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NO / YES

Safe outside

Uncertain cases

Safe inside
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âYc�÷�eGmTeGônf·äbo ägmTegã�h·cgúbã�ego ë�c³c ânônfid	eGôYc å ó1f·ôns eGmnëWf·ôYmReGmnpÍ÷�mnc ã�fiâTf·äbo#úGfio�÷�äbh·pqo�äbd	fæeghih·p
d	egoapÍâYôYc�÷Wâ�r4ù¬s�c f·m#÷�eG÷¸c�m7ó�egâ�e<mnc eghbëWmnc eGkaôns�mnäbu�öbs�fio�ôns�cÉG�c hiåMúIå�c âY÷WfiôYc0ôns�c,ø9egãAô
ôns�eGô¶f·ô s�egå ôYäõâYäbh·égcPü � $�ç X 
 &�ãAäboKégcAê»÷�mnägögmTegd�d	fio�ö�÷WmnägëWh·c d	â�ego�åÓôns�c�mnc�ø�ägmnc
ó¯egâÍégc�mnpõø9eGm�ø*mTäbd egoKp_ôns�fio�ö�÷�mTegãAônfiã�egh2r $9�¬c d�c d�ë�c�m�ôns�eGô�ôns�cvü � è�o�ägôneGônf·äboÓfiâ
e	ânägø*ô¬égc�mRânf·äbo�ägø5ôns�cFü(è�o�ägôneGônf·äboMúWôns�eGô(ânu�÷�÷�mTc ânâYc â¯÷�äIó�c�mTâ¬ägø0h·ägö³ç�$9ego�å�ânäbd�c
ø9u�o�ãAônf·äboWâ¯ägø+� ego�å ô ú�âYc�c�÷�þ_rµ&%&

ù1s�c3�äI�§ egh·ögägmRf·ôns�d ó¯egâ�fæd�÷�mnäPégc å fio%e âYcLK_u�c o�ãAc	ägø<÷WeG÷�c�mTâ r/ì�c h·äPó ó�c
hifæâYô<âYäbd�cÍägø5ôns�c�fid	÷¸ägmTônegoKô<âYôYc�÷Wâ j W �Ç I5f·mRâYô¶±MäPé¤³egâ%� ego�å@Eqfæd�äbo�äIéqf·ônâ � ´ Ý>� fid�÷�mnäPégc å�f·ô<ôYävü � $�ç Wu� &RúWëap�÷�mnäPé_fæo�ö�ego
eG÷�÷Wmnäg÷�mTfieGôYc�0�6£8�¢�,£��0	23,£�9�709��0	4#,�ÉL�h�1àµ09�9áÍego�å�ânfid�÷�hif·ø�p_fio�ö�úbfid�÷�mnäPé_fæo�ö�ôns�c!ägmTfiöbfio�egh
egh·ögägmRf·ôns�d fio âYc�égc�mTegh!÷WhiegãAc â r ù¬s�cõfioaôYmnäqå�u�ãAônf·äbo ägø�ôns�c¸·�è�ãAäbo�åWu�ãAônego�ãAc�ó¯egâ
ego�fid	÷¸ägmTônegoKô<fid�÷WmnäIégc d�c oaô�ú�GWo�åWfio�ö�e¶ögä_äqå�fiâYäg÷�c�mTfid�c�ôYmRfiã1fio�cLKau�eghæf·ô�p�egoWå�ôns�c
ë�c�ôYôYc�m1ego�eghip_ânfæâ¯ó³c�mnc�ägôns�c�m¬äbo�c â�rØ$ÁE_c�c�ù¬s�c�ägmTc d�´ar V_rµ&Ç M�÷�÷Wh·c�öbeGôYc�egoWå�§�ego�o�ego �ÞÝ>� fioaôYmnäqå�u�ãAc å âYc�égc�mTegh¬o�c�ó fæo�ögmnc å�f·c oaônâ�ú¹egd	äbo�ö
ägôns�c�mRâ�úIôns�c¤��c�ôYmnäg÷�äbhifæâ#egh·ögägmTf·ôns�d egoWåÍôns�c�S\oKôYc�ögmTeGônfiäbo�ägø�h·ägöGè�ãAäbo�ã�eIégc³ø9u�o�ãAônf·äboWâ�r
ù¬s�c�p�ägë�ônegfio�c å�ego@ü � $�ç Wuß &¯eghiögägmTf·ôns�d�r�$ÁEqc�c�E_c ãAônf·äbo²­�rµ´arµ&Ç �1cAêqôä±MäIé[³egâ%�¶fioaôYmnä_åWu�ãAc å�ôns�c�ëWeghihÀè�ânôYc�÷Wâ � ´ ñ>� ú¸ägë�ônegfioWfio�ö�egokü � $�ç Wuß &¬eghiögägmYè
f·ônsWd�r0ù¬s�fiâ¯ó¯egâ<ôns�c¦GWmTâYô¬âYó1fiônãTs�fio�ö ôYä²ãAäboKônfio_u�äbu�â¬mTego�å�äbd ó¯egh·kqâ�r W þÇ �(pgc�m¬ego�å;I�mTf·c£��c � þ �>� ägë�ônegfio�c å egovü � $�ç ´ &,egh·ögägmRf·ôns�d $9âYônfihih�u�ânfio�ö�e�mTegoWå�äbd
ó¯egh·k äbo�ôns�c�ögmTfæå!&RrÇ S\o �ÞÝ � � ó�c¬ägë�ônegfio�c å�ego;ü � $�ç ï &4egh·ögägmTfiôns�d�úKu�âTfio�ö(ëWeghihÀè�âYôYc�÷�â0ego�åß��c�ôYmTäg÷¸äbhæfiâ
egh·ögägmRf·ôns�d�r�$ÁE_c�c�Eqc ãAônf·äbo²­�rµ´arµ&Ç ù1s�c,o�cAêqôMâYôYc�÷�å�c�÷�c o�å�c å!÷WmTfid	eGmTfæh·p<äbo�fid�÷WmnäIéqfio�ö�ôns�c¹ânegoWå�ó1fiãRs�fio�ö�j_§�ego�o�egoMú±7äIé[³egâ%�gúaego�åFS4ãAäbo�âYôYmTuWãAôYc å	ego�egh·ögägmTf·ônsWdðó1f·ônsßü � $�ç þ &�ägmTegã�h·c¶K_u�c�mTfic â�r á c1uWâYc å
ôns�c�fæâYägôYmnäg÷Wfiã!÷�äbânfiônf·äbo ø*ägm1âTego�å�ó1fiãRs�fio�ö�r¶$ÁE_c�cFE_c ãAônf·äbo � r V_rµ&Ç ì¯u�ëWh·c�pgú_�(pgc�m úMego�å®îgc�mnmTuWd � V ñ>� öbe égc	egoõego�egh·pqânfiâ1ägø,ôns�cFì¯eghihÀè á egh·k�eghiögägmYè
f·ônsWd u�ânfio�ö�e�üYãAäbu�÷�hifio�ö	eGmnöbuWd�c oKônýqrÇ ±MäIé[³egâ%� � ´D´ � ÷WmnäIégc åÈôns�eGô eGø�ôYc�mõãAc�mnônegfio ÷Wmnc�÷�mnäqãAc ânânfio�öòôns�c C f·ô\è�ego�åqè���u�o
d�c�ôns�ä_å�d	f·ê_c â<ø9egâYô�rë$ÁEqc�c�ù¬s�c�ägmnc d :LV_rµ&Ç �¬c ãAc oaônh·p3§�egoWo�ego#ú�±7äIé[³egâ%�gú�ego�åv��äboaôYc o�c�ögmnä � �DÝD� öbe égc�e�ë�c�ôYôYc�m�egoWegh·p_âTfiâ,ägø
ôns�cÍë�eghihÀè�ó¯egh·k�rÇ ±MäPé¤³egâ%��ego�åuÛ0c d�÷Weghæe cAêqôYc o�å�c åÓôns�c�s�f·ô\è�ego�å�è�mTu�o%mTc ânu�h·ônâ�ôYäõâTegd�÷Whifio�ö�egã[è
ãAägmTåWfio�ö�e	h·ägöGè�ãAäbo�ã�eIégc åWfiâYôYmTf·ë�u�ônf·äbo �ÞÝ V � r

á c�mnc�ônu�mTo�ôYä�ôns�fiâ�üYâYôYägmnpqý	fio�e�ânhif·öbsaônh·p²åWfÚÙ¸c�mTc oKô<ø�ägmTd ägø5e�ôneGëWh·cgú�fæo®T ñ r
¬ Q j Q � � nPr F� {+� qh�Ln��!.)�=q�}��-F;s	| � s9}-,óq�}«�

�� "�r>s {�� qh�Ln 
  !}#r=n � qhm1"t Q á c å�c£G�o�c å âTego�å�ó1fiãRs�fio�ö	fæo��(c£GWo�f·ônfiäbo@V_rä¯!cAè
o�c�mReghih·p ó³c âY÷�c eGk ägø0mTäbu�o�å�fio�ö ägm!ânego�å�ó1fiãTsWfio�ö�e�ãAäboaégcAê�ë�ä_å�p²ëWu�ô¬ø*ägm!u�â<ônsWfiâ
d�c egoWâ<ôns�c�ânegd�cgr

W � ª �<�T���0�P�?���T�t�º�\�!�P�\�2�z���º�I���t�[�!�T�������5�9���T�2§(�t�M�[�t­A�\�(�º�G¹ 9»º»¼i©W þ ª �P�R�����z�4�\�R�����º� �P�[���7���R���P�[� �#�T� À(�#�T�4�����"½4�µ�2°*�R���I°§¾��P�(�P�P�4�����T�7�#�T�0�R���R�µ§I�\�Y�Í�[�P�t§
���P�z�¬�º�T���?�Y©



Â¤Ã«ÄÆÅ«Ã�Ç+ÃÉÈ3ÊdËJÅ«Ì®Å�Â¤Ì@ÍÉÃ�ÎpËeÈ3Ì Ï¥ÐÑÂ¤ÏÁÒeÂÔÓeÏ¥È3Ì#Ð¤Õ1ÏÁÃÉÐ¤Ö � ÄS\o�eghih¸ôns�c�egh·ögägmTfiôns�d	â�ägø7ó1sWfiãTs ó�c!eGmTc�âY÷�c eGk_fio�ö s�c�mTcgú�GWmTâYô¯ó³cÍu�ânc!e�âTego�åqè
ó1fæãTs�fio�ö�ø�ägm�ìÓúMegoWåõôns�c oõó³c	eG÷W÷Wh·p�e�d u�h·ônf·÷WsWegâYcF��äboaôYc û eGmTh·ä�egh·ögägmTfiôns�d ôYä
ôns�c�âTego�å�ó1fiãRs�c å�ë�ä_å�pgr

K, given by a separation Oracle

Bringing into 
isotropic position

Estimating the volume
in isotropic position

truncations
ratios of "subsequent"

Approximate the volume

The lazy walk

Analyzing the 
speedy walk

Sampling for
isotropyEqfæd�÷Whif�GWc å	äbu�ônhifæo�c!ägø4ôns�c�ü � $�ç þ &¯egh·ögägmTfiôns�d$9ù¬s�c�âYôYmTu�ãAônu�mTcÍägø4ôns�c�egh·ögägmTf·ôns�d fiâ<o�ägô1e�ôYmTc�c!øµ&

ù1s�c âTego�å�ó1fiãRs�fio�öEfiâ égc�mnpÓfæd�÷�ägmnônegoKô ë�c ã�egu�âYc�äbu�m	egh·ögägmRf·ôns�d	â�ó³äbuWhiå o�ägô
ó�ägmnk¶ø*ägm ü\÷�c o�ã�fihÀè�hifikgc ý�ë�äqå�f·c â�úaf2rµcgr·úKë�äqå�f·c â5ó1s�fæãTs	eGmnc�ôYäaä h·äbo�ö�fio	äbo�c�å�fimnc ãAônf·äbo
ãAäbd�÷�eGmnc å�ôYä	ôns�c f·m<ägôns�c�m1å�fid�c oWânf·äbo�â�r+±7eGôYc�m�ó³c�ânsWeghih¸mnc�ônu�mTo�ôYä�ôns�fæâaKau�c ânônf·äbo#r� q�}«�« #� FFq�"	�d� Q ù¬s�c�ôns�c�ägmnp�ägø0mTegoWå�äbd ó¯egh·kqâ1fiâ<égc�mTp�mTeG÷Wfiå�hip²ögmnäPó1fio�ö²ego�å
fioWãAmnc egânfio�ö fioõf·ônâÍfid�÷�ägmnônegoWãAcgr)�1ego�å�äbd ó�egh·kqâÍeGmnc�eGôYônegãTs�c å%ôYä�mTego�å�äbd ãAäbfæoqè
ôYäbânânc â�ú,ôYäkì�mnäIó1oWfiegoÓd	ägônf·äbo�â�ú0ôYä�d	egoapÓegh·ögägmRf·ôns�d	â fio»ãAäbd�÷Wu�ôYc�m�ânã�f·c oWãAcgú,ôYä
äg÷�ônfæd	f�� eGônf·äbo#ú�r r�r Wu�M(hih�ôns�c�mTegoWå�äbd ó�eghik_â�ó�c�ãAäbo�ânfæå�c�m�s�c�mnc�eGmnc ü\ônfid	cAè�mnc�égc�mTânf·ë�h·c ýõó1s�fiãRs fiâ
kqfio�å�ägø¬e âYpqd	d�c�ôYmnp%ãAäbo�åWf·ônf·äbo#ú�ëWu�ô�ó�c²âTs�eghih,o�ägô¶å�c£GWo�c	ôns�fiâ�s�c�mncgrPM(hiâYä�ú0fio
ã�egâYc²ägø<ôns�c	ögmTfæåqè�ó�eghik ó�c²eGmnc²ó�eghik_fio�ö�fio%ePG�o�f·ôYc	âYôneGôYcAè�âY÷�egãAcgú,ôns�c�mnc�ø�ägmnc�f·ô�fiâ
c egâYp ôYäEeGôYônegãRsòe d	eGôYmRfÀê�M $�ägø¬ôns�c ôYmTego�ânfiônf·äbo%÷�mTägëWeGëWfihifiônf·c â�&1ôYä äbu�m�mTegoWå�äbd
ó¯egh·kqâ²ego�å u�âYc ôns�cEd�eGôYmTfÀê_è�ôns�c�ägmnc�ônfiã�egh�÷�mnäg÷�c�mnônf·c â�ägøEM�r
ù¬s�fiâ�ã�ego ë�cEå�äbo�c
ë�c ã�egu�âYc(ôns�c>Û�è�ânôYc�÷ ôYmRego�ânf·ônf·äbo²÷�mnägë�eGëWfihif·ônfic â0eGmnc!mnc�÷�mnc âYc oaôYc å ëap�M ê ú�ego�å²ôns�fiâ�fiâ
eghiânä	ôns�c�mnc egânäbo�ó1sap�ôns�c�âY÷�c ãAôYmTegh#÷Wmnäg÷�c�mnônf·c â¯ägø MðeGmnc�égc�mnp�uWâYc�ø�uWh�ø*ägm(u�â�reI�ägm
ôns�c�ãAäboaônfio_u�äbu�â¬âTf·ônu�eGônf·äbo�ó�c�s�eIégc�ôYä�fioaégc âYô1e�hæf·ôYônh·cÍcAêqôYmTe�ó�ägmnk�rì¯egânfæã�eghih·p�ó�c�ãAäbu�hæå�å�fiâYônfio�öbu�fiâns²ë�c�ô�ó�c�c o�mTego�å�äbd ó�egh·kqâ¬fio�åWfiânãAmnc�ôYc�âY÷�egãAc â
ego�å�mTego�å�äbd ó�eghik_â�fio	eGmnë�f·ôYmTeGmnp�d�c�ôYmTfæã1âY÷WegãAc â reE_ôYmTego�ögc h·p¶c o�äbu�öbs#ú_fæo	ôns�cëG�c hiå
ó�cÍeGmnc!ôYmnp_fæo�ö�ôYä	å�c ânãAmTf·ë�cgúqo�egd�c h·p�fæo²ögc�äbd	c�ôYmTfiãÍegh·ögägmTfiôns�d	â�ú�G�mTâYô�ôns�c�å�fæânãAmnc�ôYc
égc�mTâTf·äbo�â�ó�c�mnc eG÷W÷Whif·c åù$�mRego�å�äbd ó¯egh·kqâ�äbo ôns�c�ögmTfiå#& ëWu�ô�o�äIó ôns�c�c d�÷WsWegânfiâ
fiâ âns�fiø*ôYc å ôYä mTego�å�äbd ó�eghik_â�fio ãAäboKônfæoau�äbuWâ ân÷WegãAc â�rõ�5eGmTeghih·c h(ôYä ôns�fiâ�ú¬d�egoKp
fioaôYc�mnc âYônfæo�ö ego�å fid	÷¸ägmTônegoKô�mnc âTu�h·ônâ�ó�c�mnc%ägë�ônegfæo�c å fio ägôns�c�m eG÷�÷Whæfiã�eGônf·äbo�â�ägø
mTegoWå�äbd ó¯egh·kqâ�ú¯cgrµö�r·ú1äbo ã�eGmTå âns_uÀ¿�fæo�ö�ú¯ögc o�c�mTeGônfio�ö»e%mTegoWå�äbd c h·c d	c oKô ägø�e
ögmnäbu�÷Mú³c�ônãGr ego�å eghiâYä e%ó1s�äbh·c�o�c�ó ë�ä_å�p»ägø!mnc âYc eGmTãRs å�c�égc h·äg÷�c å mnc hieGôYc å ôYäWu� . ���,�R�����P�¹ÔP���9�5�T�����t�t�Y�n���º�R���5�t�Í�����0���\�º�n���Y�!ÔG�\�º�(�#�T�4���¬�[�\�P�?���T���³�<�2�Y¼����\�P�\�,�R�W�����t�\�
�M���t���(���?�º�P�M�[���5���³�#�R� À��T���R���G�1�t�Í�R�!�P�>À ���Y�M�3¼��¬�T�\�H½Á¹ 9K¼i©



XZß Y[Z]\_^a`bdcec Z]Y b_f#bhg Z�i c
mTegoWå�äbd ó¯egh·kqâ(äboEeGmTëWf·ôYmTeGmTfæh·p²öbfiégc o@G�o�f·ôYc�ögmReG÷Ws�â�räM�oWå ôns�c�mnc fæâ�eghiânä ego�ägôns�c�m
ôns�c�ägmTp²ø�ägm¦0	4L(É4h09��,<ögmReG÷Ws�â�rC c�mnc!ó�c�âns�eghih�mnc âYôYmTfæãAô�äbu�mTâYc h·égc â¯ôYä�ôns�cÍd	fæo�fid u�dÐäbo�cÍâns�äbu�hiå k_o�äIó eGë�äbu�ô
ôns�c ânc�mTegoWå�äbd ó¯egh·kqâ�ú_ëWu�ô¹ôns�c�mnc egå�c�m¯fæâ¹mnc�ø�c�mnmnc å²ôYä ôns�c�ë�ä_ägk_â � ­Kþ � r r�rYó�ägmnk_â�ägø�!fiegãAäbo�fæâ � þp: � ú�M(hiå�äbu�â�ego�åvI5fihih � þ � úq÷WeG÷�c�mTâ¹ägø«±MäIé[³egâ%�Íego�å á fio�kqh·c�m �ÞÝ!�1� ïnu�âYô�ôYä
d�c oaônf·äbo�e¶ø�c�ó äbo�c â�r

ù1s�cÍôns�c�ägmnp ägø5c�mnögä_åWfiã!ëWfihihæfieGmTå�â³fiâ<eghiâYä	mTc hieGôYc å�ôYä	ôns�fæâ¯ôns�c�ägmnpgr
á c�eGmnc�fioaôYc�mnc âYôYc åÓäbo�h·p%fio ôns�c�ögc�äbd�c�ôYmRfiã²ã�egânc â�ú,ó1s�c oÓe ãAäboaégcAêÓë�äqå�põfiâ

öbf·égc o�fio�ï0ñEegoWå�ó³c�÷�mnäqå�u�ãAcÍe�mTego�å�äbd ó�egh·k�fio�âTfiå�c(ôns�fiâ<ë�äqå�pgr¬ Q l Q � q�}«�+ !� FFq�"	�d�3s9}�q'|
 !}#�#n}0º	É d��ð QÂ ê«Ã�ê�Ä
êÆÅ�81çw�Á8���6L,ß�%�14!-�812 çJ�1àð�o63�Á8vè�,54_,5�%�D��,;�H�D4!-
812�¢p810	4��	6ÈÇvM(âÍó�c�s�eIégc
egh·mTc egå�p d�c oaônf·äbo�c å#ú¬fio c egãTs ägø�ôns�cEãAäbo�ânfiå�c�mnc å eghiögägmTf·ôns�d	â�äbo�c üYfæoKégc oaônâný e
mTegoWå�äbd ó¯egh·k�ó1s�äbânc�âYôneGônf·äbo�eGmTp å�fiâYôYmRf·ëWu�ônf·äboõfiâ�c f·ôns�c�m u�o�f·ø�ägmTd äbo»ì ägm¶s�egâ
âYäbd	cÍägôns�c�m�o�fæãAcÍ÷�mnäg÷�c�mnônf·c â�r

End11
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21Failure

Failure
Start

L QPB > NaF�C � SÊÉ,N ;  
` >�� C�Z�U�BAX1O[QPB!XYOYNIORJ � FGN > H
C�J XYO > J �aZIORJ � F

ù1s�c o äbo�c»ânfid u�hieGôYc â�ôns�fiâ�mRego�å�äbd ó¯egh·k ø�ägm
÷�äbh·pqo�äbd	fieghæh·pEd�egoKp»âYôYc�÷Wâ�ego�å»äbu�ôY÷Wu�ônâ fiônâ¶c o�åqè
âYôneGôYcgròù¬s�c ãAmTuWã�fiegh[Kau�c ânônf·äboòfiâ¶f·ø¬ó�c�ã�ego ÷�mnäPégc
ôns�eGô,fæo o�ägô0ôYäaä�d�egoKp âYôYc�÷Wâ0ó�c<ögc�ô¹e!÷�äbfioaô4ó�s�äbâYc
å�fæâYôYmTf·ëWu�ônf·äbo fiâ�o�c eGmTh·p âYôneGônfiäbo�eGmnpgr y u�m¶mTegoWå�äbd
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