mle),

holds for any suffictently small ¢, then, at any fized point z of the complex plane
cut up along [—1, +1], we have
2
lim oy = 2FVE 2D,

Here we must take those values of the roots which are positive on the positive real
azis for z > 1.

For the proof we require

LemMa VI. From (41) 4t follows that, for any small positive 3, if n > ns(n),

lon@) | > G =" »=12..n
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Proor. Suppose that the lemma is not true. In this case there is a posi-
tive absolute constant & and a sequence of positive integers ny < ny < ... such,
that to any n, we could give an integer »; with 1 £ v £ m and

lomp(@i®) | < G — &)™

But, as, according to a classical theorem of Tchebycheff, there is in [—1, +1]

@n‘(x)

1
a £ for which the value of the polynomial = 18 not less than o2y at
r — Irrl,

the same z = &

1 1
| Py ﬂ;(fk) | > 2n¢—! (* )ns

which, for k¥ — « contradicts (41) and thus proves the lemma.
Remark. It follows from lemma VI and lemma I that (41) implies

i [ £ o] -2

We shall make no use of this statement in this paper.
Proor or THrEOREM V. Let

SO 2y — 1 .
" nt2”
the roots of the (n + 1)* Tehebychefi-polynomial T'wyi(z) (T’ (cos #) = cos ndd),

and represent w,(r) by the Lagrange-interpolatoric-polynomial taken at these
»'s. If L(2) (» = 1,2 ... (n + 1)) denote these fundamental functions, then

2, ke (ﬂ+ l)n

n+l

(42) wa(z) = E wa(n,)Ly(2)

(2 any number). But by (41) and lemma I, in —1 £ 2 < +1, for n > n(e)
we have

lun@) 127 = 2 g w:a:;'(iz)— )

ie. by | Tan(n)| = ‘\/(1+ : )from (42) for n > ns(e)

S 2+ 10 + 6"

"Hen+ 1A+ o' |z 4+ V& = D™
|anle) | < 2= CESVPErY

1+¢ iy

<17 (e + V(& — 1))

max —;
yeul 2,00 (n+1) {z - mrl
hence, as z is not in [—1, +1], for n > ny(e, 2)

l+2¢

Hes@ 1" < —5= |2+ V(& = D |.
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Now let us consider the lower estimate and represent the (n — 1)% Tcheby-

cheff-polynomial 7T',_,(z) by the Lagrange-interpolatoric-polynomial taken at
the roots of w.(z). We obtain

Tos@) = 3 Tosla® ).
As | Tha(m) | S 1, there is an integer », with 1 < v, < n and
lLo(Z) l > ’—t ' Tn—l(z) |’
thus for n > n(e)
@) Ja@] > o (1= 92+ VE = DI ar@) |2 - 2.

From (43), by lemma VI, and as z is not at [—1, +1], we obtain for n > ne(e)

1 — 2¢
2

a—1
|z — 2.

¢+ v(@E - 1)

1
@ @] 24

From (44) and n > ny(e, B) it is evident that in any closed bounded set B of
the complex plane cut up along [—1, +1] we have uniformly

. lwa@ 1™ > (1 = 3¢) H‘/—gz_l—) \

where we are to take that value of the square root, for which the right side ~ 2
for z— . This proves the theorem, since on the positive real axis, forz — =,
the two sides of (45) are equal without the sign of the absolute value too, and
upon the cut plane both sides are one-valued and regular functions of z.

We already mentioned in the introduction that in the case of strongly normal
polynomials, the asymptotic formula for [wa(z)]" upon the cut plane is a conse-
quence of the above Fejérian-theorem. In order to state an analogous theorem
for a class of orthogonal polynomials more general than that of Szegt's we
require a further lemma.

Lemma VII. If the L-integrable weight-function p(z) 18 non-negative in
[—1, +1] and if its roots form an aggregate of measure 0, then for the fundamental
functions connected with the matriz p and n > na(e) we have

[La(z) | S (1 +¢" -1Sz=+1, »=12...,n

Proor. We employ following theorem of E. Remes.” Let in [~1, 41}
be given a finite set of disjoint intervals of total length ¢. If throughout this

1 . Remes: Sur une propriéié extrémale des polynomes de T'chebichef. Communications
de I'Institut de Sciences ete., Kharkow, 1936, série 4, XIII, fasc. 1, pp. 93-95.
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aggregate the absolute value of the polynomial f(z) of degree n is not greater
than M then in [—1, +1]
4
Tg (t; == 1) ‘ 3y
where T'n (cos #) = cos nd.
Now suppose lemma VII to be untrue. Then we have an infinite sequence

of positive integers n; < ng < ... and a c4 such, that to every n, there is a
positive integer v, with 1 < v, < mpand a §,, with —1 < £, < +1 to satisfy

(46) | by &8) | > (1 4 ca)™.

Apply now for I,, .,(z) Remes’s theorem taking for the aggregate of intervals
of length ¢ those intervals throughout which

| f@) | = M

m(@) | S (1 + "

cu\™
(1+§)

from which 0 < ¢ < 2 — ¢,y where ¢y depends only upon ¢ and is independent
of ny. Hence throughout intervals % of total length greater than ¢4,
| Lis(@) | = (1 + 3cw)™. But then by the assumption made for the roots
of p(z) we may omit from ¥ intervals of smaller total length than 3ci such
that throughout the remaining ™ p(x) = ¢4, where ¢y depends only upon ¢y .
Hence we had

Thus we obtain

T..G-—l)[g(uc.."*

[: lu.ﬂj(x)zp(z) dx g j;+ Iu.u;(x)zp(m) dx

C. ng
& o fu- bymi(2) dz > ca-5 (1 - %6)

which contradicts the Shohat minimum property of the l,(x)’s (Lemma II.
Coroll. 1.). Hence lemma VII is established.

By thecrem V and lemma VII we state

TreorEM VI. Let the weight-function p(x) be non-negative and L-integrable
in [—1, 41] and assume the aggregate of ils roots lo be of measure 0. Then,
taking the suitable values of the roots we have upon the plane cut up along [—1, +1]

im {w‘(z)}u" = ﬂi(ziz___}_)

n =0

uniformly in each interior domain.
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3‘
In this section we consider ¢) problems. We prove following Fejérian
theorem:
TaeoremM VII. Assume the matriz I o be such that [—1, +1] possesses a
subinterval [b, a] = [cos B, cos a] with
Ilk(z)lécﬂ, k=l’,3’+1,°--p
and for the other fundamental functions

| k(@) | < eson™
throughout (b, al, if
s <asoV <HH <. <Y B <N
Then

[e(b — @)
Cp

< Cu-Cale, 0, b, cw, Ca1)
= ?

1 (n) _ . gim
E = e g i

if 95" and 0411 are in [a + ¢, B — €], € denoting any small positive number.
Proor. First we prove the lower estimate

1 _ | l(cos 94”) — Li(eos 943) | _ | dlu(cos ) ‘
|95 — 987 | %" — ol a0 o+’

where 8{" < 07 < 9531. But then, ; (cos ¢) being a trigonometric polynomial
of order (n — 1), by the Bernstein-Fejér-theorem we have
1 < cpp(n — 1)
|90 — 04" | = [e(b — @)}’

which proves the lower estimate.

Let us now consider the upper estimate. Suppose

max ({31 — 9{”) = 2——“’??‘) =HH~—9", ateso” <o Sp-e
and we have to prove that A(n) remains smaller than a number independent
of n. We can suppose A(n) > 10. Let r be the smallest positive even integer

— (n) (n)
greater than [¢s1] + 4, p the largest integer with & 3 lr =n— l,ﬁ—;ﬂ—m =&
and

. ¢ r . O -
[t foneg
47 §) = — e
@D o) = 2 —5% | +| —==

sin 3 sin —5—
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Then ¢(d) is a non-negative, pure cosine polynomial of order (n — 1) at the
utmost, for which

(48a) ?’(60) 21,

and if, without any loss of generality, we assume 0 = § < 2,
1 1 1 gr’)' 2
4 i sy . ®
4sh) o) s u[ ‘,+aﬂ+1”,_h]_(2# -
2 2

Let us now represent o(#) by the n* Lagrange-interpolatory polynomial
taken upon M. Then by (48a) and (48b) we have

(n 9™\ | Li(cos &) |
E e(d, ))l (cos &) ‘ = (2‘3) ("(N) iy

1 O\ o’ 2\"
R = @™ sy ﬂ') +(2u)"‘°” () "

e yin)
+iso Mgt

15 || =

(49)

Let us divide the sum upon the right-hand side into two parts with » < &
or» = k 4 1 respectively. As, according to the already proved lower estimate
in the first sum we have

A(n)
n

) ) (P

& — " > 2
V2cun

€
* )

and in the second one

A(ﬂ) (k + 1:/'21'2:2? - o) for 8™ < g — .

we obtain that the sum on the right hand side of (49)

"Ewﬁ 60 >

— 1
<o) o
r=0 . [*(b . a)] )
(A(ﬂ) * cov/2
P 20" cwn/2 1 css(e, a, D)cgns
r—1{eb — o)l ( = a)]i)'-‘ s (A)"‘ ’
cov/2 2
L]
asr = 4 and g— >5> [‘(2“ \/; ) (ces = 1). By substituting this into (49)

we obtain

culCa , ¢, ) o ciocsile, a, b, cq)

1< n? A? :

which establishes the upper estimate.



538 PAUL ERDOS AND PAUL TURAN

The consequences of this theorem for sequences of strongly normal poly-
nomials, we already mentioned in the introduction. For orthogonal poly-
nomials we have

Taeorem VIII. If the weight-function p(z) is non-negative and L-iniegrable
throughout [—1, +1], and if, throughout the subinterval [b, a] = [cos B8, cos «a

M
0<msopk) = m,thenforanye >0
Gu(ﬂ-, ::’1 D, é) < ',L!'I_i . 0‘(‘3) < 051'(!1, :: p, €

Qfa-{-eS:?‘") <HN<Bp—«
Proor. By (34a) we haveforb £ z < a

‘!(3)’ 2 ;]
2 E =0

1
Ask,<[ ol dr, forb S s,
1

(50) |I,(:c)|<[ b)_[p(t)dt] v=12 ..., na=12..
Further a fortiori from (34b)
(3)
In(z)’ ﬁ
ky = m(a — b)

i.e. by applying lemma V with ¥ = b, v = a, n = }e for those l,(z), for which
b+ 3e < 2™ £ a — 3¢ we obtain

n, p=12 ...n, b+ Sr=a-— 2,

llﬁ(-f) |2 B (&) c“(?a e Gn(?, €
b) n a—0"'

b+5§x§a—%

Thus the premises of theorem VII are satisfied for [b + %¢, @ — €] with ¢ =
c“(pa E)

[ ) ]‘, s = [m =5 _[ p(t) dt] ¢ = 1; hence theorem VIII is proved.

ReMark I. From corollary III of lemma IT and from remark III of theorem

IV it follows that if :/T__—) S px) S \/(IM ) in [—1, +1], then
M

E L(z)* < o

Remark II. By theorems IV and VIII we obtain that if in [—1, +1] the
non-negative p(z) is L-integrable and in a subinterval [b, a] 0 < m S p(z) =
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.M then | wa(z) | takes between any two roots lying in [b + ¢, a — ¢

V(1 =2’
ca(a, b, p, €) (b — a)“
a value greater than 7h ( 3 .

We already mentioned in the introduction that if in the subinterval the
weight-function is supposed to be continuous there are asymptotic theorems
to be obtained. For sake of simplicity let us ascribe to p(z) besides the prop-
erties of being non-negative and L-integrable in [—1, +1] also continuity and
positiveness of p(z)v/(1 — z°) throughout [—1, 4+1]. The results are new for
this case, too, but the argument is very much clearer.

In (34c) for x = & = cos ¢y we had

1 2
. O x
(51) ;m-c.J,I-I?'-IL.-,»-x -[1 V1 =8 - 1, 1sin(2n — Deo’
F(Eo)=1 2 2 —_sin P
Consider the polynomial
_ Taa§)Talx) — Talto) Tauar(x) 1
(52) ¢ﬂ—l(x) = 5 — E{] 'n _ 1 lsin (211, — 1)%

22 sin ¢y

with To(z) = 1/4/2, T, (cos #) = cos vd, v = 1. It is evident that forn > 1
én(fs) = 1 and that by the formula of Christoffel-Darboux (which holds for
n>1)

Tos(§0)Ta(2) — Tullo) Tas(®) _ o

(53) =22 T,(k)T.(2)
r — eo pe=i)
we may write forn > 1
¥ @) T ¥ 1.6 T.@)
(54) paa(a) = =2 =2 =
= 5 1, 1sin (2n — ey’
M A i T

which means that ¢...(x) is that polynomial which, amongst the f(z)
polynomials of degree (n — 1) with f(t) = 1 minimizes the integral

Pane  di _ _
Lf(t) Ja=H By (54) we haveforany —1 S § S 1, -1 =2 £ +1

(55) | pnr(z) | < cma .

For ¢n-1(x) we require following two lemmas.
Lemma VIII. If for n — o ngy — + o and n(x — @) — «, then the dis-
tance between ¢, and the root of ¢pa—y (cos #) = 0 nearest to & = ¢ is ~x/n.
Proor. According to (52) it will suffice to consider the roots differing from
¢ = ¢ of the equation

(56) cos (n — 1)g cos nd — cos nge-cos (n — 1) = 0.
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As each of the (n — 1) intervals given by the n different real roots of T',(z) = 0
contains just one root of the equation T'»_;(z) = 0 it is clear that any equation
of the form AT'»(z) + pTn(x) hence also ¢,_1(z) = 0, have a root in the interval
[cos 21——2:1 x, CO8 212?1 r] ({=1,...(n—1)). Thusequation (56) has a root
in each interval of length 2x/n and consequently for the rightwards root ¢
next to ¢ we surely have | g — ¢o| < 2¢/n. Then by simple transformation
we obtain from (56)

gin ¢ ;%Si‘n n—3H 4+ @) —-sin#-;'p".sin m—Hepw—9 =0

which for ngy — ®, n(x — @) — o immediately leads to 4 — = if ¢ =
v + A/n.

Lemma IX. If for the weight-function p(z) in [—1, +1], ¢z) =
p@)V( — 2°) = m > 0 and q(z) is continuous throughout t}w same interval,
then for 0 < ¢y < =, fo = €08 o

1
1 sin 2n — 1)
2n sin ¢

i
lim n [ g s(®?p() dt = wp@E)v/(1 — £ lim
B 1 n—w 1 +

i.e. if ngp — ®, n(r — @) — ©
'l‘i_xg n L daa(D’p(0) dt = wp(E) V(1 — £).

Proor. For |z — & | = 1/at it is easy to obtain from (52)

| pnas(@) | < 20n7

ie.

(57) [ eawp0a <R[ 0

-1
Pnie

If [p)v(1 — 2%) = plE)v/(1 — &) | < b forany |2' — & | < n7}, we have

[ e@p@—p@va -8 [ Sy

—lst

(58) s P ALV

400 2 ¢n—1(t)2
< wa T I p@)v(1 - 7) + a[ -
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From (57) and (58) evidently
f dna ()’ p() dt — p(f) V(1 — £) ’

1+181n(2n--1)¢o

sin @o

- j L ¢._4(t)’[p(t) - Ma_ﬁg‘)]d"

V(1
<M [ p0ar+ max plav =2 |+ 2%, Qea
Remark. If p(z)v/(1 — 2°) = ¢(z) has at + = % a discontinuity of first
order, then g¢(%) at the right-hand side in Lemma IX is replaced by

gk + 0) + q(& — 0)
5 :

Lemma X. If for the polynomial f(z) of degree k f(k) = 1, & = cos @ and
any positive e and 8 < 1, k = 16/8 and sin @, > 8/ks the inequality

(08 L
| Atmesa- ),H_ 4 1@ + D
153005 sin ¢o
holds, then
€ i“
1 2 (14—
J(@ ( 4’)
vi-8%> "m0k

Remark. This lemma means that if the quadratic integral of the poly-
nomial normalized for 1 at z = & is “‘too small’” in the interval [§ — ¢ & -+ ¢,
it must be very large in some other parts of [—1, +1].

Proor. Without any loss of generality we may suppose & = 0. Then
construct with the above f(z)

(59) Fo) = ) 1 - (‘;%g)s]m

a polynomial, whose degree is less than k(1 4+ 15). In[—1, +1] we evidently
| = 1. From (34c)

have'

e
F@)* -

(60) dt = =

'[‘/ &) _— (2k+4[’i“

e+2[®]+5+] -

+1)«po

sin ¢
on the other hand

F(c) _ o 1@’ w19
®n [ vi-n% <(‘ !) fewsVO=m®* ] vz ®
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as in [—1, +1] the second factor of F(z) is non-negative but < 1. Making
use of the hypothesis after the arrangement we obtain from (60) and (61)

Yo’ f@?
L V(1-1) o -L-z.:an/(l - t’)dt
x 1
> wam —
(1—%) . 1sin(2k+4\_? +1)w
ktg+sts singo

S\ AW
1= ), [2_2 ]Q(“'z’)
1, 1sin 2k + Do 100k2 '

2 sging
B S

Q.ed.

According to what has been said before we may deduce asymptotic formulas
for the Christoffel numbers belonging to p(z).
TreoreM IX. Let p(z)v/(1 — z°) be continuous and p(z)+/(1 — 2*) =2 m > 0

in [—1, +1); then, if n — «, we have for any =™ lying in -[1 - lggg—n =

a "
(n) log n
z, = [1 -

P [ st peiIv0 S )

Proor. First we show that we ha;.re for any ¢ and § independent of n if
n > ng(d, ¢ and |z!” | 5[1 —_M;]

e
L(t)? r
o [ Hlgasa ) i
u—_lfs‘nsarsl, 22 gin ¢{"

Suppose the contrary, then by lemma X we had

LoL? ) (1 + Z:)l“
I;V(l—t‘)dt) 500n

i.e. a fortior:

€ tin
1 ; 5(1 +£)
L L0 dt 2 m et
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which contradicts the minimum-property of Shohat if n is sufficiently large.
Thus (62) is proved. But then by (62) for n > ne(3, €)

! 2 3 2 I!(t)2

L@ p(®dt > min plx)v/(1 — 2°) — di

1 lo—e(™ |50 e (A =8)
vl o
5 @)V - 2

1 , 1sin (2n — )8’

"T3T3 sin 8%

(63)
> (1 -

On the other hand by the minimum-property

. s p(0) dt ~ —TREIVA — 2™
6 [10p0as [ 6n'p0a~ TEEIETE g

"T2TI ame®

by lemma, IX, if we replace & by z¢™; (63) and (64) lead to theorem IX.
And now we may go over to the asymptotic representation of the funda-

mental functions.
TueoreM X. In [—1, +1] let p(z)+/(1 — z°) be continuous and such that

4
@)V —2) 2 m > 0. Then, if e > 0, n > no(e) |#” | = [1 - l?rfz"],
Jor —1 S z £ +1 we have uriformly (T, (cos ) = cos rd, r > 1)
Tuos(@™) Ta(z) — Ta(2i™) Thalz)

1, 1sin (2n — 1) 4
(- s ™G ) e

Proor. Let us consider, with the above ¢,_(z), the integral

<e

[bn(z) — dna(2) | = |B(2) —

1
(65) L= [ b — sua®Fp(0 d.
AB ¢ppy(2) = gl ¢(@)h(z) and ¢p_1(z™) = 1, we obtain

n 1
L=k =2 2 g0alal®) [ LOLODO
(66) 1 1
+ L S (®)’p) dt = —k™ + L $aa()* (1) dt.

)
But then by theorem IX and lemma IX, forn — o, |z” | < I:1 _ lo:gn]
uniformly in »
(67) lim nl, = 0.

i~
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From the premise and the remark to theorem VIII it follows for [—1, +1] and
y=1,2--n

M
L) | = Co -

By this and (585) for I, (cos ¥) — ¢n— (cos &) = ¢(&#) we obtain

| ¢(3) | < cealp)-
But then by the theorem of Bernstein-Fejér, in [0, =] we have
(68) [ ¥ (@) | = calp)n.

Let ¢(&) assume its absolute maximum in [0, #] at # = v, and let this maxi-

mum value be D,. Then in the subinterval ¢ = ['Yo . 22;?1’ Yo + 2?“] of
62

[0, =], by (68) we have

D, D,
|\‘r’(ﬂ)l>D,'—-—2—=—2—

1.e.
L= [ 10 = 6us@Fp i = [ 49)'p (cos 9) sin 99

D, .D2

>mf Y9 ds > m e -

Thus by (67), for n — « a fortiori
mD}

oy
= 0
i.e. D, — 0, which establishes the theorem.
From theorem IX and lemma VIII we easily deduce
TueoreM XI. Let p(z)v/(1 — z°) be continuous in [—1, +1] with
p(2)v/(1 — 2°) = m > 0, further let C(n), for n — « arbitrarily slowly, tend to
infinity; then for those rools cos 9. of the n'* polynomial orthogonal to p(x),

which satisfy
C(") <o <ol S - (’%

we have uniformly in k
lim n(®i3 — 08™) ==

Remark I. If we assume not p(z)+/(1 — z°), but p(x) to be = m and con-
tinuous and not in [—1, +1] but in the subinterval [a, b], then ¢,_i(z) is to be
replaced by a polynomial of similar form but the Tchebycheffi polynomials
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T.(z) are to be replaced by P.(z) Legendre-polynomials. Theorem IX and X
remain true for those &, and 1,(z), for whicha + e S 2™ < b — eanda + ¢ <
z=b — e

Remark II. If we attribute again continuity and positiveness in [—1, +1]
to p(x)v/(1 — z%), it is probable, that theorem X holds for the fundamental

functions belonging to every z.”. Theorem XI does not hold for every zi™ in

(n

the original form; the difference 942 — 9™ will be asymptotically equal to the

distance between d5i™ and that root of

{n)

cos (n — 1)0+” cos n® — cos ndy” cos (n — 1)8 = 0,

which is nearest, on the right, to #{".

4.

In this section we consider the number of roots of polynomials in a given
interval. We already mentioned in the introduction that if

(69) lim [[5(z) " = 1
uniformly for —1 < 2 £ +1land » = 1, 2, ... ,n, then the fundamental

points of I are uniformly distributed. We present an elementary proof for

this Fejérian-theorem. Here and also later a theorem of M. Riesz” plays a

most important part, so—because of its shortness—we reproduce it as
Lemma XI. If a trigonometric polynomial of order n, f(3), lakes its absolute

mazximum in [0, 2x) at 3 = &, then there i3 noroot of f(¥) z‘n[:’o - 2-%, % + -2%:"

Suppose the theorem to be untrue. Without loss of generality let 9, = 0,
f(0) = 1 and suppose, that the nearest root, the distance of which is less than
#/2n, lies to the right. But in this case the curves ¥ = f(#) and y = cos nd
would have at & = 0 at least a double point of intersection and by the premise
a third one in [0, #/n]. In any of the intervals [x/n, 2x/n], [2x/n, 3x/7], - .,
[(2n — 2)x/n, (2n — 1)x/n] they would also have at least one intersection;
hence the trigonometric polynomial f(¥) — cos nd of order n had in [0, 2]
(2n + 1) roots, which is impossible.

CoroLLARY. If a trigonometric polynomaial of order n takes its absolute mari-
mum between two real roots, the distance of these roots cannot be less than x/n.
The statement holds for all n.

Tuaeorem XII. If upon the matriz IMN

[Iz*(w)nlfnél_i_" k=1,2,---ﬂ, -lézé +1}
Jor n > ny(e), then we have forany0 S a < B =«

lim > X 1=ﬁ:°‘.

n~oo T

agd{Msp

2 M. Riesz: Eine irigonomelirische Inlerpolationsformel usw., Jahresbericht der deutschen
Mathematischerver, 1915, pp. 354-368.
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Proor. If the theorem would be untrue, we had in [0, »] a subinterval
[a, 8] and a cqs such, that there would be an infinity of integers n; < ng < - .-
for which the number of the n,* fundamental points lying in [e, 8] is less than

}(ﬁ — a — Ce)nx - We Imay assume cs <§—'~6-—aa.ndwriteinsteadofmsimplyn.
Let

L3
(708-) or = a+ km

where k runs over the integers (positive, negative and 0), for which ¢, lies in
[0, a + %;-"], for n — « the number of these ¢: asymptotically equals
L
™

(a + 64—") n. Let further

™
where [ runs over the integers (positive, negative and 0) for which y; lies in
[ - %, r:l; for n — « the number of these asymptotically equals

I—(r -8+ ci') n. Let further
T 4

(71) Glz) = I]:’ (z — cos &™) I;I (z — cos ¢) I;I (z — cos ),

where []’ is to be extended over the 35 lying in [«, 8]. The degree of G(z) is
by the premise and the definition of ¢ and 1 , for sufficiently large n,

(72) <'1'(3"“"‘“)"‘+E(a+cg)ﬂ+l—(r-ﬁ+c—“)n=(1-—c.‘_')n.
" " 3 v 3 3
As the order of the trigonometric polynomial G (cos ) is less than » and the

distance of its consecutive roots in [0, a + Gf] and [ﬁ - cf, r] i8 less than

x/n, G (cos ¥) takes, by lemma XTI, its absolute maximum in [a + %“ 8= - )

4
at a place 3 = vy say. Let finally

(73) F(z) = G(z) {1 - gf_:%t_w)‘}lmnuﬂ'

where the brackets in the exponent denote the greatest integer contained.
Then, by (72) the degree of F(z) is

Cos [ ___ce
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and, like G(z), F(z) takes its absolute maximum at ¢ = v, too. Then

F@) = X FELE)
ie. forz = cos vy
|Gleos )| = | Fleos 1) | = | 5 Fa™)h(oos 1) | = | Z FGlleos )|,
where, by definition of F(z), 2." refers only to those #{, which are not in
[e, 8]. But then, by the hypothesis, for n > n(e)
|Gleos ) | < (14" X" |F@™) |

cqyn/Br

(n)
< +9" T166") | (1 - B

As by definition of v
|G(BOS‘7)[ g |G(JJE‘)) || ¥= 112! vee M,

we have a fortior:

(n) 2\ cqgn/in
15149 Z‘.“(l o~ o0ey) '°°”))"

4
cqanidr
(eosa - cos(a + %'4))
<n(l+e¢"max|\1— y ;
2\ egan/dx

(oo-5) -}
1-— 1 ,
which is, with sufficiently small ¢, untrue for n > ny(¢) and thus the theorem

is proved.

By theorem XII and lemma VII we obtain

THeorEM XIII. Let p(z) be in [—1, +1] non-negative, and L-integrable further
suppose that its roots form an aggregate of measure O; then for the roots of the ntt
polynomial cos 8™ belonging to p(x) we have

.1 B—a
P—I;n n g chs r ’
ago{*)g8

where [a, B] denoles any fized subinterval of [0, =].

If we want to secure uniform distribution with error-term, we require the
following Fejérian

TaEorEM XIV. If for a matriz

|l@)| =D, —-1=2z2z52+4+1, v=12-...n n=12...,
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then for the elements of the n® row, cos 8,” (v = 1, 2, --- , n) and for any sub-
interval [, B] of [0, x] satisfying (B — a)n 2 cso(D, €) we have

T o1- 6 —%n| < on(D, 9{(6 — n}*",
ago(m)ss

where we emphasize that en(D, €) 18 independent of a and B, too.
Proor. Consider first the upper estimate. Let [e, 8] be a fixed subinterval—

without loss of generality we may suppose 8 — a < E ——[ﬁ : g n] = k and

assume

(75) > 1=k+L

usogﬂlsﬁ

From a rightwards let us cut off k-times the distance #/n and leftwards [}l]-times
until we reach A, further from g rightwards also [}[]-times until we reach B;
fa—a/m[il] 20o0r B+ x/n[il] = 7 set A =0, correspondingly B = =.
Let the points of division be ¢, . Let further

(76) Gi(z) = II (z — cos @) IT' (= — cos 37,

where []’ in the second product runs over the 8™ lying outside of [, 8. In
this case Gi(cos o) is a pure cosine-polynomial, whose order < n — k — | 4
k4 2[2] < n — 3. Then the distance of two consecutive roots of Gi(cos 9) in
[A, B] is not greater than x/n, i.e., by lemma XI G,(cos #) takes its absolute
maximum outside of this interval, at a point ¢ = A, say. Let

z — cos f )

cos a — cos f§

@) Fi@) = Gi(@)Tan (-1 +2

where Tyy(cos ¢) = cos [ille. As the degree of Fi(z) is not greater, than
n — 3I, we represent Fi(z) by the Lagrange-interpolatory polynomial formed
upon the nt* row of the matrix I and obtain

Fi(z) = E Fi(z™)(z)
i.e.
(78)  |Ficos )| = )_; Fie™(cos N) | = | 7 P eos V) |,

where E; ’ runs over integers, for which 8. liesin [a, 8]. Asforanyl S» S n

| Gieos M) | 2 | Gi(zs™) |,
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by (78) and the hypothesis we have

I _ cos A — cos 8 ‘
IT“"( ! +2003a—cosﬂ)

(79)

cos ¢ — cos ‘
coSa — co8 B

=D E |T[m( 142 ——
g0 (W58

Each term of the right-hand-side-sum is not greater than 1 and the number of
terms is less® than cn (D)k, i.e. by (79)

Tun (—1 +2 "’M)‘ < en(D) k.

(80) cos o — cos 8

If A or B fall upon one of the borders of [0, x] X cannot be there, thus from X it
may be assumed

min (\ =, N -8 2 2[ 1],

Without loss of generality we may suppose A = 8 + [#]x/n. Then we have

l
cos § — cos ﬁ+’5[—])
o cos A — cos f§ ( nl4
(81) l+2cos:u—cosﬂ > 2 cos @ — cos 8 ’
Suppose 0 Sy < gy < a3 S m, 3 — ap = 8, ap — a1 = &3 ; then we obviously
have
. 8 O
COS s — COS a3 _ E"“12{'}“:' (m'+§)
COS a1 — COS arg sm;’sm(ag—%)
(82) "
« 201
sm§ ai
> Cn3 t
82(81 + 82)

= [} 0
sin §’ sin (51 o 5’)

Casel. 12k = 20. Weapply (82) with ey =a, s =8, as =8 + [Lllx/n;

then we have
xfl afk kx _ 1
and

(83) mﬂ_m(“""[] ) o

>0: >G75
cosa — cos f8

As T,(x) increases monotonely for z = 1 and satisfies for p = 0 the inequality
(84) Tl +p) 2 51+ V(20)),
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we have from (80), (81), (83) and (84)
ch < on(D) k
l < en(D) log k
which together with k < I gives k < ko(D).
Ir _kr _ &

Casell. I <k k2 k(D). Inthisca.se81§4 <;——<—and

=ty

co8 a — Co8,f8 ds k

From (90), (81) and (84) we have

[$1)]
%(1 % 2\/&.%) £ Tus (1 + 2@.(%)') <c n(D)k

!l < cw(D) (klog k)'. Q.e.d.

Let us now consider the lower estimate; when again I:JB : an] =k, let
(85) 2 jep—l

agd (g8
Thus we have to estimate I from above. Now cut off from « to 0 leftward dis-
tances of the length - (1 -+ i Okl—')’ as many times as possible and rightward

[}{]-times until A’; furthermore, from 8 rightward to = as many times, as possible
and leftwards [}{}-times until B’. As

2[!]1 Ix <k_f§ﬁ a’

4In=2n " 2n
we have A’ < B’. We denote the points of division by ¢, . Let
(86) Ga(z) = II (z — cos pp)- I (@ — cos 8{™),

» [

where the second product refers to the #{™’s lying inside of [a, 8]. In this case
G's(cos 9) is a pure cosine-polynomial of order

ol ] )

<h—gt "= (6 —a)
1+
( 10’6‘“")
+( 100k )( kx
aok—~+n/N\*" " 7
n 10k ke l n 1
"t R TFIR T 0FES 2" i1 10 2
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Suppose that I > 3k***is true; then the order of Gs(cos ¢) would be

n
(87) S™T joeF 1

and after lemma XI the place 8 = A, on which Gy(cos ) takes its absolute
maximum could be only in a root interval, whose length is

w5 (1 06)
= degree of G, (cos :?) 10k
But on the outside of [4’, B’] the distance of the consecutive roots of Gs(cos &)
is £ ( + 10);'*')’ so A could be only in [4’, B']. Without loss of generality

let 0 S A< r;thenwehavefor0 < d <«

2
1 Ca1 1 Ca1
e o3\t = v e T { R T S |
sin —5— 8in —5—
. . i n
With this ¢y let ﬂ:f be the greatest odd number not exceeding 400 cg 106+ + 1
k 1]
+L,N=2 [300@;]
N
1 sin M b ;'; AW sin M —)5
(8a) ¥ (cos®) = _T #—ps
Bin ——— sin
2
and finally
(88b) Fay(z) = Ga(z)y(x).
200csm b n
The degree of the polynomial ¥(x) is 2 "N < 10k 400cq 206 <

n . 3
TP~ 1 and according to (87) and (886) the degree of Fa(z)is < n — 1, i.e.

| Fa (cos A).| = Z} Fa(z{™)1, (cos \) ‘ = ‘ > Fa(zi™)l, (cos \)

<D X' |F&™) |,

(89)

the last two summations refer to the #{™’s lying outside of [a, 8. As | G2 (cos}) |
2| Gux™)|(w=1,2, .-+, n), we should have from (89)

(90) lw(cosx)|<D;'w(cosoﬁ"’)l.
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It is easy to see that

Ca1 N
Vs 21, [y (eosd)| <2(gpe5s x)) ’

and comparing this with (90) and with our theorem, we have

1<2D ("‘“ Z’

(t’(n) )N

ear\” 1 1 1
<2D(—ﬂ) [(“"‘)"+(a—""i”—x)”+(a—2‘i¥’—'—x)y b s

91) 5n 5n
1 1 1
+ + =+ + .- |
MGG
i
Bur for I > eg we have
Ir

and (91) gives k > s

senn 1 1 g}(mmn”
@ 1< (5[5 + eyt rrmr t ] < *

further for I > ¢s; we have

2e
400911‘1 N 55 k

M > e 800cs,’

which gives from (92)

4D  (K*\" _4D (5)""‘”“"
5 k(“ <=k )

This means a contradiction for I > c%(D, €). Q.c.d.
Taeorem XV. If upon the matriz M

| (z) | < csm™, —1=2zs +1, k=12 ...,n, n=12-...1
then for any subinterval [a, 8] of [0, =]

> 1- ?"n‘ < ealear, ces, On**e.
“S"E”)Sﬁ
Proor. It will be sufficient to prove that for any subinterval the upper

estimate holds, as in this case the respective application for the intervals [0, «]
and [B, x| leads to

a
> 1== n‘ < cont™
» T
osoiﬂign
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and respectively to

> 1= <ot
» ™
Az Mgr
ie.

> l=na- 2 1—- X 1>ﬁ:an—2aun"', '

asoiﬂsp o;ofﬂsu nsofnlsr

which establishes the lower estimate. The proof of the upper estimate is com-
pletely analogous to that applied in theorem XIV.

For a sequence of strongly normal polynomials, theorem XIV immediately
presents the uniform distribution of roots in [0, #] with the error-terms men-
tioned, but we do not state this in a separate theorem. For orthogonal poly-
nomials according to (50) and to the first remark appended to theorem VIII
we may state that if throughout [~1, 4+1] we have p(z) = m > 0 and L-in-

tegrable, then
1! ;
|L(z)|§[;‘[lp(t)dt]-n, y=12 ..., n=12 ..., —152=5+1,

or respectively, if in [—1, 41} is p(z) L-integrableand m < p(z) V(1 —2°) £ M
then

IL(x)Ié[m%]i, —1=2z=241, v=1,2,...m, n=1,2 ...

Hence theorem XV and XIV are applicable and we obtain following two the-
orems:

TaroreMm XVI. If the weight function 18 L-integrable and satisfies in [—1, +1]
p(z) = m > 0 and the roots of the n™ orthogonal polynomial are cos 8™, then for
any [a, B] of [0, x] we have

‘ > 1= 8- “n’ < on(p, On*™.
ago(m)ga ¥

TuroreM XVII. If the weight function p(x) i L-integrable and salisfies in
[—1, +1] 0 < m £ p(x) /(1 — ) £ M, then jor the roots of the n*» orthogonal
polynomial cos 8" and for any subinterval [a, 8] of [0, x] we have

2 1-— il n
] 3
ago(Msh

in — a) > calp, 9.
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