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ABSTRACT

We give a randomized algorithm using O(n’ log” n) separation calls to approximate the
volume of a convex body with a fixed relative error. The bound is O(r®log* n) for
centrally symmetric bodies and for polytopes with a polynomial number of facets, and
O(n’ log* n) for centrally symmetric polytopes with a polynomial number of facets. We
also give an O(n® log n) algorithm to sample a point from the uniform distribution over a
convex body. Several tools are developed that may be interesting on their own. We extend
results of Sinclair—Jerrum [43] and the authors [34] on the mixing rate of Markov chains
from finite to arbitrary Markov chains. We also analyze the mixing rate of various random
walks on convex bodies, in particular the random walk with steps from the uniform
distribution over a unit ball. © 1993 John Wiley & Sons, Inc.

0. INTRODUCTION

A. Survey of Results

Computing the volume of a (high-dimensional) convex body is an ancient, basic,
but extremely difficult task. In fact, there are negative results in this direction:
Barany-Firedi [5], improving a result of Elekes [18], proved that if the convex
body is given by a separation oracle (a natural framework that allows the
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polynomial-time solution of many algorithmic problems), then any algorithm that
approximates the volume within a factor of n° necessarily takes exponential
time. Dyer—Frieze [15] and Khachiyan [26, 27] showed that the problem of
computing the volume exactly (deterministically) is # P-hard, even for explicitly
described polytopes. (A strong improvement of this is due to Brightwell and
Winkler [9], who proved that the exact determination of the number of linear
extensions of a poset—which is the volume of a related polytope—is also
#P-hard.)

A breakthrough in the opposite direction is due to Dyer, Frieze, and Kannan
[17], who designed a polynomial time randomized algorithm to approximate the
volume of a convex body K in R". Their algorithm has two input parameters e,
6 >0, and computes a random variable { such that with probability at least 1 — §,
the volume of K is between (1 — €){ and (1 + €){. Several improvements of the
original algorithm have been given. The following list describes these improve-
ments. Our main interest is the dependence of the running time on the dimension
n, and we include a column to indicate this. (The * after the O means that we
suppress factors of log n, as well as factors depending on the error bounds e, &
and the “‘badness” of the original data.)

Dyer, Frieze, Kannan [17] 0*(n**) O(n* log® ne *log(1/e) log(1/6))
Lovasz and Simonovits [34] 0*(n'®) O(n'°log’ ne * log(n/e) log(n/8))
Applegate and Kannan [44] 0*(n'’) 0O(n'"log’ ne * log*(1/¢) log(1/8)

loglog(1/8))
Lovasz 32] O*»n')
Dyer and Frieze [16] 0*(n®)  O(n°?log(n/e)log(n/s))
Lovasz and Simonovits (this  0*(n’)  O(r” log® ne *log*(1/¢) log(1/8))
paper)

It is interesting to give a short survey of those ideas whose various combina-
tions lead to these improvements. The Dyer—Frieze—Kannan algorithm consists of
two main phases: the first, preliminary phase makes the body ‘“‘reasonable round”
by applying an affine transformation to the given body K so that the image
contains the unit ball B and is contained in the concentrical ball with radius n*'%;
this is achieved by a known application of the ellipsoid method (see Grétschel,
Lovasz and Schrijver [22]). Then a sequence of bodies K,=BCK,C --- C
K, = K is constructed so that the ratio of the volumes of consecutive bodies is at
most 2; these ratios are then estimated by a Monte-Carlo method, sampling from
K, ., and counting how often K is hit.

The most important ingredient is an algorithm to generate a random point
from the uniform distribution over a convex body. This is achieved by taking a
random walk on the lattice points inside the body, and stopping after an
appropriately large (but polynomial) number of steps. The analysis of the
algorithm depends on two factors: a theorem of Sinclair and Jerrum {43] on the
mixing rate of time-reversible Markov chains and on an isomperimetric inequality
for subsets of a convex body.

The arguments are complicated by singularities on the surface of the body in
two ways: first, they mean “‘corners’ that the random walk will reach too slowly,
and second, they weaken the isoperimetric inequality, whose proof by Dyer,
Frieze, and Kannan [17] depends on methods from differential geometry. Dyer,
Frieze, and Kannan get around this difficulty by approximating the body by



RANDOM WALKS AND VOLUME ALGORITHM 361

another convex body with a smooth surface, at the cost of a substantial increase in
the running time, which amounts to the solution of O*(n**) convex programs, or
(using ellipsoid-type methods for the solution of these programs), to O*(n”’)
membership tests in K.

Khachiyan-Karzanov [25] and Lovasz-Simonovits [34] proved the isoperimet-
ric inequality in a best possible form (up to a constant). Reference [34] gives a
new, more elementary proof method, which facilitates further generalizations.
Reference [34] also contains a generalization of the Sinclair-Jerrum result by
allowing small exceptional sets and by using information about the initial dis-
tribution in estimating the convergence sPeed to the uniform distribution. These
ideas improve the running time to O*(n'®) membership tests.

Applegate and Kannan [4] suggest another way to handle some of the
difficulties caused by nonsmoothness: consider volume computation as the inte-
gration of the characteristic function of the body, and approximate this charac-
teristic function by a smooth function. This requires the extension of the method
of sampling from a uniform distribution over a convex body to sampling from a
distribution with a log-concave density function. They show that the random walk
technique, combined with the so-called ‘“Metropolis rule,” gives a fast sampling
procedure. The proof involves an extension of the isoperimetric inequality from
the usual volume (Lebesgue measure) to measures with a log-concave density
function.

A further improvement comes from the simple but elegant observation that by
“sandwiching” the body between two concentrical cubes instead of two concentri-
cal balls, a ratio of O(n) can be achieved instead of the ratio of O(n’'?). (The
running time includes the square of this ratio.) They give an O*(n'®) implementa-
tion of these ideas.

Dyer and Frieze [16] show that the Applegate—Kannan method can be further
improved by two further ideas: using the improvement of the Sinclair—Jerrum
estimate as mentioned above, and by showing that the errors, being almost
independent, accumulate in a slower rate. They improve the running time to
O*(n®) membership tests. They also obtain the best possible constant in the
isoperimetric inequality.

All the previously mentioned methods are based on random walks on lattice
points. Lovasz [32] sketches the analysis of a random walk where each step is
chosen from the uniform distribution over the unit ball centered at the current
position. Somewhat surprisingly, the analysis depends on the same isoperimetric
inequality. Replacing the random walk on lattice points by this, but leaving the
other ingredients of the algorithm in [34] essentially intact, improves the running
time to O(n'%).

In this article we describe a randomized volume algorithm which requires
O*(n’) membership tests. Our algorithm builds on virtually all of the ideas
mentioned above; yet we feel that the combination is very natural and leads to an
algorithm which is conceptually quite simple.

A first observation is that once we replace the volume computation by
integration, the integrand need not approximate the characteristic function of the
body: only its integral has to approximate the volume. This enables us to use
much smoother functions and a large ball as the domain of integration, which
eliminates most of the errors due to boundary effects.

Another unexpected but important benefit is that in the first phase, only
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‘““approximate sandwiching” is needed: it suffices to achieve by an affine trans-
formation that 2/3 of the volume of the unit ball B is contained in K and 2/3 of
the volume of K is contained in the “almost circumscribed” ball mB. We show
that this can be achieved in randomized polynomial time with m =n, and in
special cases even better (e.g., for centrally symmetric polyhedra, m = O(log n)).
Since m® is a factor in the running time, this leads to substantial improvements:
O*(n®) for centrally symmetric bodies or for polyhedra with polynomially many
facets, and O*(n’) for centrally symmetric polyhedra with polynomially many
facets. We suspect that the ratio m = n is not optimal even for general convex
bodies; as far as we can tell, even m = O(log n) is possible. This could lead to
substantial improvement in the running time.

While our volume algorithm is basically simple, we have to do some more
extensive preparations. One of these consists of extending the Sinclair-Jerrum
result and its generalizations to Markov chains whose state space is an arbitrary
measure space (Section 2). These extensions are basically rather straightforward
from the discrete case, especially having found the right formulation (see Feller
[20] for treatment of general Markov chains).

Section 3 introduces log-concave functions and gives the proof of an even more
general version of the isoperimetric inequality. While the Applegate—Kannan
form would suffice to prove the error estimates for our main algorithm (with a
little worse bound), the more general form is more convenient to apply and has
some corollaries that are interesting also from a geometric point of view.

Section 4 discusses the issue of generating a random point from a distribution
with a log-concave density function. While the volume algorithm involves very
“nice” functions only, we derive general bounds on the mixing rates of various
random walks on general convex bodies. These bounds depend on isoperimetric
inequalities; while these inequalities use the basic isoperimetric inequality men-
tioned above, they may be of interest in their own right. Our sampling algorithm
is “truly”’ polynomial, i.e., polynomial in both n and in log(1/€), where € is the
error bound.

Section 5 contains the volume algorithm and its analysis.

To conclude this introduction we have to remark that we do not take the
shortest route to obtain an O*(n’) volume algorithm. Substantial parts of our
preparations aim at gaining factors of log n or log(1/€), or simply mathematical
beauty. Thus, we could restrict ourselves to finite Markov chains; s-conductance
could be left out; the central limit theorem and its treatment in the Hilbert space
could be replaced by the results of 1.c, at the cost of a factor of log n; it would
suffice to use the isoperimetric inequality of Applegate and Kannan instead of the
results in 2.b, at the cost of a factor of 1/¢; and we could restrict ourselves to
stepping in a unit ball in Section 4.

B. Computational Model

There is no standard finite encoding of a general convex body; various
subclasses may be encoded as solution sets of systems of linear inequalities
(polyhedra), convex hulls of lists of vectors (polytopes), level sets of concave
functions (e.g., unit balls of norms), etc. A general approach is to consider an
oracle, i.e., a black box that answers certain queries about the body. The most
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natural oracle is a membership oracle, which returns, for every query x € R", the
answer YES or NO to the question “Is x € K?” This is, however, sometimes too
strong, sometimes too weak. For algorithmic purposes, the most usual way to
describe a convex body K as an input is a well-guaranteed weak separation oracle.
We refer to Grotschel, Lovasz, and Schrijver [22] for a discussion of the relative
strengths of these oracles; under rather reasonable technical assumptions, these
are equivalent.

Definition (Weak separation oracle). For any y € Q" and error tolerance 8 >0,
the oracle returns either YES or NO. The YES answer means that the distance of y
from K is at most &; the NO answer means that the distance of y from R"\K is less
than 8. In this case, it also returns a proof of this fact in the form a hyperplane
c"x =y through y which almost separates y from K in the sense that

max{c'x:xEK} =7y +8|c|.

(So if y is near the boundary of K, then either answer is legal; |c|=1.)

In addition, we assume that we know the radius r of some ball contained in K
(but we do not necessarily know the center of the ball) and the radius R of
another ball, with center O containing K. (In [22] this assumption is phrased as
“the oracle is well guaranteed.”) The number of bits needed to describe both of
these balls is part of the input size. Without loss of generality, we may assume
that this contributes |log R| + |log r| bits to the input size.

We remark that for the main part of our algorithm a weak membership oracle
(defined by relaxing the weak separation oracle in the obvious way) suffices.

Notation and Preliminaries. B denotes the euclidean unit ball, vol(K) is the
volume (Lebesgue measure) of the set K, and conv(X) denotes the convex hull of
the set X € R".

We shall repeatedly use the following fact.

Lemma 0.1. Let H be a halfspace in R" and B, a unit ball whose center is at a
distance t from H. (So we speak of the halfspace not containing the center.) Then

(a) ift=1/vn, then

vol(H N B) > (% - 52_3> vol(B) ;
(b) if1=¢t>1/v7 then
1
Tors (1- £2)** D2 yol(B) < vol(H N B) < —t\i—ﬁ (1- )" D2 y0l(B) . .

1. CONDUCTANCE OF MARKOV CHAINS

A. Markov Schemes and Markov Chains

We extend the theory of conductance and rapid mixing from the finite case to
arbitrary Markov chains. See Halmos [23] for fundamentals of measure theory,
and [34] for the discrete versions of some of these results.
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Let (Q}, ¢) be a o-algebra. For every u €(1, let P, be a probability measure
on {2, and assume that for every A € &, the value P, (A) is measurable as a
function of u. We call the triple # =(Q, o, {P,: u€Q}) a Markov scheme. A
Markov scheme, together with an initial distribution Q, on (2, defines a Markov
chain, i.e., a sequence of random variables wy, w,, w,, ... with values from 2
such that w, is chosen from distribution @, and w,,, is chosen from distribution
P, (independently of the value of w,, ..., w; ;). So we have

Prob(w,,,€EA|[w,=u,,...,w,=u,)=Prob(w,,,EA|w,=u)=P,(A)

for every u,,...,u; €€ and A€ A.
Let (Q, o, u) be a measure space and let f: 1 X (2—R be an integrable

function (with resect to the product measure u X u) such that R flu,v) du(v) =
1 for all u € Q. Then f defines a Markov scheme by

PAA) = | fu.v) du(v)

If such a function f exists, then we call it the transition function of the Markov
scheme (with respect to the measure u). The transition function is symmetric if
f(x, ¥) = f(y, x). We could describe (somewhat artificially) our volume algorithm
using Markov chains having transition functions, but some related Markov
chains—which could conceivably replace them—do not have transition functions.
We give the proofs for the general case, but the reader may find them easier to
follow in terms of transition functions.

A probability measure Q on (2, ) is a stationary distribution for the Markov
scheme if choosing w, from this distribution, w, will have the same distribution
(then, of course, so does every w,). This is equivalent to saying that for all A € ,

[, P4y dow) = 0.

From now on we shall fix one stationary distribution Q. (We are not concerned
here with the existence of such a distribution; this will exist and in fact be
explicitly given in the applications we consider. In all cases relevant for us, the
uniqueness of the stationary distribution will be implied, e.g., by Theorem 1.4,
below.)

In the theory of finite Markov chains, matrices and their eigenvalues play a
central role. To extend some results from finite to general Markov chains, we
consider the Hilbert space L> = L*(Q, &, Q) with the inner product

(f &) =L fgdQ.
Every Markov scheme defines a positive linear operator M: L*>— L’ by

M)W = [ fv) dP,(v)
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So (Mf)(u) is the expected value of f(w,,,), given that w, = u. More generally,
(M*f)(u) is the expected value of f(w,, ), given that w, = u.

Consider a Markov chain where the first element (and hence the other
clements as well) are from the stationary distribution. In terms of the Hilbert
space, we have for any function f € L,

E(f(w)) = E(f(we))=(f. 1) ,
E(f(w))*) = E(fwe)") ={F, f) ,
E(f(w)f(W...)) = E(f(wo)f(w,)) = { f, M*f) .

A Markov scheme is time-reversible if (roughly speaking) for any two sets
A, B € A, it steps from A to B as often as from B to A. Formally, this means that

|, Pty dow = [, P a0 (L)

It is easy to see that is suffices to require this relation for disjoint sets A and B.
Condition (1.1) can be written as

L L 1dP,(v) dQ(u) = fB L 1dP,(v) dQ(u) ,

implying that for any function F: () X Q— R for which the integrals exist, we
have

fﬂ L F(u, v) dP,(v) dQ(u) = fn fn F(v, u) dP,(v) dQ(u) . (1.2)

Another equivalent formulation is that the operator M is self-adjoint. If the
Markov scheme can be described by a transition function f with respect to Q, then
time-reversibility is equivalent to the symmetry of the transition function.

If the Markov scheme is time-reversible, then for any function f € L7 applying
(1.2) with F(u, v) = f(u), we get

=M =2 [ | (o= oy o =0, (3)
Consequently,

I(f, MEY =(f. £) - (1.4)

Equality holds here for a constant function. Thus the spectral radius of M is
exactly 1.

B. Laziness of Markov Chains

We call a Markov scheme lazy if P,(4)=1/2 at each node. This condition is
technical; its main advantage is that (in the time-reversible case) it implies that
the operator M associated with the Markov scheme is positive semidefinite. In the
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discrete case this follows from the fact that if the diagonal elements of a
symmetric matrix majorize the sum of absolute values of the rest of their row,
then the matrix is positive semidefinite. To see the positive definiteness in
general, observe that 2M — [ is also a self-adjoint operator associated with a
Markov scheme, and hence for any function f € L? by (1.4),

(F.MfY =3 (f £+ 5 (. (2M = Df) 20,

Every Markov scheme can be made lazy by simply tossing a coin at each step and
making a move only if it is tails. So (at the cost of a little slow-down) we can
assume that M is positive semidefinite, which will be very convenient. One nice
consequence of laziness is that if the chain is time-reversible and we generate a
Markov chain from the stationary distribution, then the elements of the chain are
positively correlated in the following sense:

Lemma 1.1. Let w,, w,,... be a time-reversible Markov chain generated by a
lazy Markov scheme M with w, from the stationary distribution Q. Then for any
function f€ L?,

E(fiw)f(w)) = E(f(w ) E(f(w,)) = E(f(w,))* .

Proof. Let ;> i. Since all the w, have the same distribution Q by the definition
of stationary distribution, we have

E(f(w)f(w))) = E(f(wo)f(w;_)) ={f, M""f) =0,

since M is positive semidefinite. Applying this inequality to the function f—
E(f(w,)), we obtain the lemma. .

C. Conductance and Rapid Mixing
We define the ergodic flow ®: o — [0, 1] of the Markov scheme by

d(A) = L P(Q\A) dO(u) .

This value is the probability of the event that in choosing w, from the stationary
distribution we have w,E A but w, € A. From the assumption that Q is
stationary, we get

o(4) - 2(@4) = [, P(@A) dQ0) - [ P.(4) d00)
= |, - Py dow) - |, P.(4) dow)
= 0(a) - | Py aguw) - [ P.(a) dow

= 0(4) - |, P.(4) dOw) =0.
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Note that this computation also works backward: if Q' is any probability
distribution on €} such that the set-function

(4= [, P@4) dQ'w)

is invariant under complementation, then Q' is stationary. This observation
provides a sometimes convenient way to verify that a given distribution is
stationary.

The conductance of the Markov scheme is

_ (4) |
®= 0<lel)<1/2 0(A)°

for every 0=s =1, the s-conductance is defined by

- D(A)

@, = s<Qz2)fsll2 o(A)—s '

We call the value 1— P,(u) the local conductance of the Markov scheme at
element u. If u is an atom (i.e., Q(x) > 0), then this is just ®(u)/QO(u). So in this
case the local conductance is an upper bound on the conductance. More general-
ly, let

H={ucQ: P (u)y>1-1},

and let s = Q(H,). Then

() = [, PLOH,) dOw) < 10(H)
As a consequence, if s <1/2 then the (s/2)-conductance of the scheme is at most
2t.
Let Q, denote the distribution of w,, i.e., let

Q.(A) = Prob(w, € A)

for A € . By definition, we have the recurrence

0 = | P.(4)d0, ).

It is well-known (and will also follow from our results below) that if ®(A4)>0
for all A € o with Q(A) >0, then O, — Q in the /, distance. Our main point will
be to give a bound on the rate of convergence.

To measure the speed of convergence, we consider all measurable functions

g: Q—[0,1] with L gdo(w)=x,

and define the distance function of Q and Q, by
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h(x)=sup [ 840, -x= | eldo, - dgl,

where the supremum is extended over all these functions. (We shall see below
that this supremum is always attained.) If g(u) is the incidence function of A, we
see that h,(x)=0. Using that all g=1 we have h,(x)=1—x. In the case of a
finite Markov scheme with N atoms and with uniform stationary distribution,
h,(j/N) can be obtained by adding up the j largest “‘errors” Q,(w) — (1/N).
It follows easily from the definition that k,(x) is a concave function of x.
This somewhat artificial definition will be clearer from the following lemma.

Lemma 1.2. (i) For every set A€ o with Q(A)= x, we have
—h(1-x)=Q,(4) — Q(A)=h,(x).
(ii) If Q is atom-free, then

h(x) = sup [Q.(4) - O(A4)].

Q(A)=x

(iii) For every 0<x <1, there exists a function g that is 0 — 1 valued except
possibly on a Q-atom, attaining the supremum in the definition of h,(x).

Proof. The upper bound in (i) is immediate if we notice that the incidence
function of A is one of the functions g considered in the definition of 4, (Q(A)).
The lower bound follows by complementation. Assertion (ii) follows from
assertion (iii) immediately, so it suffices to prove (iii).

Let g: Q—[0,1] be any measurable function with o gdQ=x. Let U be a
measurable subset of  with Q(U)=0 and @,(U) maximum (such a subset
clearly exists). Let Q' and Q, be the restriction of Q and Q, to Q\U. Then Q, is
absolutely continuous with respect to @', so the Radon-Nikodym derivative
¢ =dQ,/dQ’ of Q, with respect to Q' exists.

Let, for t=0, A, =UU{ucOU: ¢(u) =t} and s =inf{s: Q(A,)=x}. Note
that A, = {A,:t<s}. Let A’=U {A4,:1>s}, then A'C A, and ¢(u) = s for
every u € A \A'. Moreover, Q(A') =x = Q(A,). Choose a measurable set B with
A'CBCA,, Q(B)=x, and Q(B) maximum (such a set clearly exists).

Assume first that Q(B) = x. Then

| ga0,=[ a0, + |  gsa0
=fu gdQ, +L\U ¢ dQ +IB\U (8- 1)é dQ +fﬂ\B g dQ
<0,B)+s[ (s-1)d0+s] gd0

= 0,(B)-s0(B) +s |, gd0
=Q,(B)-sx+sx=0Q,.B).
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So the incidence function of B achieves the supremum in the definition of h, (x).
Second, assume that Q(B)<x. Then for every W C A \B, we have either
O(W)=0 or Q(W)>x— Q(B). Hence the measure Q, restricted to A \B, is
concentrated on atoms; let V be any of these. So Q(V)>x— Q(B). Let
B'=BUYV.
Now we have, as above,

| ga0c=[ ga0i+ [ gd0,+ ] sa0,+ [ , a0,
= [ ga0i+ [ sa0+[ (s-vodo+s[ gag+ [ godo
=0.U)+ Qk(B\U)+sz\U (g—l)dQ+sJ’ngQ+sL\B, gdQ

= 0u(B)~0(B) + 5 [ 540 = 0,(B) + s{x — Q(B)].

Let f be the incidence function of B and f’', the incidence function of B’. Let
A=(x—Q(B))/O(V). Then

[ - nr+ar140=0B) + 20y =1,

and

[ (@ - 05+ 27140, = 0,(8) + 10,(v) = 0.(B) + sl - (B)].

So the function (1 — A)f + Af’ achieves the supremum in the definition of &, (x).
|

Below we shall call x an extreme point of a convex (concave) function, if it is
not on (in case of a discontinuous function above (below)) a chord of the
function.

It follows from this lemma that the extreme points of the concave function
h,(x) are those where the supremum is attained by the incidence function of a
measurable set. It also follows that

sup B (x) = sup [Q(4) — Q(4)|

is half of the /,-distance of Q and Q,. The Markov chain is called rapidly mixing
if this distance is O(8%), where (1 — )" is polynomial in some natural input size.

The main lemma we need is a natural extension of Lemma 1.4 of Lovasz and
Simonovits [34]:

Lemma 1.3. Let (Q, o, Q) be atom-free, s =0, and k=1. If s=x=1/2, then

Bx) = 5 (e (e = 2,2 = )+ hyy (5 + 22,06 = 5)
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If1/12=x=<1-s, then
1
()= 5 (e (x = 20,(1 = x =) + Iy (x + 20,(1 - x = 5)) -

Proof. We prove the first inequality; the second is analogous. By Lemma 1.2(ii),
there exists a set A with Q(A) = x and h,(x) = O,(A) — Q(A). Define, for u € (1,

_[2P(A)-1, ffuEA,
& =19, fugA,
(1, ifuecA,
&) =12p (4), fugA.

Also set x; = L g; d0. Then—by the laziness of the walk—0=g,=land0=x; =<
1. Moreover, since Q is stationary,

xtn= (6 +g)d0=2] P4y d0=2x.

Now we have

1 1
0,.(4) =L‘ P(A)dQ,_,= ) fn 8§ dQ,_, + 3 L 8,40, .
So
1 1
h(x)=Q(A)—x= 5 <‘L £dQ, ,— xl) + B (jn 8 dQ;_, — xz)
1 1
= 2 hey(xy)+ ) hy_i(x3) .
Moreover, we have
x,—x=2 fQ\A P(A)dO+ Q(A)—x=2 JQ\A P,(A) dQ(u) =2® (x — 5),

and so
X~x=x—x,z220,(x—5s).

Hence, by the concavity of h, _,,

1 1
h,(x)= 5 Ry (x))+ 3 hi_i(x;)

In

1 1
2 hy (x =2®,(x—s)) + 2 hy_((x +2®,(x —5)). ]

The assumption that (2, &, Q) is atom-free cannot be dropped from Lemma
1.3; this is shown by the example of the lazy random walk on a triangle, which has
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conductance 1/2, and so the inequality will fail for x =1/2 and u =0 for every
nonuniform starting distribution. However, we can observe the following facts:

(a) The inequalities of Lemma 1.3 remain valid for every x such that

m()= sup [Qu(4) - Q(A)].

Q(A)=x

(b) The inequalities remain valid for every x such that |x — 1/2| > a, where a is
the maximum measure of an atom.
(c) The following weaker inequalities remain valid: If s + a<x=1/2, then

1
h(x) =5 (b (x —20,(x —s —a)) + by, (x + 20, (x — s — a))) .
If 1/72=x=<1-s, then
1
h(x)=< 3 hpo(x—20,(1—-x-s—a)+h,_,(x+20,(1-x—5—a))).

[The last two facts follow using part (iii) of Lemma 1.2 instead of part (ii).]
Combining these facts, we obtain the following slightly weaker inequality valid for
all Markov chains:

Lemma 1.3*. Let a be the maximum measure of an atom in (0, A, Q), k=1,
s =0, and assume that a,s <1/8. If s=<x=<1/2, then

h(x) = 5 (s (= B, = ) + By (x4 @0 = 5)

If1/2=x=1-s5, then

B = 3 (s = 9,1 = = )+ iy, (x+ @,(1— 2= 5)

The following theorem is a slight extension of Theorem 1.2 of [34].

Theorem 1.4. Let 0=<s=<1/2, and assume that c,, c, are chosen so that for every
s=x=1-5 we have

hy(x)=c; + c,min{vx—35,V1—-5s—x}.

Then for every k=0 and s=x=1-s5, we have

¢2 k
h,(x)=c,+c,min{vx—=35,V1l—s —x}(l— 2’) .
Proof. By induction on k. If k =0, then the assertion is obvious. Assume that
k=1, let s=x=1/2, and apply Lemma 1.3:
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B()= 5 (o (= 20,(x = ) + By (x +29,(x — 5))

c 2\ k-1
sc,+52(\/x—2<l>s(x—s)—s(l—?s)

+VE+28,(x—5) - S(l - q;)>

c ¢2 k-1
=c + —22 vI=s(V1-2® +V1 +2<I>x)(1 - 7)

d)Z k
5c1+c2\/x—s(1—7‘> .

For 1/2=<x <1 — s the bound follows similarly. (]

Corollary 1.5. Let M =sup, Q,(A)/Q(A). Then for every ACQ,

10u) - o) = VA(1- 7).

Proof. The definition of M implies that for all 0 =x =<1, we have hy(x) = Mx.
Also trivially Aj(x)=1-x. Hence hy(x)=VMmin{vx,V1-x}. Thus by
Theorem 1.4,

h,(x) < VM min{VZ, \/ﬁ}<1 - % <1>2)k <\/T4(1 - % <I>Z)k ,

from where the assertion follows.

The following Corollary is interesting on its own but will not be used in our
algorithm. On the other hand, some other versions of these algorithms or proofs
did use it.

Corollary 1.6. Let 0<s=1/2 and H, =sup{|Q,(A4) — Q(A)|: Q(A) =s}. As-
sume that each atom has Q-measure <s/2. Then for every ACQ},

k

10u(4) - O(a) =2H, + 22 (1- 2 7). (L5)
Remarks. (1) The factor 2 can be discarded if Q is atomfree. We shall need only
this case, however there are many important cases where the limit distribution is
discrete, for example the uniform distribution over the grid points of a convex set.
Still, in the cases that may need such an inequality, the limit probability of each
atom is negligible compared to s and the inequalities are practically the same as in
the atomfree cases. (2) If there are atoms of size >>s then (1.5) may be violated.

Proof. Changing the original distribution by an arbitrarily small amount we may
achieve that the extreme points of hy(x) partition (0, 1) into subintervals shorter
than s. It is enough to prove the assertion for this case. If 0=<x =<s and x is an
extreme point, then we have
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hy(x) = :lelg (Qo(A) - Q(A)=H,.
Q(A)=x

Because of the concavity, for any x we may select an x' > x — s > x/2 which is
extreme. Now, by the concavity,

ho(x) = (x/x)ho(x') = 2hy(x')<2H, .
Similarly, for an extreme point x in (1 —s, 1), we have

h(x)= sup (Qu(A) = Q(A)= sup  (Qu(B)~ Q(DB))

0(A)== 0(8)=1-x
= sup (Q(B)— Q,(B))=H,.
BeA
0(B)=1-x

and if this x is not an extreme point, we still have hy(x) <2H,. Since for fixed x
and k increasing,

sup (Q.(4) - 2(A4))
Ql?z‘ie)‘znr

is nonincreasing, the above inequalities remain valid for k>0 as well. Hence
(1.5) is trivial for 0=x<sand for 1 —s=x=1.
Next we show that for every s=x =1 -3y,

2H
hy(x)=<2H, + S’ X—5. (1.6)

Let s, be the largest extreme point <s. By the concavity of h(x),

hy(s) < ho(sy) - H,
s s (s12)°

Hence we have for every s =x =1 that

2H 2H
S‘(x—s)52H3+ s‘

X—3S.

5

h 2H
ho(x)s——os(i)xsT‘st +

Similarly, we have for 0=x=<1
H,
ho(x)=H, + 3 Vli-s-x.

So by Theorem 1.4,

H, 1 _,\* . H 1 _,\F
hk(x)sH,+T 1—§<I>, mm{\/x—s,VI—s—x}<Hs+T‘(1—§<I>:) .
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D. A Central Limit Theorem

We prove a simple Central Limit Theorem for time-reversible Markov chains. It is
quite possible that this can be extended to all Markov chains by methods similar
to those in the previous chapter; but currently our proof makes use of time
reversibility, mainly through Lemma 1.1.

We need a lemma that may be viewed as a spectral result about the operator
M. For finite Markov chains, several of the first results establishing the rapid
mixing property used the spectrum of the matrix M. Some of these techniques
extend to the infinite case without any difficulty.

Lemma 1.7. Let M be a time-reversible Markov scheme with conductance .
Then for every function f € L* with E(f)=0, we have

D%\ o
cromp)=(1- ).
Proof. We adapt the proof in [43]. We use the identity (1.3). Choose a real

number r such that Q({x: f(x)>r})=1/2 and Q({x: fix)<r})=1/2. Let
g(x) = max{ f(x) — r, 0}. Replacing f by —f if necessary, we may assume that

£ d0m =5 [ (f0) =1 o) =3 NI+ 5 =3 AP

Let A(r) = {x € Q: g°(x) > t}. Then we have

| [1g@-gmlamaom=2] [, . (50~ ap,w d)

(g%y»
=2 f Lzm P,(A(1)) di dQ(y) =2 f fw(,) P,(A(t)) dQ(y) dt
22<DJ0 Q(A(1)) dt =20 L gz(x) dx =2¢||g||2,

since by the choice of r, Q(A(1)) =1/2 if t =0. On the other hand, we have by
Cauchy—Schwarz,

L o |g°(x) — &°(y)| dP,(x) dO(y)

1/2

=([ [ s - g an,ydon) ([ [ (800 + 80" a0 do(»)

Here the second factor is easily estimated:
( L L (g(x) + g())* dP,(x) dO( y))
172
= (L fn 2(g°(x) + g°(»)) dP,(x) dQ( y))

o[ gas) =2lel
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So
J'n L (8(x) — g())* dP,(x) dO(y)

=([ [ 180 - g0l e ao) /] [ (e + a0 ap,x) oy
= 407 g2l glI* =207l gl = @71 1|

Hence

[ | s =1y apo) do) = [ [ (s - 2)* ap, () d0()
=7 £,

which proves the lemma by (1.3).

Corollary 1.8. Let M be a time-reversible Markov scheme with conductance ®.
Then for every function f € L* with E(f)=0, we have

gn=(1- L) s,

Proof. Let M denote the restriction of M to the invariant subspace E(f)=0.
From Lemma 1.7 we get (see [41a]) that ||M|| <1 — ®?/2, and hence

2\ k
= la = (1-5-) .

Theorem 1.9. Let M be a time-reversible Markov scheme with stationary dis-
tribution Q, let w,,w,,... be a Mfzrkov chain generated by M with initial

distribution Q. Let FE L* and ¢ = > F(w,). Then

i=0

pY(¢)=< e L Fe.

Proof. We may assume that E(¢) = L F dQ =0. Then we have, by Lemmas 1.1
and 1.7,

D¥&)=E(£)= X EFW)Fw))= 2 E(F(w,)F(w_,)

0=i,j=T-1 0=i,j=T-1
-1 T-1

= T(F,F) + 2 2T - k){F, M*F) <2T 2 (F, M*F)

2

<1 3 (o =ar S (1-5) e =40 e .
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E. The Metropolis Filter

We conclude this section by describing a version of the Metropolis algorithm [37],
which can be used to modify a given time-reversible Markov scheme so as to
achieve a given stationary distribution. The use of this method in volume
computations was initiated by Applegate and Kannan.

Consider a time-reversible Markov scheme # on the o-algebra (Q, &), and let
F: Q— R be a non-negative measurable function. Assume that the integral

F=andQ

is finite. Recall that we denote by u, the measure with density function F, i.e.,

wr($) = [ Feo) 0o

for every measurable set S. Clearly Q, = (1/F)u, is a probability distribution on
Q, o).

We generate a Markov chain (w,, w,, . . .) of elements of  as follows. Given
w,, we generate a random element u from the distribution P, . If F(u) = F(w,),
we let w,,, =u. If F(u)<F(w,), then we “flip a biased coin” with heads
probability F(u)/F(w,). If we see head, we move to w,,, =u. Else, we let
W, .1 = w,. Note the simple but very important property of this method that we
do not use the density function F/F of the desired limit distribution, but only the
ratios F(u)/F(v).

The transition probabilities of this new Markov scheme are given by

PL(A) = J minl1. 753} ap.0. ifuga,

fmm{l FE ;}dP()+l(u) ifue A,

where

Hu) = fﬂ max{O,l— FEU;} dP,(v)

is the probability that we had to stay because the coin tossing came out wrong.
We call this new Markov scheme #/F the filtering of M by F.

Lemma 1.10. If M is time-reversible, then the Markov scheme M/F is also
time-reversible with stationary distribution Q.

Proof. By our remark after the definition of ergodic flow, it suffices to verify
that for any two disjoint measurable sets A and B, we have

[, P®) a0, = [, PECa) a0,
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Substituting for P, and Q,, this is equivalent to

[, ], min{1. 52} ap.0) B2 ag) - [, | min{1, £2} ap, () B2 a0,

or
1 . B _1_ )

7 ], [, min(F@), FO)) ap.) d0G) = 1 [, |, mingF, £y} dP(0) dowo).
This equality follows from the assumption that # is time-reversible. ]

Remark. For us, the important property of #/F will be that Q, is stationary.
This is only true if the original Markov scheme  is time-reversible (the
time-reversibility of #/F is a convenient, but not crucial, side benefit). There are
many other ways to generate a Markov chain with given stationary distribution
Qr (from the known Markov chain ), but the Metropolis filter is in a sense
optimal because it has the largest conductance.

2. LOG-CONCAVE FUNCTIONS AND ISOPERIMETRIC INEQUALITIES

A. Log-concave Functions

We collect some known facts about convex bodies and log-concave functions.

Definition. (Log-concave function.) A function f: R"—> R, is log-concave if it
satisfies, for all x, yER" and 0< A< 1,

fax+ (1= 0y)=fx)'f(»".

Equivalently, a (non-negative) function is log-concave if its support K= {x €
R": f(x) >0} is convex, and log f is a concave function on K.

Every non-negative function that is concave over a convex domain is log-
concave (we define its value to be 0 outside the original domain). In particular,
the characteristic function of a convex body is log-concave. Log-concave functions
include many density functions important in statistics, e.g., e ~ and e

It is obvious that the product and the minimum of two log-concave functions is
log-concave (not their sum!). The following fact (see Dinghas [13] and Prékopa
[40], [41]) is much less obvious:

Lemma 2.1. The convolution h(x) = J’nn g(u)f(x — u) du of two log-concave func-
tions (assuming that it is well-defined) is log-concave. L]

If F is a nonnegative integrable function on R”", then we denote by u, the
measure with density function F, i.e.,

uel4) = [ Fo) s
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Applying Lemma 2.1 with g chosen to be the characteristic function of the convex
body — K, we obtain the following Brunn—Minkowski type theorem:

Corollary 2.2. Let KCR" be a convex body and F:R"—> R, a log-concave
function. Then u(x + K) is a log-concave function of x. m

Specializing further, we obtain

Corollary 2.3. Let K and K' be two convex bodies and t > 0. If the set {x ER":
vol((K' + x) N K) > t} has an interior point, then it is a convex body. In particular,
the set K, = {x € K: vol((x + K)N K)=(1—-5) vol(K)} is a convex body for any
O0<s<l1. (]

Another consequence of Lemma 2.1 we shall need is the following, which we
obtain by choosing K in Corollary 2.2, a rectangle aligned with the axes having
edges of length € in k directions and 1/e in the remaining directions, and then
letting e — 0.

Corollary 2.4. If F: R"—> R, is a log-concave function with finite integral, then

or any subset {x,,...,x,} of variables, | ---| Fdx,---dx, is a log-concave
y 1 A ® R 1 K g
function of the remaining variables. =

B. Isoperimetric Inequalities for Log-concave Functions

The following general lemma is a refinement of the bisection method of [34] (a
method similar to that of [34] was used by Payne and Weinberger [39]).

Lemma 2.5, (Localization lemma) Let g and h be upper semi-continuous Lebesgue
integrable functions on R" such that

Ln g(x)dx>0 and Ln h(x) dx>0.

Then there exist two points a, b ER" and a linear function I: [0, 11— R, such that
1 1
L ()" 'g((1-t)a+th)dt>0 and L ()" 'h((1— t)a + th) dt>0.

We may formulate the conclusion informally, in a more transparent way, as
follows: if both g and A have positive integrals, then there exists an infinitesimally
narrow truncated cone such that the restrictions of g and h to this body have
positive integrals. It is easy to show that we could not further restrict the family of
these test bodies; cones or cylinders would not be enough.

Proof. We may assume that g and h are continuous: In fact, they arise as limits
of monotone (strictly) increasing sequences of integrable continuous functions
g.—~ g and h,— h, and we have
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lim an &= Rng>0’

k—oo

so for k large enough, we have fw g, >0, and similarly fnn h, > 0. If we know the

validity of the lemma for continuous functions, then it follows that there exist two
points a, b €R" and a nonnegative linear function / such that

1 1
L ()" 'g((1—a+th)dt>0 and L ()" 'h((1 — )a+ th) dt >0,
and then
1 1
L ()" 'g((1—t)a+tb)dt=0 and L () 'h((1—t)a+th) dt=0.

Note that it is enough to know that the conclusion holds with =0 instead of >0.
Indeed, if we know the result with =0, then we can applyittog—aand 2 —a in
place of g and A, where a is an everywhere positive continuous function with a
small integral, which implies strict inequality for the original functions.

Claim 1. There exists a sequence of convex bodies K, D K, D K,, . .. such that
L_ g(x)dx>0 and fK_ h(x)dx >0, (2.1)

and K = ﬂ,. K, is a point or a segment.

For K, we may choose any sufficiently large ball. Given K;, we choose a
halfspace H such that

gwde=1 | gax.
jK,nH 2 .[K,

Let us call the boundary hyperplane of such a halfspace bisecting. Replacing H by
the complementary halfspace if necessary, we may assume that

L'nH h(x)dx>0.

Thus K,,, = K, N H will satisfy (2.1). What we have to show is that we can
choose H so that the K shrink to a 0-dimensional or 1-dimensional body. To this
end, let us remark that given any (n — 2)-dimensional affine subspace A, there is
at least one bisecting hyperplane containing it. This follows by a trivial continuity
argument, obtained by rotating the hyperplane about A.

Let A,, A,,... be all (n—2)-dimensional affine subspaces with rational
coordinates, ordered in a single sequence. Let K, , be obtained from K; by
cutting in into two by a bisecting hyperplane P, through A;, and choosing the
appropriate half.

We show that K=[),K, is at most 1-dimensional. Assume that it has
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dimension at least two, then its projection onto one of the planes spanned by two
coordinate axes (say axes 1 and 2) is still 2-dimensional, and so has a rational
interior point (r,, r,). The affine subspace defined by x, = r,, x, = r, is one of the
A;; but then P, properly partitions K, and so also K, ,, which contradicts the
construction.

If K is a single point a, then it follows from the continuity of g and 4 that
g(a) =0 and h(a) =0, and so the conclusion holds for b = 2 and I=1. So assume
that K is a proper segment, and let a and b denote the endpoints of K.

Claim 2. There exists a concave function ¢ : [0,1]— R, , not identically zero,
such that

fol v()" 'g(1-a + th) dt =0,
(2.2)

1
L ¥(0)" 'h((1 — t)a + tb) dt =0 .
Without loss of generality, a =0, b =e,. Consider an i = i,. Set

Z,={x€R":x,=1t}
and

_ (Yol (KN Z)\"' D)
vi() = ( vol(K,) )

Let a; and B; denote the minimum and maximum of x, over K;. Clearly o, <0 and
B; = 1; moreover, o;—0 and B;—1 as i— ®. The function ¢, is concave on the
interval {a;, B;] by the Brunn-Minkowski Theorem.

We can select a subsequence of the indices i for which y,(f) converges to a limit
(1) for every 0=t =1. (This is a version of the Blaschke Principle; alternatively,
we can notice that the functions ¢, are uniformly equicontinuous in every interval
[s, 7] with 0<s<t<1, and hence the Arzela—Ascoli Lemma implies that the
sequence has a pointwise convergent subsequence.) Obviously, the limit function
¥ is also non-negative, concave, and

1
fo Y@O)" tdt=1.
Now we have (with x = (¢, y), tER, yER"™)

Bi B; 1 ]
Josar=[[ L snwa-[[G—drr | sena

X vol(K,)¢,(1)" " dt,

and hence

volzKi) J’K,- 8(x) dx = J:i [m KNz, 8t y) dy]"’i(’)n-l dt.
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Tllle left-hand side is non-negative, while the right-hand side tends to

, g(t,0)¢(t)"~" dt. So this integral is non-negative. The same argument applies

to h. This proves the claim.
To conclude the proof, we choose a, b € K so that for an appropriate not
identically zero concave function ¢ =0, (2.2) is satisfied, and

(i) |a — b} is minimal.
We may assume again that a =0 and b = e¢,. We may also assume that ¢ is
continuous (it could only have discontinuities at 0 or 1). If ¢ is linear, we
are done, so suppose that i is not linear. Let 0 < a < 8 <1 be chosen so
that

(ii) ¢ is linear on the interval [a, B] and B — « is maximum [subject to (i)].

It follows by a standard compactness arguments that such a pair of points and
function ¢ exist. Define

£(x) =g(p(x)e;) and h(x)=h(p(x)e,),
where p(x) is the first coordinate of x. For every convex body L, let
Y (t) =vol(LN Z)"""V.
Also consider the convex body K’ defined by
O0=x,=1, x,...,x,20, x,+--+x,<¢(x,).

(In other words, we consider for every 0<r=<1 the (n — 1)-dimensional simplex
S, spanned by the points te,, te, + Y(t)e,, . .., te, + Y(t)e,. The union of these
simplices is a convex body K'.) Then

1
L, 8(x) dx = (n_—ll_)' L ()" 'g(te,) dt =0,

and similarly

L, h(x) dx =0.

By (i), one of these integrals is 0; we may assume without loss of generality that

L, g(x) dx=0.

Consider two real numbers 0 < o <1 and 7>0, and the (n — 2)-dimensional
affine subspace A defined by the equations x;, = o and x, +--- + x, = 7. Assume
that A intersects the interior of K'. Then there is a hyperplane H through A that
splits K’ into two convex bodies L, and L, such that
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| emax=] swax=o.
A A
We may assume that the notation is chosen so that
f h(x) dx=0.
Ly
Then

L, must intersect both Z, and Z, ; (*)

else, y,  satisfies (2.2) and violates (i). There will be two different possibilities:
either L, “faces down” (it contains the point (1/2)e,) or it “faces up”. Condition
(*) implies that H cannot be orthogonal to the x,-axis, and hence (using that it
contains an (n — 2)-dimensional subspace A of a special form) it can be defined by
an equation x, + -+ -+ x, = I(x;) where [ is a linear function. If L, faces down,
then (*) implies that /(0), /(1) =0 and

b, (1) = min{g(), 1)} . (2.3)

We are going to show that choosing A appropriately, we get a contradiction at
either (i) or (ii). We distinguish three cases according to whether both ¢(0) =
(1) =0 or one of them, say ¢(0) =0 but (1) >0 or both ¢(0), ¥(1)>0.

Case 1. ¢(0) = ¢(1) =0. Consider the affine subspace A defined by x, =1/2 and
x, +--++x, =7 Then L, cannot face up by (*). It follows from /(0), /(1) =0 and
[(1/2) = 7 that I(¢) tends to 0 uniformly on [0, 1] if r— 0, and so (2.3) implies that
Y, , is linear on an interval whose length tends to 1, contradicting (ii).

Case 2. y(0)=0 and (1) >0 (say). Consider the affine subspace A defined by
x,=oand x,+---+x, =17, where r=y(1)o. If L, faces up, then (*) implies
that I(¢) = (1) and so considering ¢, , we get a contradiction by Case 1 (since
Y, , vanishes at both ends). So assume that L , faces down. Then (*) implies that
0< I(1) = (1) and so (2.3) implies that ¢, is lmear in the interval [ o, 1], which is
longer than B — a if o is small enough.

Case 3. ¢(0), ¢(1)>0. Consider all continuous convex (!) functions
7n:[0,1]—= R, such that 0=7(0)=< ¢(0) and 0=<mn(1) = (1), and the convex
body K, defined by

O=x,=1, x,,...,x,20,
nx)=x,+--+x, =¢(x,)

satisfies

fKn g(x)dx=0, and jxnﬁ(x)dxzo,
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1
Choose an 7 for which L 7(t) dt is maximal. If n(0) = (0) or n(1) = (1), then
considering

l/’xﬂ=‘/’—77

we get a contradiction by either Case 1 or Case 2. (IIIK', itself does not necessarily

contradict to (i) and (ii) but in both cases we obtained linear parts of length
almost 1.) So assume that 7(0) < ¢(0) and 7(1) < ¢(1).

Let (o, ) denote the intersection point of the segments connecting (0, n(0)) to
(1, ¥(1)) and (0, ¥(0)) to (1,n(1)), and consider a hyperplane H through the
affine subspace defined by x, = a, x, + -+ x, = 7, which cuts K_ into parts M
and M’ for which

fM g(x) dx = IM, g(x)dx=0.
Note that by the choice of (o, 7), either both M and M’ intersect Z, and Z, or

none of them does; but the latter case is ruled out by (¥). Let M face up and M’
face down. Then M = K, and so by the maximality of %, we must have

jM h(x) dx <0,
But the K'\M is a truncated cone and we have

[ g0 =, sear-[ s ax=o,

and

= - >

L,\M h(x) dx L' h(x) dx fM h(x) dx>0,

which contradicts (ii). L]
As an application, we derive the following isoperimetric inequality, which is a

slight extension of the inequality by Dyer and Frieze [16] (which, in turn, is a

slight extension of the inequality by Applegate and Kannan [4]).

Theorem 2.6. Let K CR" be a convex body, 0<t<1, and K, UK, UK, be a

partition of K into three measurable sets such that for any two points a, b € K, the

distance of K, N [a, b] and K, N [a, b] is at least t|a — b|. Then for any log-concave
function F with support K,

pr(K5) = T min{ (K, 1e(Ky))

(This theorem is tight when F=1 and X is a cylinder.)



384 LOVASZ AND SIMONOVITS

Proof. Assume, by way of contradiction, that

ke(K;) < 1_2_t_t min{p.(K,), ne(K,)} .

We may assume that K, and K, are open (we can delete the boundary of K and
enlarge K, and K, slightly to open sets so that both the assumptions and the
indirect hypothesis remain true).

Let
F(x), ifxeK,,
glx)= —12——ttF(x), fxeK;,
0, otherwise ,
and
F(x), ifxeK,,
h(x) = —%F(x), ifxek,,
0, otherwise ,

Then, by the indirect hypothesis,
fm g(x)dx>0, and fm h(x) dx>0.

Thus by Lemma 2.5, there exist two points a4, b ER" and a linear function
[:[0,1]— R, such that

Ll ()" 'g((1 — u)a+ ub) du>0 and J: I(u)" 'h((1 — w)a + ub) du>0.
(2.4

H={u(l-wa+ubEK},
and
G(u) = l(u)" 'F((1 — u)a + ub) .

Then (2.4) can be written as
J'G du< 2 'fc(u)du
wy GO du< 7 min | '

Let p,; be the measure on [0, 1] with density function G.
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Claim. For 0=s<s+t=<1 we have

(s, s + ) = o min{u([0, ), o(ls +1,11)

(Note that if we were content with the coefficient ¢ instead of 2¢/(1 — ¢), then
the claim would be trivial, and in fact at this point we would only have to use that
the function G is unimodal.)

We may assume that G(«) = ¢ for some constant ¢ > 0. To see this, note that
there are constants c, >0 and ¢ such that G(s) = c,e™ and G(s + t) = c,e”“*". By
the log-concavity of G, we have G(u) = c e™ for s<u<s+t and G(u) < c,e™
otherwise. Thus it suffices to prove the claim for G(u) = c,e“. Obviously, we may
assume that ¢, = 1. If ¢ =0 then the assertion is obvious, so we may assume that
¢ #0 and (without loss of generality) that ¢ >0. Thus we want to show that

2t
ec(s+l) _ ecs > T mln{ecs _ 1’ ec _ ec(s+l)} .

c(s+1)

One can easily see that the worst case is when e —1=¢°—¢ , i.e., when

5= 1+e°
1+’

in which case we want to show that

a g 1te 2t (1+ec_)
(e 1)1+e“21—t 1+ e 1

Introducing x = ¢ and A = 1/t we get
A-D*'—-A+Dx*+(A+Dx—(A-1)=0.

We have x>1 and A>1. Moreover, the function f(x) on the left-hand side
satisfies f(1) = f'(1) = f"(1) =0 and

F'O=(QA+DAA-DE"=x""H=0

for x =1, and therefore f(x) =0 for all x = 1. This proves the claim.

The claim proves the assertion for the (intuitively worst) case when H, consists
of a single interval. In the general case, one could easily simplify H, until it
consists of one or two intervals and treat this case directly. To give an argument
that is easier to describe, for each maximal interval I = (a, b) contained in H, and
of length at least ¢ we color the interval [0, a] red if us([0, a]) < ug([b,1]);
otherwise, color the interval [b, 1] red. By the claim, each interval [ introduces a
red set with u;-measure at most (1 —¢)/(2t)ug([I]). So the whole red set will
have measure at most (1 —#)/(20) u;(H,).

It suffices to show that either H, or H, is totally red. Suppose not, then the
uncolored set U intersects both H, and H,. By our construction, U is an open
interval. By the assumption that the distance of H, and H, is at least ¢, U N H,
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contains an interval of length at least ¢. But then there is an adjacent red
interval—a contradiction. L]

Corollary 2.7. Let KCR" be a convex set, 0<t<1, and K,UK,UK,, a

partition of K into three measurable sets such that for any two points a, b € K, the
distance of K, N [a, b] and K, N [a, b) is at least t|a — b|. Then

vol(K,) = li_’; min{vol(K,), vol(K,)} .

In particular, if (in any norm) K has diameter d and the distance of K, and K, is at
least 1, then

2
vol(K;) = 71 min{vol(K,), vol(K,)} .

The Localization Lemma has several applications in convex geometry; for
example, it gives a simple proof of Lemma 2.1, and implies Brunn—Minkowski
type results for balls and other bodies. There will be treated in detail elsewhere;
here we formulate one consequence, which will be handy in our volume algo-
rithm.

Theorem 2.8. Let F be a log-concave function on R”, and let

J'R"\B F(x) dx =0 J;,, F(x) dx .

Then for every u=1,

(u+1)/2
fWB F(x)dx=<# fm F(x) dx .

Proof. Assume that

(u+1)/2

Similarly, as in the proof of Theorem 2.6, it follows from Lemma 2.5 that there
exist two points a, b €R" and a linear function /: [0, 1]— R, such that, setting

G(t)=1(t)""'F(1 - Ha + tb) ,
H ={t0=t=1,(1-t)a+th€B}, H,={:0=<t=<1,(1—-t)a+thE uB\B},

H,=[0,1NH\H, ,
we have

Lzu,,] G(r)dt=9 L 1 G(t) dt , (2.5)

and
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fH G(t) dt > g“*"? L 1 G(t) dt . (2.6)

Clearly G is log-concave, H, is an interval, and H, and H, consist of one or two
intervals.

We may assume that 0 € H, (i.e., a € B); otherwise we may choose a point
s € H, such that

f[ . G(t) dt _ L G(t) dt

J’[s,l]ny1 G(e) dt Ll G(¢) dt

Then we can replace {a, b] by either [a, (1 — s)a + sb] or [(1 — s)a + sb, b]. So let

+1
H, =0, a], H,=[a, B] and H,=[B, 1]. It follows easily that 8 = d a.
We can choose ¢,, ¢ >0 so that
L G(t) dt =L coe “dt, 2.7
and
1 ©
L G(t) dt = J’ﬂ ce “dt. 2.8)

Then we have G(t) = c,e” for all @ <t =< 8; otherwise, it would follow from the
log-concavity of G that G(f) <cye “ either for all 0<t=<aor forall B=t=<1,
contradicting the choice of ¢, and ¢. So, by (2.7) and (2.8),

1 00
J;G(t)dtZJ; coe <. (2.9)

But then by (2.5) we have

o 1
] coe < dt J’ G(¢) dt
—ca < [

© 1
-ct
J:) coe ' dt J; G(t) dt

<9,

and so, by (2.9),

1 o
L G(t) dr 3 [B coe “dt

- = e-cB Se—ca(u+l)/250(u+1)/2 ,
f G(t) dt f coe S dt
0 0
contradicting (2.6). "

As a special case we obtain
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Corollary 2.9. Let K be a convex body in R" and let 8 = vol(K\B) /vol(K). Then
vol(K\uB) < 8“2 yol(K). -

For this special case, the bound in Corollary 2.9 could be improved to
A-Q1—-6"")u+1)/2)" if 1—0"")(u+1)/2<1 and 0 otherwise. We shall
only need a simpler version of the last assertion, to which we give a simple proof.

Lemma 2.10. Let K be a convex body in R" and let 6 = vol(K\B) /vol(K). Then

2n

Kei%

B.

Proof. Let x be a point in K farthest from the origin, and let R = |x|. Replacing
K by conv((K N B) U {x}) we decrease 8, and therefore decrease 2n/(1— 6). So
we may assume that K =conv((K N B)U {x}). Blowing up K\B from x by a
factor of (R +1)/(R —1), we get a set containing K. Thus

vol(K) < (%)n vol(K\B) < o(%)" vol(K) .

Hence

1< 2n

2
RSW— 1-6°

We conclude this section with one more lemma of similar type.

Lemma 2.11. Let O=t=<1. If vol(K\(x+K))=(1/2)vol(K), then
vol(K\(tx + K)) = (7t/10) vol(K).

Proof. Consider the function defined for u € [0, 1] by

_ vol(K N (ux + K))
() = —0K)

By Corollary 2.2,  is log-concave. Moreover, (0) =1 and (1) = 1/2. Hence we
have

el 1Y > 7_1

vol(K\(tx + K)) = (1-27") vol(K) < % vol(K) . [

3. RANDOM WALKS AND SAMPLING IN CONVEX BODIES

A. Random Walks with G-steps

In Section 2 we analyzed general Markov chains, i.e., random walks in abstract
measure spaces. Now we turn to the special case when the underlying domain is
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R" (or a convex body), and the step is chosen uniformly from the unit ball about
the current point. For the time being, we allow an arbitrary norm, but for the
algorithmic applications we only need the case of a euclidean ball.

Let G be a centrally symmetric convex body in R", with its center at the origin,
and K, any convex body. We generate a Markov chain of points in K as follows.
Let v, be drawn from some initial distribution on K. Given v,, we flip a coin and
if it is heads, we let v, , =v,. Otherwise, we generate a vector u from the
uniform distribution on G, and consider v, +u. If v, + u €K, we let v, , =
v, + u, otherwise we let v,,., =v,. We call this the lazy random walk in K with
G-steps. 1t is straightforward to see that this is a time-reversible Markov scheme
M(K, G) and the uniform distribution on K is stationary.

We shall analyze, more generally, a filtered version of this random walk. Let F

be a nonnegative log-concave function on K, and let f‘_= KF(x) dx. Let pug
denote the measure with density function F and Q = (1/F)u,. Specializing the

definition of the Metropolis F-filtering for this case, we have, for any measurable
set A with x € A,

-1 F(y)
P(4)= 2vol(G) Ji=+6)na min { > F(x )}
1 . 1
= Tvol(O) Yol(G) Jeroyna mln{m , F@} dus(y) . 3.1
and
P,(x)= % B TPSTTen voi( 5 f e max{o, 1- F((y)) } dy (3.2)

By Lemma 1.10, the measure Q. is stationary for our Markov scheme. Also note
that this Markov scheme is lazy.

Our main goal is to estimate the mixing rate of the F-filtered lazy random walk
with G-steps. By the results of Section 2, it suffices to estimate its conductance.
Our main result in this section asserts that the conductance of this Markov scheme
is determined in a sense by its local conductance.

Recall that we denote by H, the set of points x € R" such that we have a chance
of less than ¢ of making a step from x (where 0<¢=<1/2), i.e.,

LG min{ F(x), F(y)} dy <2tF(x) vol(G) .

We have noticed that setting s = Q. (H,)/2, the s-conductance is at most 2t.

The main theorem of this section asserts that if the local conductance is large
and the “diameter” of K is small, then the (global) conductance is large. Here the
“diameter” of K is measured by 1/6, where 6 is the largest number such that for
all x, ye K,

vol(GN(@B(x—y)+ G))= % vol(G) .

Then 1/0 is indeed the diameter in the norm whose unit ball is
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{x:vol(GN(x+ G))=vol(G)/2}.

If G = B is the euclidean ball, then Lemma 0.1 implies that 6 is asymptotically
c/(vnd), where d is the euclidean diameter of K and ¢ =1.4825. . ..

Theorem 3.2. Let 0<t=<1/2, 0<0<1 and s= Q (H,). Assume that for all
x, yEK,

vol(GN@B(x—y)+G)) = % vol(G) .

1
Then the Z—t;-conductance of the Markov scheme M(K, G)/F is at least 7 6.

Proof. Translating into more elementary terms, we want to prove the following.
Consider a splitting of K into two measurable sets S, and S,. Then

Il; Ll L2ﬁ(x+(;) min{F(x), F(y)} dy dx

0 vol(G) . 2 2
= 200900 o050 - 2 0usn - 2.

2 L
Of course, we may assume that Q.(S;) > t_; for i =1, 2, or else the assertion is
obvious. Note that vol(G) min{Q(S,), O(S,)} is a trivial upper bound on

left-hand side.
Let, fori=1,2,

S = {x ES;: p(x+GYNS,_ )= % vol(G)F(x)} )

S§T=S\S\H,,
and

S, =SUS;UH,.
The key observation in the proof is the following.
Claim. If x, € S| and x, € S}, then vol((x, + G)\(x, + G)) > % vol(G).
Assume (by way of contradiction) that
vol((x, + G\(x, + G)) = % vol(G) . (3.3)

Note that (3.3) is symmetric in x, and x,. So we may assume that F(x,) < F(x,).
Let G, = x; + G. Since x, & H,, we have

J’G min{ F(x,), F(y)} dy =2tF(x,) vol(G) . 3.4)
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Moreover, (3.3) implies that
[ min(FCe), F(y) dy =3 Fe) vol(G) (3.5)
GGy 3
Subtracting (3.5) from (3.4), we obtain
. 4¢
LlnGz min{F(x,), F(y)} dy = 3 Fx,) vol(G) . (3.6)
Since x, Z'S;, we have

[} s, min{FGE), O} dy < 5 FGa)v0l(G)

and hence

lenGzﬂsl min{F(x,), F(y)} dy < F(xz) vol(G) . 3.7
Subtracting (3.7) from (3.6), we obtain

fG,nGzns min{F(x,), F(y)} dy> F(xz)vol(G).
Using the trivial inequality

min{F(ey), F()) = e m

we derive that

J'G NG,NS, min{F(x,), F(y)} dy > F(x1) vol(G),
and hence
L s, min{F(x,), F(y)} dy S F(x1) vol(G) .

But this inequality says that x; € §], a contradiction. This proves the claim.
We can rephrase the claim as follows: If x; € §] and x, € S; then

vol(G\((x, — x;) + G)) > % vol(G) .
Hence Lemma 2.11 implies that for all x, € S7 and x, € 57,
2 xye6))>
vol(G\( 20r (x;—x,)+G)|> 3 vol(G) .

Consider any a, b € K such that S} N[a, b] and S, N [a, b] are nonempty, and
let p|b — a| be the distance of these sets. Then by the above, vol(G\((21/20¢)



392 LOVASZ AND SIMONOVITS

plb —a| + G))>(1/2) vol(G). On the other hand, by the definition of 6,
vol(G\(6|b — a| + G)) = (1/2) vol(G). Hence p > (20/21)19.
So we can apply Theorem 2.6 to get that

40 s " ”
re(S;) > 271 10 min{ u(SY), up(S3)} .

This is equivalent to

40
0r(85)> 21 0 min{Q(57), Q(S3)} .
Here

0H(S) = 0H(S) ~ 0H(S) = Q4(H) = 0,(5) ~ O4(S:) =
and so
(1+ 2 ) 0,(5) = 32 B min{Q(S,) ~ 5, 04(5;) ~ s} .
Since 8 <1/2, this implies that
04(5,)= 37 B min{Q,(5,)— 5, 04(S;) — 5}

To complete the proof, we estimate the conductance as follows.

%LJSZ min{ F(x), F(y)} dyﬂz%LiJsz min{ F(x), F(x)} dy dx

y€x+G yEX+G
1 2t
= ; 5 — vol(G) dx = — F(x) vol(G)Q,(Sy) -

Similarly,

1 ] 2t

= min{ F(x), F(x)} dy dx = — vol(G) Q.(S;) ,

FJsit s 3

YEX+G

and hence

L[], mintE@, F0) dy dez £ vol(6)04(S;U 53 = § vol(G) 0H(S\H))

YEX+G

vol(G)Y(Qx(S5) —s) = 123 %6 vol(G)

W~

X (min{Qp(Sl) =5, Qp(S,) — s}~ S_t)

h)

=2 Povol(G) min{ 0,5 - 2, 0,(5,) - Z}. .
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Remark. The fact that we estimate the 2s/(#8)-conductance is certainly not best
possible. Under some additional constraints, e.g., if F is a constant, the same
lower bound holds for the s-conductance. Since we don’t need this improvement
(in fact, we only use the case s = 0), we don’t discuss these versions of Theorem
3.2 in this article.

Corollary 3.3. If the local conductance of M(K, G)/F is at least t at each point,
then its conductance is at least t°9/7.

The following Lipschitz type condition gives an easy way to handle the local
conductance of the filtered Markov scheme:

Corollary 3.4. If F(u) = t, F(v) whenever u - v € G, and the local conductance of
M(K, G) is at least t, at each point, then the conductance of M(K, G)/F is at least
(t,2,)°0/7.

B. Sampling from a Convex Body

Generating an approximately uniformly distributed point in a convex body K is
not only the crucial step in the algorithm of Dyer, Frieze, and Kannan, but an
important algorithmic question in statistics, optimization, simulation, and other
fields; cf. Smith [42], Berbie et al. [6], McGeoch and Hoogs [36]. In this article we
need a modified version, sampling from a non-uniform distribution on a ball. But
we shall also make use of the uniform case to test whether one convex body is
(approximately) contained in another. In fact, uniform sampling from a general
convex body can be reduced to nonuniform sampling from a ball, as we are going
to show.

We generate this random point by using a random walk with B-steps. One
could of course use any other centrally symmetric convex body G, provided one
has an easy way of generating a random point from the uniform distribution over
G. This would allow cubes, cross-polytopes, and others (and in fact the cube
would perhaps be the most attractive from the programming point of view). The
only reason why we choose the euclidean ball is that it is this case in which we can
guarantee the best value of 6 in Theorem 3.2.

A random point in the euclidean ball can be generated, for example, as
follows. Let &,,..., &, be independent random variables from a standardized
normal distribution, and let 7 be uniformly distributed in [0, 1]. Let p, =7'""¢,/

E1+---+ &2, then vy=(u,, . .., u,) is uniformly distributed over B.

The idea is contained in the following lemmas. Let K be a convex body
containing the origin in the interior and x € R". We denote by ¢(x) = ¢ (x) the
least nonnegative number ¢ for which x € tK. (If K is centrally symmetric, this is
just the norm determined by K.) We set F(x) = F,(x) = e *®. Thus 0< F(x) =1.

Lemma 3.5.

vol(K) = % L" F(x) dx .
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Proof. Let H:R,—R be any function such that L h(e)t""! dt exists. To
evaluate

| meen ax

we partition the space into layers S, = {x: t < ¢(x) = ¢ + dt}. The measure of such
a layer is

(t + dt)" vol(K) — ¢” vol(K) = nt"~" vol(K) dt .

Hence

L h(¢(x)) dx = n - vol(K) - ,L ) h(6)t"" dr . (3.8)

In particular, we have

Ln F(x) dx = n-vol(K)- L ) " le " dt = n!vol(K). "

(The fact that we obtain the factor 1/n! is nice but irrelevant: the point is that
if g is any function of ¢, then the integral of g over the space is the volume of K
times a constant that depends on n only. It would be perfectly sufficient to use a
good approximation of this constant.)

To generate a uniform distribution over K we shall introduce a function A(s)
mapping [0, =) onto [0, 1), and transforming the probability distribution Qinto a
uniform distribution over K. Put

As) = ((n - ! J:) et d‘)“n '

Lemma 3.6. If v is a random vector in R" with density function e”*”/(n — 1)},
then

Mo@) |

HO) = "4 w)

is uniformly distributed over K.

Proof. Set h(s) = =) e ’. The set sK is mapped by H onto the set A(s)K.

The probability of A(s)K in the uniform distribution is A"(s); the probability of sK
in the distribution Q,, is

L( h(¢(x)) dx = L: h(D)1" ' dr.

These two numbers are equal (that’s how A was chosen). Similar assertion holds
for the intersection of these sets with any fixed cone. This implies that H(v) is
uniform. u
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Alternatively, the lemma can be verified directly by calculating the Jacobian of
H. L]

Let K be a convex body and assume the following:

(A1) More than 2/3 of the volume of B is contained in K.

(A2) For some parameter 1<m =< n*? more than 2/3 of the volume of K is

contained in the convex body mB.

Let an error bound € >0 also be given.
The following algorithm generates a random point in K.

Sampling Algorithm. Set

qg=2mnlog(4/¢),
t=10""ng*(n log n + log(2/¢)) .

Starting from the uniform distribution over B, do a lazy random walk (v, . .., v,)
in ¢gB, with B-steps, filtered by F. Compute

w=H(@,).

Theorem 3.7. For every Lebesgue measurable set A C K, the random point w
computed by the Sampling Algorithm satisfies

vol(A)

Prob(H(v,) € A) - vol(K) €.

Moreover, it needs O(n’m?*log’(1/€)(n log n + log(1/€))) membership tests and
O(n*m* log?(1/€)(n log n + log(1/€))) arithmetic operations using numbers of
O(log n) bits.

We need some lemmas. Note that if follows from assumption (A1) and Lemma
0.1 that the ball (1/3)n""'> B is contained in K, and from assumption (A2) and
Lemma 2.10 that the ball 3nmB contains all of K. Hence

|x|/(3nm) < ¢(x) =3vh|x|. (3.9)

The first lemma enables us to restrict our attention to ¢B.

Lemma 3.8.
(1 - 2) vol(K) < % LB F(x) dx .

Proof. Let K=K N2mB, $(x) = ¢z(x) and F(x) = e **). Then clearly F(x)<
F(x). Applying (3.8) with
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e', if0=t=<2n,
h() = {0 ,  otherwise,
we obtain
2n 39
— e —t,n—1 7o -
nvol(K)J; et dt> m n! vol(K)
13
= !
=59 n!vol(K).
So

< — p!
L"\Zn . F(x)dx= 20 ™ vol(K) ,

and hence by Theorem 2.8,

)log(4/e)

F(x) dx < (-7—

€
! = n!
20 n.vol(K)<4 n!vol(K). m

J'R"\d log(l/e)nmB

We shall also need an estimate on the conductance of the random walk used in
the algorithm.

Lemma 3.9. If K satisfies (Al) and p=10vn, then the conductance of
M(pB, B)/F, is at least 1/(10000pv/n).

Proof. First we show that the local conductance of M(pB, B)/Fy is at least

1/25. Let x € pB. If y is a point chosen randomly from the uniform distribution

over x + B, then the probability that y & pB is less than 5/9, by the assumption

that p = 10v7. By (A1), the probability that y & x + K is at most 1/3; thus with

probability at least 1/9, we have y € pB N (x + K). Now for each such y, we have
yEx+ KCd(x)K+ K =(d(x) +1)K,

and hence ¢(y) = ¢(x)+1 and thus F(y)=(1/e)Fy(x). So the local conduct-

ance is at least 1/(9¢)>1/25.
Second, Lemma 0.1 shows that

0> ——

Thus the lemma follows by Corollary 3.3. =

Proof of Theorem 3.7. Let, for ACR",
0:(A)= L F(u) du/fm F(u) du ,

s =, R au/| | Fwau,
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and
Q,(A) ="Prob(v, € A).
Then for every ACK,
Prob(H(v,) € A) =Prob(v, € H™'(A)) = Q,(H '(A))

and by Lemmas 3.5 and 3.6,

vol(A) -
wol(8) = QHH A

Thus it suffices to show that for every Lebesque measurable U CR", we have

1Q,(U) - Q(U)|=¢.
By Lemma 3.8, we have

e w0 w(UNgB) _ we(U) _ pe(UNgB)

Cr(U) = CrU)= LRy ™ " ur(aB) ~ m(R) | (R
- n(U\gB)

MF(R")

<
- )

£l m

and similarly

0uU) - 0 Uy = 1rUNaB) _ nU) _ uUN4B) peUNgB)

rr(qB) re(R") ™ ue(qB) pe(R")
_ #(UNgB)pu (R"\gB) e
r(gB)pu (R") T4

On the other hand, we can estimate Q — Q, by Corollary 1.5:
1 t
104U) - W)l = VHI(1 - 5 97) |
Q.(4)
where M =su
P4 0(4)

Q,, namely to sets in B. The stationary distribution Q has a density function
which can be estimated on B (by (3.9)) from below by e >*u,(gB). Since Q,, is
uniform on B,

. Here we may restrict ourselves to sets in the support of

_o Q4 _ 1 e " _ 2nlvol(K) _ s,
M=sup ou@) = vol(B)/ wr(qB) e vol(B)

and by Lemma 3.9,

1

= 10000g v
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Hence

o)~ gyw)l=ne {17 7)< 3.

The running time estimate is straightforward, except perhaps for the precision,
whose discussion we omit here since it will be discussed in Section 4 in connection
with the volume algorithm. ]

Remark. The following algorithm to genecrate a random point in K is perhaps
more natural: Let v, be uniformly distributed over B. We do a lazy random walk

€ .
(vy, Uy, - - .) in K with G-steps, where G = 100m B (no filtering!), and stop after
t = O*(n*m?) steps. This algorithm achieves the same result, but the analysis is
more complicated since we have to use s-conductance instead of conductance.

4. A VOLUME ALGORITHM

A. Outline

Let K be a convex body in R", given by a separation oracle, together with two
numbers 7, R > 0 such that K is contained in the ball RB and it contains some ball
with radius r. In addition to K, the input to the algorithm consists of two numbers
0< 3, e <1, bounds on the error probability and relative error.

Our algorithm computes a (random) real number { such that with probability at
least 1 — §,

(1-¢€)vol(K)=¢=(1+¢)vol(K).

We may assume that €, § <1. The algorithm will be polynomial in |log R| +
llog r|, n, 1/€, and log(1/8).

The algorithm consists of a preliminary part and a main part. The preliminary
part transforms K by an affine transformation to a convex body A(K) so that the
following two conditions (also formulated in Section 2) are met:

(A1) More than 2/3 of the volume of B is contained in A(K).
(A2) For some parameter m € [1, n*'?], more than 2/3 of the volume of A(K)
is contained in the convex body mB.

The smaller m we can achieve, the faster the main part of our algorithm. We
can always achieve m = n'? deterministically, and m = n randomized, but for
special cases like centrally symmetric bodies, or polyhedra with a polynomial
number of facets, smaller values of m can be chosen, thereby reducing the
running time of the main part.

The second, main part computes the volume, based on the identity in Lemma
3.5. In this part we only need a membership oracle for the body.

We describe the algorithm in exact real arithmetic; we then show that rounding
does not introduce substantial errors.
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B. A Statistical Trick

It will be convenient not to have to worry about the error probability 8. The
following well-known trick (see Jerrum, Valiant, and Vazirani [24]) shows that it
suffices to solve the problem with 6 = 1/3. Assume that we have an algorithm that
computes a random variable ¢ that falls in the interval I=[(1— €)vol(K),
(1 + €) vol(K)], with probability at least 2/3. Let s=10log(1/8), and let us
compute 25 + 1 independent values of {, say {j, . .., {5, Let {; be the median
of them, i.e., the (s +1)-st of them when ordered increasingly. We claim that

Prob({, €)=1-6.

In fact, if the median is not in the interval I, then at least s + 1 of these 2s +1
values are outside /. But by Chernoff’s inequality [11] (see also Bollobas [7]), the
probability that out of 2s + 1 independent events, all having probability at most
1/3, more than half occur is at most e~ ¢"'¥ < 5.

C. Preliminary Part

We describe a deterministic and a randomized algorithm to achieve (Al) and
(A2) in the general case, and randomized algorithms for special classes of convex
bodies.

(1) A standard application of the ellipsoid method (see {22]) gives that we can
find an affine transformation A such that BC A(K)C n*’?B; such an affine
transformation A can be computed using O(n*(|log R| + |log r|)) operations with
numbers with O(n’(|log R| + |log r|)) digits. This way we have achieved m = n*'>.
This rounding was used in [17], [16], and [34]. For polyhedra given by explicit
linear inequalities, m = O(n) can be achieved by the same method.

To improve this result, we have to examine why we lose a factor of n''“ for
general convex bodies. Recall that the ellipsoid method maintains an ellipsoid E
that contains the body K. An ellipsoid step replaces E by another ellipsoid
containing K with smaller volume. For this, we use a cutting plane: a halfspace H
also containing K. If H does not contain the ellipsoid E/(2n) obtained from E by
shrinking it from its center by a factor of 2n, then one computes an ellipsoid
E’' D EN H D K with smaller. volume than E.

The crucial step in implementing this scheme is testing whether K contains
E/(2n) or, equivalently, whether an appropriate affine image A(K) contains the
unit ball B. Unfortunately, there is no polynomial-time test available for this (in
fact, the problem is exponentially hard, by the results of [5]). In [22] the following
approximation method was used: we test if the vectors xe; (i=1,..., n) belong
to A(K). If the answer is no, we know A(K) does not contain B, and have a
vector in B\A(K). If the answer is yes, we know that the ball n~"">B belongs to
A(K) (loosing the factor of n'’?).

(2) We could stop here having achieved (A1) and (A2) with m = n*'?; but this
would cost a factor of » in the running time of the main part. Instead, we go on
using a randomized test for B C A(K) by selecting T = [3log n] independent
random points in B, and testing if they belong to A(K). If one of them does not,
we have a point in B\A(K) needed to carry out the ellipsoid step. If all of them
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belong to A(K), we conclude that at least 2/3 of the volume of B must be in
A(K). If less than 2/3 of the volume of B is contained in A(K), then the
probability that we do not find a point in the difference is less than (2/3)7 <
1/(100n” log n). The procedure lasts at most 25n° log n ellipsoid steps, so the
probability that it halts with A(K) containing less than 2/3 of B is less than 1/4.

This gives a randomized algorithm that achieves (Al) and (A2), with m =
O(n), with error probability less than 1/4. Note that (A2) is achieved in a much
stronger sense: the ball mB in fact contains A(K). (Independently, a similar
randomized rounding algorithm was worked out by U. Faigle, N. Gademan, and
W. Kern [19].)

(3) In the case of centrally symmetric bodies, exactly the same improvement
over the”r;atio n in [22] works and one achieves (Al) and (strong) (A2) with
m=0(n"°).

(4) We can also turn things around and find an affine transformation that
achieves (Al) in the strong sense that B is contained in A(K), while achieving
(A2) in the original sense. For this, we can apply a polar form of the ellipsoid
method, used by Lenstra [31]. In this, we maintain that the body A(K) contains
the unit ball, and apply affine transformations to reduce the radius of the
circumscribed ball. If A(K) contains a vector x with |x| > 6n, then we can apply
the following affine transformation: we expand the body K by a factor of
1+ (1/n) in all directions orthogonal to x, shrink it by a factor of 3 in the
direction of x, and translate it by —(2/3)x/|x|. The resulting body still contains B,
and this operation reduces the volume of A(K) by a factor of (1+1/n)" /3 <
e/3. If we start with the result of (1), then after at most O(n log n) applications of
this step, the circumscribed ball can be reduced to 6nB.

Of course, we need to test whether A(K) C 6nB and if not then find a point in
6nB\A(K). We can do this by generating T = [log;,,(10n log n)] independent
random points in A(K) and testing if they belong to 6nB. If one of them does not,
we have a point in A(K)\6nB needed to carry out the ellipsoid step. If all of them
belong to 6nB, we conclude that at least 2/3 of the volume of A(K) must be in
6nB. If less than 2/3 of the volume of B is contained in A(K), then the
probability that we do not find a point in the difference is less than (2/3)" =
1/(10n log n).

The cost of generating random points in A(K) is substantial: if we use the
SamPling Algorithm from the previous section (with € a small constant), we need
O(n’m’ log n) membership tests and O(n’ri” log n) arithmetic operations, where
m is the Sandwiching Ratio for the Sampling (to test the containment and thus get
a good Sandwiching Ratio for the volume algorithm). With a little trick, we can
take m =18n here: instead of testing if K C6nB we can apply the Sampling
Algorithm to K’ = A(K) N (18nB). This has good m and if a large part of K is
outside of 6nB, then a large part of it will be outside of K', and we shall find a
desired point in K\6nB. Indeed, it follows from Corollary 2.9 that if
vol(A(K)\(6nB)) =0 vol(A(K)) where 6>1/3, then vol(A(K)\(18nB))=
0” vol(A(K)) and hence vol(K'"\(6nB))=6/(1 + 8) vol(K') > (1/4) vol(K").

We need to generate O(n log” n) random points altogether, which makes the
cost of this phase O(n’ log® n), at most a log factor more than the cost of the main
part.

At this point, it is not clear that we have won anything since the ratio
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m = O(n) can be achieved in a much simpler fashion following (2). But for the
special case (which is perhaps the most important) when A(K) is a polytope with
a polynomial number of facets, we do gain more. If A(K) has n® facets, then we

can shrink A(K) by a factor of yy l°5 % and still have 2/3 of the volume of B in
A(K). Indeed, B is contained by A(K), therefore we may apply Lemma 0.1 with

1
t=yy o'gl % to get that each facet of A(K) having been shrunk by a factor of ¢
cuts off at most

A - pyern 1 1
o (1-1¢9) vol(B) < " e vol(B) < I vol(B)

from B. So for polytopes with a polynomial number of facets, (A1) and (A2) can
be achieved with m = O(\/n log n).

(5) Similarly, if K is a centrally symmetric polytope with a polynomial number
of facets, then m = O(log n) can be achieved in time not exceeding the time of
the main part.

D. The Main Volume Algorithm

Let us assume that K is a convex body such that vol(K N B) =(2/3) vol(B)
and vol(K N (mB)) = (2/3) vol(K). Let ¢ and F be defined as in Section 3. For
i=0,1,..., we define the function

F(x) = min{ F(x), exp(~|x|n"*27"")} .

Instead of computing the volume, we shall integrate the function F, using the
formula of Lemma 3.5:

vol(K) = % an F(x) dx ,

and the approximation provided by Lemma 3.8. Our algorithm follows the same
general pattern as the algorithms in [16], [34], [4] and [17], but details are
different (and in fact somewhat simpler).

Volume Algorithm. (a) Set

g=4mnlog(l/e),
k=4nlogn,
t=10" nkq’e > .
(b) For i=1,...,k, we do a lazy random walk (vg,...,vs) in ¢B, with

B-steps, filtered by F,. We use the notation of Section 3, but with ¢B playing the
role of K. Thus

Qr(A4)= L Fy(u) du / LB F(u) du.
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The first walk starts at a point generated from the distribution Q. The ith walk
starts where the (i — 1)-st ended. We compute

| & Fi(v)
Tt ih FvY)

(The first ¢ steps of each phase serve to get close to the stationary distribution
of the given phase. So the points v, (j=t+1,...,2¢) will have a distribution
over ¢B that is very close to Q. Also note that F; = F, where K; = KN 2'"B.
Therefore, «, will be a good estimate on

]

The last ¢ steps ensure independence from the next phase. The first ¢ steps of each
phase could be replaced by a shorter walk and the last ¢ steps could be omitted, at
the cost of a more complicated analysis.

(c) Estimate vol(K) by

{=(a, " &) " vol(B).

E. Analysis of the Algorithm

Theorem 4.1. If K is a convex body such that vol(K N B)=(2/3) vol(B) and
vol(K N (mB))=(2/3) vol(K), and { is the estimate on vol(K) given by the
Volume Algorithm, then

Prob((1 — €)¢ <vol(K)<(1+ €)¢)=3/4.
Moreover, the algorithm uses
kt = O(n’m’e “*(log m + log log(1/€))*(n + log(1/€))* log(1/€)?)
membership oracle calls and
ktO(n) = O(n*m’e *(log m + log log(1/€))*(n + log(1/¢))* log(1/€)?)
arithmetic operations on numbers with O(log n + log(1/¢)) bits.
(Ordinarily, a membership test takes at least n arithmetic operations, it has to

look at the coordinates, so the running time will be dominated by the membership
tests.)

Combining this theorem with our discussions in the preliminary part, we obtain
several corollaries. For sake of simplicity, we assume here that € >2"", and
R/r<n". We only give the number of oracle calls; each oracle call goes with O(n)
arithmetic operations on numbers with O(log n) bits.
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Corollary 4.2. (a) If K is a convex body given by a well-guaranteed separation
oracle, then we can compute a random value ¢ using O(n’e *log’ n log?
(1/€) log(1/8)) oracle calls, so that

Prob((1— €)¢ =vol(K)=<(1+€){)=1-35.

(b) If K is centrally symmetric, or K is a polytope with a polynomial (in n)
number of facets, then we need only O(n’e > log* nlog’(1/€)log(1/8)) member-

ship tests.
(c) If K is a centrally symmetrzc polytope with a polynomial (in n) number of
facets, then we need only O(n’e 2 log* nlog®(1/€)log(1/8)) oracle calls. =

Proof of Theorem 4.1. We need some preliminary observations. Since F; = Fy,
the functions F, are log-concave. Note that each K; also satisfies conditions (A1)
and (A2), and we have

Fy=exp(—|x|n"*)<F,<---<F,=F.
Let W, = L R F;dy. Then Lemma 3.8 implies that
(1 - i)n! vol(K,) < W, < n! vol(K,) .
For the case { =0, the value
f" exp(—V7|x|) dx = n""?n! vol(B)

is easily computed, and W, is within a factor of (1 - 2) of this value.

Claim 1.

W,
=~ =1. (4.1)

DN =

Up to an error of e, this follows immediately from the observation that it is
essentially the ratio of the volumes of K;_, and K. Precisely, we have

R AOT S N WY

1
=5 f F, 1(2—”"x)dx>—J' F(x)dx= 5
|
Let P’ denote the distribution of the p-th point in the i-th random walk, and

consxder as in Section 1, the distance function h,, of P‘ and Q.. Since the latter
measure is atom-free, we have by Lemma 1.2(ii),
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h,(x)=sup P,(A)—x,
(i= ., k), where A ranges over all measurable subsets of gB with Q(A) =

x. For i= 0 we define h° »(x)=0. Let ® =min, ®,, and n = (1 - ®?*/2). By Lemma
3.9,

1
®= 100004V -
Hence, t®>>10*k/e* and < e By e *<1/x* (for x>1) we have n<
€
10000000k* *

Claim 2. Forevery 0=x=<1,i=1 and 0= p <3t, we have

hi(x)<{2nmin{\/f,\/l—x}, ift<p=<3t,
P/ 4 min{vx,V1—x}, otherwise.

Proof. By induction on i. For i =0 and p = 3¢ the assertion may be considered
true. Let i >0. Note that we have, for a suitable measurable set A C gB with
QF(A) =X,

ho(x) = Py(A) —x = Py, ' (A) —x.

Let y=Qp (A). Then
1
=W_-ILF,._1(u)du<—f F,(u) du

= %’ L F(u) du=2Qr(A)=2x.

Hence y — x=<x. Similarly 1—y=2(1- x). Therefore, by the induction hy-
pothesis,

ho(x) = P5,'(A) — x = P5,'(A) = y + (y — x) < h,'(y) + min{x, 1 - x}
=29 min{vy, V1 -y} + min{vZx, V1 - x}
<(1+4n)min{vx,V1—x}.

Hence by Theorem 1.4, we have for p = ¢,

R (x) =< (1 + 4n) min{vx, VI - x}(l - % <pf)p

=(1+4n) min{vx, V1 — x}n <2y min{vx, V1 —x}.
The case p <t follows trivially. [

Remarks. (a) The above induction uses that (1 + 4n)n <27, where the 4 comes
from the previous induction phase. If we had a weaker estimate, say 99 in step
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i—1, we would get (1+ 18n)n <2, and the induction still would go through
yielding 27n. This will be needed later.
(b) This claim remains valid if we start our random walk from any other

distribution P satisfying

|P(A) - QF,(A)| <4 min{\/QFl(A), Vi- QF,(A)} ,

and it is enough to assume that for each j < i, we walk at least ¢ steps filtered by
F,.

Consider two vertices « = v’ and w = v} where i <j and ¢t < a, b = 2¢. The next
lemma estimates the correlation between f(u)=F,_,(u)/F(u) and g(w)=
Fy (W) IF(w).

Claim 3. |E(f(1)g(w)) — E(f()) E(g(w))| =< 4n.

Here the underlying idea is that the distribution of both u and w is very near to
their limit distribution, therefore they are almost independent.

Proof. Let us start another (inhomogeneous) random walk o', 3", ,,..., 0},
where the transition probabilities from a v to the next are the same as from the v
with the same indices, but the distribution of the starting point ", is filtered by the
function f in the following sense. Put

__ 1 _ W
= WL
|, rar,
then 1 = ¢ = 2. Further, put
_ ] rar |
P,(A)=Prob(v, €E A)=—"— =g -L fdP, .
» f 4P,

Let P* denote the distribution of 0% (i=k=<j, 0=r=2¢), and let

hi(x)= sup P;(A)— Qg (A).

QO (A)=x

Then we have
B(fao) = | | E(gn)|u=x) aPi) = [ | B (g0 |u=0)fr) dPLtx)

= [ Ealu=x) aPi) | | 1 dP, = EG@)E()

Hence, using that 0<f, g=1,
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|ECFg0v) ~ ECS) E(g()| = [BFNE(() = Eg@i))
= E(w)| ], 80)aPY(» ~ dPY(»)
<17, - Pl
=|P} = Qp| +1P; ~ Q.-

Here the second term is at most 27 by Claim 2. To estimate the first, we use that

hy(z2)= sup [P,(A)— Qr(4)].
Qr(A)=2

Let AC gB, Qp(A)=z. Then
PLA) ~ 0nfA) = [, ¢ fx) dPY(0) - 2
= [ ¢ 1apt - Q)+ |, ) dQs () - 2

Here y = L f(x) dQ((x) =z, and by the definition of h!,

[ i) dQ0 = ().
Hence by Claim 2,
hi(z)= ¢, 4VZItez—z=9VZ.
On the other hand, trivially
hi(z)=1- z=9VI-z.

Thus we may apply the argument of Claim 2 [see Remark (a) following its proof]
to the other Markov chain to get

hi(z2)=<2n,
and so

II-){)_QF,.IS4T" L

Now we can turn to estimating the error of the algorithm. The error of our
estimate { comes from the three main sources:

I. W, # n!vol(K), W, # n!vol(B). This is taken care of by Lemma 3.8.
II. The probabilistic error of our estimate { has itself three possible sources:
(E1) The distribution of the points v,,, generated in step (c) is not exactly

(L/W)Qr.
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(E2) The points vi,, are not independent.

W._
(E3) The sum used to estimate 7 has a standard deviation.

12

Claims 2 and 3 will be used to handle (E1) and (E2), and Theorem 1.9 to
handle (E3).
We want to show that

k
Prob(l—%sl—[ai/nE(a)_1+ ) % (4.2)
i=1
Set o,/E(e;) =1+ B;, then (4.2) becomes
* 3
H 1+B8)=1+: ) >3-

We split those outcomes when the event fails into three cases, each having
probability less than 1/12.

€
PrOb(l - E

Case 1. There exists an i such that |8,]>1/2. For a given i, we can estimate
the probability of this by Chebyshev’s inequality. Since E(B;)=0, and
1/2= E(a;) <1, we have

Prob(lﬁ,-|> %)5402(3.-)-

By Theorem 1.9 applied with F = F,_,/F, (which satisfies 0= F=1), we get

4 4t
Dz(tai)s 3(2 ”F”zS F ’
and hence
‘2
D*(@) = 147 = 3500k
Thus
D (a) e

Hence P(|8,]>1 /2) < €%200k for a fixed i and the probability that there exists an
i with |B,| >1/2 is smaller than €%200.

k
Case 2. A similar argument settles the case when > B2>e€/8. Indeed, by
i=1

Markov’s inequality and (4.3),

Prob(é1 B> g)sE(é Bf)/g =—
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k
Case 3. So assume that |B,| =1/2 for all i and > B2 =e/8. Then

i=1

llog(1+ 8,) — B < B:.

If
€
i) — 1} > E
then
k
> log(1 + /3,.)} >
i=1
and hence

[>5-3 -

Since E(B;)=0, the probability of this can be estimated by Chebyshev’s
inequality:

£
8"

>§)s M. (4.4)

€

k
Prob(
i=1

Here

D(ZB)=E((i ))- ZE(/s)+2 S EBB).

l=si<j=k

The first term is at most /800 by (4.3). To estimate the second, write
1
E(B:B)) = E@)E(a) [E(a,) — E(a)) E(e)] -

Here, with the notation of Claim 3,

aiaj='t13 Z: ?—: (U )g(vb)

and hence by Claim 3,

2t

E(afa,)=% by S E(fol)swl) =

U p=1+1g=1+1

= E(a,- E(e;) +47.

NI""

2 |2 B )E(g@}) + 4n

t+1

Thus
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4

E(BB)<160< 1o

and so
2 e
b (2 B,-) =768

whence by (4.4),

ad € 1
,.=1"f‘>§)<ﬁ-

Prob(

IT1. Numerical errors come from two sources: first, we can compute ¢(x) only
approximately and second, we have described the algorithm assuming that
arithmetic operations with real numbers can be carried out exactly. We compute
¢(x) with absolute error at most e/n this means a relative error of €/n’ in F,(x),
and hence a relative error of €/n’ in a,. Thus this adds up to a relative error of
ke/n*<e€/10 in L.

Next we estimate the error coming from the fact that we calculate with finite
precision, in fact to 100 log n bits after the pomt. The run of the algorithm is

determined by three random sequences bl, bz, o b;, ..., independent ran-
dom bits (to secure the lazyness), u;, u;, ..., u,, ... independent uniformly
distributed vectors in B (the jumps), and 7}, —r;, .+.5Tp,... independent uni-

formly distributed number in [0, 1] (the Metropolis filtering). We have

vip+1=
{v‘p+u;, it b, =1,v,+u,€qB and 7, <F(v,+u,)/F,),

v; , otherwise .

(4.5)

In the actual computation we get the vectors uip the numbers Tip and the values of
F, with some error let &' p, ~r and F, be these rounded values. Then we determine
the process 05, 6, . . . . by

Al

Up+1=

Al i . i _ 4 iy i i i NPT
U, tu,, if b,=1,0,+d,€EqB and 7, <F @, +u,)/F@,),
o otherwise .

(4.6)

We claim that with large probability, the same altematlve Is chosen in (4.5) and
(4.6) at each step; this implies then that |v - |<n for all i and p, and
hence the ¢ we compute is within a factor of 1+ e/ 2 to the true value.

Assume that not always the same choice is made in (4.5) and (4.6), and
consider the first occurrence of this. Then either (a) v}, + u;, € ¢B but 6, + &', &
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gB (or vice versa), or (b) 7, < F,(t), +_u'p)/F,-(p'p) but 7, > Fi(v'p + u;)/ﬁi(v’p)
(or vice versa). If (b) occurs, then |7, — F,(v, + u‘i,)/Fi(v'I,)|<n'1°°, and the
probability that this occurs is less than 2./n1°°_. Assume that (a) occurs. Since we
consider the first occurence, we have |v’p - 0',,| < n~*° and hence the distance of

vip from the boundary of gB must be less than n Let S denote that n~*-
neighborhood of the boundary of gB. It is easy to compute that Q. (S) < n~%,

and therefore by Claim 2,

-89

Prob(v';, eS)<n™*.

So the probability that either (a) or (b) ever occurs is less than 2kt/n** <1/50.

The running time of the Volume Algorithm is clearly dominated by the time
needed to carry out the random walk. This takes kt moves, where each move
takes the updating of n coordinates, one test of membership in gB, the evaluation
of ¢(x), and a constant number of arithmetic operations (where the evaluation of
e* is considered as a single arithmetic operation; else, we need O(log n) arith-
metic operations). To evaluate ¢(x), we find the largest ¢t with tx € K by binary
search with error e/n’; this takes O(log n + log(1/€)) membership tests. Thus the
algorithm takes O(t(log n + log(1/€))) membership tests and O(tn(log n + log
(1/€))) arithmetic operations. Ordinarily, a membership test takes at least n
arithmetic operations (it has to look at the coordinates), so the running time will
be dominated by the membership tests. ]

If we combine the preliminary part and the main part to a single algorithm, we
face an additional difficulty: we have assumed that membership tests can be
carried out not only for K but also in its affine image A(K) produced by the
preliminary part in a single step. This is not justified if we only have an oracle for
the original K, since then we have to apply each time the inverse of the affine
transformation to get the point to be queried from the oracle. If the membership
test takes n’> or more operations, this is majorized by that. However, for most
sensible encoding of K (say, by linear or algebraic inequalities), we can compute a
new encoding for the affine image and work with this.

We may also leave K invariant and generate the random steps from an
appropriate ellipsoid instead of the unit ball. This would solve the problem with
the membership test but would increase the cost of generating the random step to
O(n?), and hence would lead to essentially the same analysis.
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