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Throughout this paper let f(z) be a polynomial of degree n satisfying the
inequality | f(z) | £ 1for —1 £ = £ 1. A, Markoff' showed that for —1 <
r <1,|f(z)| £»’. Equality is obtained only for the Tchebicheff polynomial
T.(z) forz = 1. In the present paper we shall prove the following analogous

TreEoREM.” Suppose f(z) has only real roots and no roots tn —1, -+1; then for
—1 <z = 1,|f(2)| < ten. Thisis the best possible result.

Proor. We distinguish two cases. First we assume that f/(z) has a root zq
such that —1 = @, = 1. A simple linear transformation enables us to put
maxf(z) = 1for —1 £ ¢ £ land f(—1) = f(+1) = 0. We prove the following

Lemma. Suppose f(x) has only real roots none of which lie in the inierval
—1, +1 and let f(—1) = f(+1) = 0, Ilna,xlf(x} = 1, then

14 =
Jl@) <eq—r o
Proor. Put 2y — =z = d. Without loss of generality we may assume
—1<ax<a. Thenifz; (1 =1,2,...,7), 7, = —1, o = +1 denote the
roots of f(z), we have
(1) 1 =flzg) = cH (o — ), and D, ——— = 0(f(z) = ¢ez* + --.).
i=n iga Lo — &
Now
flz) = cg(:c—z.) =e(l +2) H( —d + 20 — 7).
Thus
( f(x) 1+ (1 _ )
o= - e L0 - 255
But by (1)
~ 1 _ 1
i-z-‘f?o‘—ﬁ-"i_ 147z
Hence from [] (1 4+ a;) < exp D a;, we have
1+= d 1+ =z
flz) < iF Iﬂexp (e <e L q.e.d.

1 A. Markoff, Abh. Akad. Wiss. St. Petersburg, 1889, vol. 62, pp. 1-24.
2The same result was obtained by Mr. Erdd by a different method.
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By a slightly longer caleulation we could show that

1 —n+1 1+x
@ @ s(1-0" 1

equality oceurring only for

Jx) = IV @+ 1)@—1n*
7(1-3)

and

f@) = — = @+ )"z — 1),
#(1-1)
T

In these cases

S = 2(1+1)H-—>%n.

n

Thus it can be shown by an easy calculation that the constant ¢ of our Lemma
cannot be improved. We have

1 1 i k n—k n
3 - gt [ . Byl
@) :g::ox.-—:cu x.‘;ofﬂﬂ—ﬁ; mm(l—xg 1+x0) 2

where k& denotes the number of roots > zy of f(z). Now by our Lemma we
obtain

1+x 1 1+z14x 1
=e
f(x) f(x)z l+xﬂxg<30x_"rf 1+Ig]. +Ix“<tnxﬂ_xl'

<§‘R,

by (3) which proves our Theorem for the first case. From (2) we can deduce
that

|f'(@) | = = for —1=<z=<1
T
Suppose now that f'(z) # 0for —1 < z = 1. A linear transformation enables

us to put f(—1) = 0, f(4+1) = 1. The roots of f(z) are z; = —1, zo,
Tay sy Bygpw NOW

[

JQ) = =

NI{S

i<l 1— Xy
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We have as in our Lemma

ey = J) _ 1+x‘I:12(3:-—x¢)___1+xfI(l_l—xj)

h{eY) 2 1L -z

14z 1—2z 142

In the above we used the fact that

+E

i—2 1—:.-‘:'

along with the inequality [T (1 + a;) < exp 2. a;. Thus

e = 1 1 —|- z 1 142 2 1 e
@) _ﬂx)gzc—x.-< z,zqu—.’c. 3 1+$z§11_ 55 )
This completes the proof of our Theorem. A slightly longer calculation
would show that in the second case f'(x) < in, where equality holds only for
flz) = (1 == £)"/2". A theorem of S. Bernstein® states that for —1 = z £ 1,
|f(z) | £ n/(1 — ). For every subinterval of —1, +1 this result is very
much better than the theorem of Markoff. By analogy we prove
Taeorem.! Let f(z) be a (real valued) polynomial having no root in the tnterior

of the unit circle; thenfor —1 +c¢ <z <1+ ¢, | f(z) | <§n’forn> n .

Proor. Suppose that for a certain @, in —1 + ¢, 1 — ¢|f'(zo) | = :2

IIJ\

Put |z — 2| < n " and denote by z;, 2, - - - , @, the roots of f(z). Then
since f(z) has no root in the unit circle

1 1

=< L 1/e — nt = n¥ele — nh) < 2/c'nt for n > ne.
T — I Tg — X4 C

Without loss of generality we may assume that f'(z,) > 0. Then

+ 273}
4) f'z) = f(:c)E—>f()‘);———?>0.
since
(5) Lol

Sa-—o flw) T

Thus f(z) increases for 7 < = < 2, + n . Hence by (4) and (5) f'(z) >
fa) 20

—2— > ?. But

zg+n~—
1> f f(z)dz > %
@

38. Bernstein, Belg. Mém. 1912, p. 19.
4This problem was suggested to me by Professor D. R. Curtiss.
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which leads to a contradiction. Put
@) = 2@ — D1 + )
Writing z = an™* we have,
|flz) | = %(1 — % ﬂ(l + cm_*)[”h < él-e_“”'“ < 1.
But | f(0) | = [%l] which shows that in Theorem 2. #' cannot be replaced by

any function tending to infinity more slowly.

INSTITUTE FOR ADVANCED STUDY.

5 [nt] denotes the greatest integer not exceeding n!.



