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Introduction.

In § 1 we consider sequences-say A sequences-such that no mem-
ber of them divides the product of any two other members. We prove
hat the number of integers not exceeding n of an A sequence is less

than T (n) + 0 (
log
n%

log 12
i (n) denotes, as usual, the number of prim-

es not exceeding n, and we show that the error term is best possible .
Sequences no term of which divides any other may be much denser 1 ).

In § 2 we deal with B cequences, which are such that the product
f any two of their memders is different . Here we prove that the num-

ober of integers not exceeding n contained in a B sequence is less than
7C (n) + 0 (n' !4 ) and we show that the error term cannot be better than

O

	

n'
(log n) ' !-

The sequence of primes is both an A and a B sequence . Our A
and B sequences seem of be very much more general, but our theo-
rems show that they cannot be very much more dense than the se-
quence of the primes .

In § 3 we chow by using the results of § 2, that if p1 <P2 < . . . < pz < n
is an arbitrary sequence ofprimes such that z > c l n log log n where

(log n) 2
c l is a sufficiently large absolute constant, then the products (p i - 1)
(p;-1) cannot all be different.

In this connection I proved in a previous paper that for an infi-
nity of n the number of solutions of the equation n = (p -1) (q-1)

(p q primes) is greater than e (logn)

§ 1 .

In order to make our method more intelligible we first prove that
the number of integers not exceeding n of an A sequence is less than
T. (n) + 2n'!á .

*) Such a sequence may obviously contain n/2 numbers not exceeding n.



We denote by b,, b, . . . the integers not exceeding n"., and the
primes of the interval (n'! , n), further by d„ d2, . . . the integers--- n 2 1,
so that every d is at the same time a b .

Now we prove
Lemma 1.

Any integer m :n may be written in the form h; d, .
Proof of the Lemma .
We may evidently suppose m.. > n'1' .

If m has a prime factor p > n'' we write in -= p . "` p" where p = b, and.-
mJp- d;. If, on the other hand, all prime factors of m are less than
n'i' then we write m=p ; P2 . . . py where all p 's are less than n'1' but
not necessarily different . Hence at least one of the integers p„ p, p2 ,
P 1 P2 p3 , . . . say p, ,z', . . . T'~, lies between n'!' and na' , . Then we write
b'= Pi P2 . . .pt and dl = mlp1 P2 . . . p ; .

Now we write every a in the form b1 d, so that every a is repre-
sented by the segment connecting the points bi and d1. If b; is con-
nected with two or more d `s say di1 , d i ., . . . then these d 's cannot
be connected with any other b 's . For if e. g. d; 1 would be connected
with b, then in contradiction with the definition of our sequence, bi d, .,
would divide the product (di1 b' 1) (b; di .,).

We assert that the number of these segments is less than P-i-y
where P denotes the number of b 's and ., the number of d 's i . e. the
number of a 's is less than r. (n)+2 nf' . To prove this we split the
b 's into two classes . In the first class are the b 's connected with
only a single d and in the second class all the other b 's. The num-
ber of segments starting from the b 's of the first class is evidently
less then or equal to the total number of b 's. In consequence of our
previous remark a d cannot be connected with two b 's of the second
class. Hence the number of segments starting from the b 's of the se-
cond class is evidently less than the number of d 's . Hence the result .

Now we improve the error term to 0
(log n) 2

First we improve our Lemma .

Lemma 11 .

Any integer not exceeding n may be written in the
form brd1 where b,, b2, .represent four classes of inte-
ge rs :

(a) the integers not exceeding n",, ,
(b) the primes of the interval (n'!&, n),
(C) the integers ot the form pq with p, q---..
(d) the integers of the form qr with n'!5 < q _` n''°

and r< n (p, q, r primes) .
q
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The d 's denote the integers not exceeding n' (class (a)-of . the b's) .
Now be an integer m< n we have the following 6 p o s s i b i I i-

ties:
1 . m <~ n

	

This case is settled by Lemma I., if we replace n of
the lemma by n" ,

2. m has a prime factor p , n'; --- ; then we write. I);-=p, dj _ .
P

3. All prime factors of m are less than n" -, . Let tn_=p,p 2 --- P,,
At least one of the integers p,, p, p,, . . ., p, p, . . . p y say p, p_ . . .p~.

lies between n'~~ and n'I' . Hence b4=pl p, . . . pi_, d,-m1p,p2 • • • P ,- .
4. Only one prime factor p of m is greater than n'i- (but ofcourse

p n 'l5). We then write m = p p, p, . . . pK . This case may be settled as
the previous one since at least one of the integers pp,, p p, P2 . . . ,
PP, p2 . . . pt, lies between n''° and n"11 .

5. Exactly two prime factors of m, say p, q are greater than n' .

Then m = p q pl P2 . . . P") PPS P2 . . . P',
M

-> n

	

> n' hence at
q

least one of the integers pp,, pp, p,, . . ., pp, p, . . . p ,, lies between n"
and n'i° . This settles 5 .

6. At least three prime factors of m say p > q

		

r are greater than

11 q and r are both less than n'!= we write b; = qr, di =m ;
qr

n .it on the other hand q ,> ,, we have from p q r r r

	

<

	

,
P4-- q

thus again b l = qr, d; =
m

.
qr

Thus Lemma 11. is proved .

To prove that the error term is O	n

	

we have only to(
log n)2_)

show that the number of the b's is ir(n)+O	
(log n) 2 ,

For the first 3 classes of the b's this is immediately clear . The
number of b's of class d equals :

, r
11

	

C, n

	

1

	

ca n

	

I

	

1
q2

	

log n

	

q2
C log n

	

k2 log k2
n'l s > 9>.n'',,

	

q>n'ln

	

k' °'t17>n

O n',
(log n)a

Now we prove that the error term is best possible .
Let p, < pz < . . . <p, be the primes not exceeding &, . From the

elements 1,2, . . ., s we form combinations taken 3 at a time such that
no two of them have two common elements . We estimate the num
her of these combinations .
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For sake_ of shortness we call any combination taken 2 at time ._
pair and any combination taken 3 at a time a triplet. Let now (i t j, k,)
(4 h' LA . . . ) ( i .~ 1 .., k,,,) be a complete triplet system of having no com-
mon pair, which means that if the triplet (IJK) does not occur in the
system then there exists at least one triplet of the system having two
common elements with (IJK) . The number of pairs contained in the
complete system of triplets is evidently 3w, and since there are s-_'
triplets containing a given pair we have

hence

Hence the result.

(s-2) 3 s

Now we define a sequence which consists of the' prime of the in-
terval (n'ia,n) and of the products Pi, pj l Pk,, Pj ,) Pi 2 Pk z, •' "P'V Pj~Pk. . It is
evident that this is an ,A sequence and the number of its elements ís
greater than

(n -s	 l

	

T, (l s

	

nq ' 2

	

) + 80 (log n) ,

since by the prime number theorem s > - 11V.

2logn

§ 2 .

Here we deal with the B sequences .
Let a, <a .3 ` . . . < a,, <n be 2 B sequence. We write all a 's íi-T

the form b; dj where the Y's and d's are defined as in Lemma 1. Here
we represent again the a's by segments connecting the b's and the d's .
No two Vs ran he connected with the same two d' s . For if they
were, let b,, b,, , dj , d,_ be the b's and d's in question . b; l dj , =aijl
btl dj :i = ai, j_,, bi,,, di l =- ai._, jl b,,, dj, = ai ., j,, and ai l j,, ai, j,

	

a,, j2 art, ji
an evident contradiction . We may suppose in the representation of any
a that b i i dj .

We split the a's into ;3 classes . The first class contains the a 's for
which b i < n'!-, , the second contains the a's for which n'j

	

bi

	

n'
and the third class the other a 's .

To estimate the number of a's of the first class we split the Vs
not exceeding n'- into two groups. Into the first group we put the
pi's connected with more than n'i~ d's and into the second group
all the other b's. Let j,, j2 , . . . J,, be the numbers of segments
starting from the first, second, . . . b's of the first group . Taking in
consideration that no b's can be connected with the same two d' s,
we have
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since the d's are < n'' •- , so that the number of pairs of d's is

~ [2p) ~ .

Since all j's are greater than n'l , we have

so that
Í, +j2-+- . . . +j,

	

2 nN,

On the other hand it is evident that the number of segments starting
from the b's ot the second group does not exceed n"'. Hence the num-ber of a's of the first class does not exceed 3n"/,.

The argument was really based upon the following theorem for
graphs. Let 2 k points be given . We split them into two classes each
containing k of them. The points of the two classes are connected by
segments such that the segments form no closed quadrilateral. Then
the number of segments is less than 30" . Putting k = n'l- we obtain
our result .

To estimate the number of a's of the second class, we split them
into several subclasses . In the first subclass are the a's for which the
corresponding b's lie between n'l' and 2 n'l'. For the second subclass
the b's lie between 2-n'', and 4n'!, and for the (k -+-1) rn subclass
2kn'1, t bf 2k+ i n'1' . It is evident that the d's belonging to the b's of

the (k -}- 1) r" subclass are all less than --
k

.

To estimate the number of a's of the (k-+- I) tk subclass, we split
the corresponding ö's into two groups . In the first group are the b's

3k
connected with more than n'i, 2-2 - d's and in the second group are all
the other b's. Let h„ h 2i . . ., h Z be the numbers of segments starting
from the b's of the first group. Taking again into consideration that no
two b's can be connected with the same two d's, we have

n'
k)

n%

- I

2
	 U, -i-j2 + . . . +jr) <, 2

we have

Hence finally

(2')+
( h22)

+ .

	

. -{-
,2 )

_Since all h's are greater than--
23

n'
---

kJ

1
3k - (h,+ h2 -+- . . . -+- hZ) <._

2 2

h,-+-hs-}- . . .hz~ -
2k1v

--
2

n
22k
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The number of a`'s starting from the b's of the second group is evi-

dently less that 2 k n'j= - 3k _- -~) n„ .22
Hence the number of a's belonging to the (k+ 1) th subclass is

less than
2
n- 3~ . From this we obtain that the number of a's belon-
2 kI a

ging to the second class is less than

3

	

2k,- 3 n

	

1

	

- 9n
k

V2

The d's belonging to the a's of the third class are all less than n'i%
We split the b's belonging to the a's of the third class into two groups .
In the first group are the b's connected with only a single d. The num-
ber of these segments equals at the utmost the number ot the b's grea-
ter than n 'f' , which is less than r (n) .

Taking again into consideration that no two b's are connected with the
same two d's we obtain that the number of segments starting from
the b's of the second group is less than n'?= . Hence the number of a`s
of the third class is less than r (n) + n'l= .

Thus finally the number of a's not exceeding n is less than

r (n)

	

n" , -}- n'/4 = r (n) -{-- O (n'/ ,) .

Hence the result .

Now we prove that the error term cannot be better than O -- n,
~(logn)"~'

First we prove the following lemma communicated to me by Miss
F. Klein .

Lemma.

Given p(p-4-1)--á-I elements (p a prime), we can con-
struct p (p---i} -i combinations taken (p-[-1) at a time
having no two elements in common .

Remark .

Since J p ( ---}-± - _ [p (p -~- 1) -[-1] Lp-2-1 J each pair will be
2

	

j
contained once and only once in the above combinations .

Proof of the lemma .
We construct the combinations taken p -}- 1 at a time as follows . The

first p+ I combinations are :

1 2 3 p+I
1 p+2 p+3 . . . . 2p-}-1
t 2p+ 2 2p -[- 3 . . . . 3p -}-1

P p,p-}-2 p,P+3 . . . .(P-{-1)P+1
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For sake of shortness we denote the matrix

p+2

	

p 3 . . . .2p+1

2p+2

	

2p+3 . . . . 3p } 1

pp -i-2

	

pp;-3 . . . . (p+ i)p+1
by

a„

	

a,2 . . . . a l p
a,, a-

	

a,p

ap,

	

a ü = . . . . app
The next p' combinations are the following

2

	

a„

	

a,,

	

a ;, l

	

ap,
2

	

a,,

	

a,-

	

a :, v . . . .

	

a,,,

2

	

a,,,

	

a •. p

	

alp . . . .
3 a,, a.—
3

	

a,,

	

a>,

•

	

a„ a,,2~,- - -2
•

	

a, , a2,,-_,2

•

	

a,c a,i+r

ap,,
a

	

. . . . a, -, app
a :,, . . . . ap

	

a,,,

a >, =,2, ap .2 -!p

a3,'- -2,

	

a,,2-,,,,,, i ;,r - n

a3 . t+?, - 2r

	

ap, i+(p-1)(r -27

where , -_ p and the index i + k (r- 2) is to be reduced mod p.
It is easy to see that no two of these p(p+ 1) + I combinations have

two elements in common, which proves our lemma.
Let now q,, q 2i . . ., q_ be the primes not exceeding L/ ; : n'- •-. ` e con-

sider the greatest prime p for which p = p (p + 1) --{- I does not exceed - .

By the prime-number-theorem o ,>

	

From the elements q,, (1 2 , .- (It,

we now form combinations taken p-`r-1 at a time and having no two
common elements ; in consequence of our lemma this is always possible .
Let these combinations be C,, C	Cp.

Further let r,, r	be the primes of the interval. ( 1 /,e n'l-,, n.`" ,) . By
the prime-number-theorem, their number is greater than p .

Now we define a B sequence as follows .
We multiply r, by the q's contained in C,,

r2

	

n q's

	

n

	

n C2,

r,
n

	

p q s .

	

H

	

CP .
Our B sequence is formed by these products and by the primes o--

the interval . (n'l" n) .



By the prime-number-theorem
tL'1

P

	

ó log n
Hence the number of elements of our B sequence is greater than

n'1*
7L (n)- n'12 + P31,> 7-, (n) +

Hence the result .
§ 3 .

Let now p, < p2 < . . . pt -<_ n be a sequence of primes such that

t >
c, n log log n , where c l is sufficiently large and will be determi-

(log n) 2
ned later. We have to prove that the products (p ; - 1) (pi -1) cannot
all be different .

We split the primes pr into two classes. In the first class are the

primes for which p - 1 has a prime factor q i l ogn n ,
in the second

class are all the other p's . The primes of the first class are all of the
form aq + 1 with a < log n . But the number of primes of the form
aq + I for any a is by Brun's method) less than

c5 n

	

1 +-1
	 pla	P

a (log n) 2

	

'
hence the number of primes of the first class is less than

c5 n
(log n) 2

a<logn

On sequences of integers

	

81

36 (log n)'h

17(l+-1 )
	 pla	P < C5n

	

1

	

1 <
a

	

(log n)2

	

d

	

a
d< log n

	

ad
alVlogn

c, n log log n
(log n) 2<

	

n

	

C s log log n
(log n)2 I

	

d2
d<log n

Suppose now c1 > c, i . e. the number of primes of the second class

be greater than

	

se-
(log

)2 . Now we prove that for the primes of the se-

cond class the products (p;-1) (p i-1) cannot all be different.
More generally we prove let a, < a2 < . . . < a,,<_ n be a sequence

of positive integers, s> (1	
gn) 2 ,

and no a i -1 be divisible by a

prime>	n	, then the products a= ai cannot all be different.
log n

1) P. Erdös . On the normal number of prime factors of p -1 and on some related
problems concerning Euler's 0 function. Quarterly Journal fo Mathematics . Vol. 6.
(1935) 205-213 .
	c . T. 11 . TpyAw HHHMM .
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3) the number of a`s of the third class is less then n

Hence the number of a's is less than

" n +8n'I-+n%<- 2n --
log n)

	

(log n)2 '
which establishes the result .

As in § 2, we' write the a's in the form bid; (but here b i< n ),
log n

Where no two b's can be connected with the same two d's and split
them just as in § 2 . into 3 classes, and obtain by the same argument
that :

1) the number of a's of the first class is less than 2n'' ,,
2) the number of a's of the second class is less than 6 n'l ,,

n +n°h
( log n

3aMeTKa O HeKOTOpbIx CB0ACTBax uea0gHCaeHHWX nocAe-
AOBaTenbHOCTeR .

n. 3PAEW, MAHYECTEP .

IIyCTb aI < a2 < . . . <a,,<. n O3HanaeT nocneaOBaTe .nbHOCTh ue-
Abix iqHCeii, TaKHX, 'ITO HH OAHO H3 npoH3BexeHHfI AIO6bIX AByx 'IH-

ceA H3 nocneAOBaTenbHOCTH He AezHTCx HH Ha oAHO x3 OcTaAb-
HbIX .
TorAs

	

n,~s
x<n (n)+0	

(log n)2
npK qem oueHKa He Mo?KeT 6bITb yAygineHa . ROKa3aTeJlbCTBo 6yxeT
SICHee, ecAH x B HagaAe ROKa)KY TOJINKO, 'ITO

x<7c(n)-f-Ml%
B 3TOM CJIyqae aoKa3aTeJIbCTBO OCHOBaHO Ha AemMe :

KaxcAOe uejloe 14HCAO m <n Mo?KeT 6bITb 3anHCaHO B 4)opme bi q,
rAe bi 03HagaeT HeKOTOpoe uenoe 4HCJIO, He npeBOCxoA5imee n't•,
HAH npoCTOe mHCno-, HHTepsaAa (n%, n), H cj o3HaHaeT HeKOTOpoe
uenoe gHCAO, He apesocxox imee n'19 .

LITo6b[ BbIBeCTH xm x 6oAee TOtiHy10 oueHKY Heo6XOAHMa TOH-
Kax H AOBOAbHO CAO?KHax (~ opMa AeMMbI .

IZyCTb 6yaeT a, < a2 < . . . < a,< n apyrax HOCAe)IOBaTeAóHOCTIs
ueAbiX nOAO?KHTeAbHbIX qHCeA, TaKax qTO Bce rIPOH3BeAeHHA aiaj
pa3AHtIHbI Me)KAy co6ok. TorAa

y < Tr (n)+ o (n'i*) .
Aoxa3aTeAbCTBO ocxoeaHO Ha npeAbiAyuteit Aemme .

n'j
3Aecb oueHOIIHbI I qAeH He Mo)KeT6UTb cAenaR Aygwe Hem0	

((Iogn)'I,)


	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9

