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Abstract. This is the third of a series of four papers in which we prove the following relaxation
of the Loebl-Komlés—Sé6s conjecture: For every a > 0 there exists a number ko such that for
every k > ko, every n-vertex graph G with at least (%—l—a)n vertices of degree at least (14+a))k contains
each tree T of order k as a subgraph. In the first paper of the series, we gave a decomposition of the
graph G into several parts of different characteristics. In the second paper, we found a combinatorial
structure inside the decomposition. In this paper, we will give a refinement of this structure. In the
fourth paper, the refined structure will be used for embedding the tree T'.
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1. Introduction. This is the third of a series of four papers [HKP*a, HKP'hb,
HKP*¢, HKP*d] in which we provide an approximate solution of the Loebl-Koml4s—
Sés conjecture. The conjecture reads as follows.

CONJECTURE 1.1 (Loebl-Komlds—Sés conjecture 1995 [EFLS95]). Suppose that
G is an n-vertex graph with at least n/2 vertices of degree more than k — 2. Then G
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contains each tree of order k.

We discuss the history and state of the art in detail in the first paper [HKPTa]
of our series. The main result, which will be proved in [HKP*d], is the approximate
solution of the Loebl-Komlés—Sés conjecture, namely the following.

THEOREM 1.2 (main result [HKP*d]). For every a > 0 there exists ko such that
for any k > ko we have the following: Fach n-vertex graph G with at least (% +a)n
vertices of degree at least (1 + )k contains each tree T of order k.

In the first paper [HKPTa], we exposed the decomposition techniques, finding
a sparse decomposition of the host graph G. The sparse decomposition should be
thought of as a counterpart to the Szemerédi regularity lemma (but compared to the
Szemerédi regularity lemma, the sparse decomposition seems to be less versatile). In
the second paper [HKPTb], we combined the sparse decomposition with a matching
structure, obtaining in [HKP™b, Lemma 5.4] what we call the rough structure. The
rough structure obtained in [HKP*b, Lemma 5.4] depends on the graph G only, i.e.,
is independent of the tree T. The rough structure encodes the general information
on how T should be embedded on a macroscopic scale. However, from the perspec-
tive of embedding small parts of T locally, the properties of the rough structure are
insufficient. In the present paper we take the preparation of the host graph one step
further, refining the rough structure. This way we obtain one of ten possible configu-
rations. Formally, each of the configurations—denoted by (¢1)—(¢10)—is a collection
of favorable properties the host graph must satisfy. Each of these configurations is
based on the building blocks of the sparse decomposition and describes in a very fine
way a substructure in G. Some of the configurations involve some basic parameters
of the tree T. That is, while the presence of some individual configurations (namely,
configurations (¢1)—(¢5) and (¢10) introduced in section 3) suffices for embedding of
each k-vertex tree, configurations (¢6)—(¢9) are accompanied by parameters (denoted
by h, hy, and hg in Definitions 4.11-4.14) that depend on certain parameters of the
tree T'.

In the final paper [HKP*d], we will prove that each of these ten configurations
allows us to embed T'. This will complete the proof of Theorem 1.2. An overview of
how the embedding goes for each individual configuration is given in [HKP™d, section
6.1]. We recommend that the reader consult this part of [HKP*d] in parallel when
reading through the definitions of the configurations in section 4.

The paper is organized as follows. In section 2, we introduce some basic notation.
In section 3, we introduce some further auxiliary notions and two “settings” that will
be common to the rest of the paper. In section 4, we present the main result of this
paper, Lemma 4.17. The lemma states that in any graph that satisfies the conditions
of Theorem 1.2, we can find at least one of the ten configurations described above.
To prove it, we first introduce some preliminary “cleaning lemmas” in section 5. The
proof of Lemma 4.17 then occupies section 6. This is illustrated in Figure 1.

2. Notation, basic facts, and bits from other papers in the series.

2.1. General notation. The set {1,2,...,n} of the first n positive integers is
denoted by [n]. We frequently employ indexing by many indices. We write superscript
indices in parentheses (such as a(®)), as opposed to notation of powers (such as a?). We
sometimes use subscripts to refer to parameters appearing in a fact/lemma/theorem.
For example, ari o refers to the parameter o from Theorem 1.2. We omit rounding
symbols when this does not affect the correctness of the arguments.

Table 1 shows the system of notation that we use in this paper and in [HKPTa,
HKP*b, HKP*d].
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GT1.2

v

sparse decomposition
[HKP*a, Lemma 3.13]

T2

cutting the tree [HKP*d, Lemma 3.5]
rough structure leads to parameters p, and p,

[HKP*b, Lemma 5.4]

obtaining Setting 3.5 and Setting 3.8

fine structure

Lemma 4.17

building on Lemmas 6.1, 6.2, 6.3
and on “cleaning lemmas” from Section 5

outcome: one of
configurations ({1)-((10)

embedding the tree in [HKP*d]
outline given in [HKP*d, Section 6.1]

Fi1G. 1. Diagram of the proof of Theorem 1.2 with focus on the part dealt with in this paper.

TABLE 1
Specific notation used in the series.

lower case Greek letters

small positive constants (< 1)
¢ reserved for embedding; ¢ : V(T) — V(G)

upper case Greek letters

large positive constants (> 1)

one-letter bold

sets of clusters

bold (e.g., trees(k), LKS(n, k,n))

classes of graphs

blackboard bold (e.g., H, E, S, 1 (G), XA)

distinguished vertex sets except for
N, which denotes the set {1,2,...}

calligraphic (e.g., A, D,N)

families (of vertex sets, “dense spots,”
and regular pairs)

V (=nabla)

sparse decomposition (see Definition 2.11)

We write V(G) and E(G) for the vertex set and edge set of a graph G, respectively.

Further, v(G) = |[V(G)| is the order of G, and e(G) = |E(G)| is its number of edges.
If X,Y C V(G) are two, not necessarily disjoint, sets of vertices, we write e(X) for
the number of edges induced by X, and e(X,Y’) for the number of ordered pairs
(x,y) € X xY such that xy € E(G). In particular, note that 2e(X) = e(X, X).

For a graph G, a vertex v € V(G), and a set U C V(G), we write deg(v) and

deg(v,U) for the degree of v and for the number of neighbors of v in U, respectively.
We write mindeg(G) for the minimum degree of G, mindeg(U) := min{deg(u)
u € U}, and mindeg(V1, V) = min{deg(u, V3) u € Wi} for two sets Vi, Vo C
V(G). Similar notation is used for the maximum degree, denoted by maxdeg(G).
The neighborhood of a vertex v is denoted by N(v), and we write N(U) = [J,,cy N(u).
These symbols have a subscript to emphasize the host graph.

The symbol “—” is used for two graph operations: if U C V(G) is a vertex set,
then G — U is the subgraph of G induced by V(G)\ U. If H C G is a subgraph of G,
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then the graph G — H is defined on the vertex set V(G) and corresponds to deletion
of edges of H from G.

A family A of pairwise disjoint subsets of V(G) is an ¢-ensemble in G if |A| > ¢
for each A € A.

2.2. Regular pairs. We now define regular pairs in the sense of Szemerédi’s
regularity lemma. Given a graph H and a pair (U, W) of disjoint sets U, W C V(H),
the density of the pair (U, W) is defined as

__e(U,W)

d(U,W): T

Similarly, for a bipartite graph G with color classes U, W, we talk about its bipartite
density d(G) = % For a given € > 0, a pair (U, W) of disjoint sets U,W C V(H)
is called an e-regular pair if |[d(U,W) —d(U’,W’)| < ¢ for every U' C U, W C W
with |U'| > e|U], |W'| = e|W]|. If the pair (U, W) is not e-regular, then it is called e-
irreqular. A stronger notion than regularity is that of superregularity, which we recall
now. A pair (A4, B) is (e, 7)-superregular if it is e-regular, and both mindeg(A, B) >
~|B| and mindeg(B, A) > v|A|. Note that then (A, B) has bipartite density at least .

The following facts are well known.

FacT 2.1. Suppose that (U, W) is an e-regular pair of density d. Let U C
W, W' C W be sets of vertices with |U'| = a|U|, |W'| = a|W|, where o > €. Then
the pair (U, W') is a 2e/a-regular pair of density at least d — €.

Fact 2.2, Suppose that (U, W) is an e-regular pair of density d. Then all but at
most €|U| vertices v € U satisfy deg(v, W) = (d — €)|W]|.

The next lemma asserts that if we have many e-regular pairs (R, Q;), then most
vertices in R have approximately the total degree into the set J, Q; that we would
expect.

LEMMA 2.3. Let Q1,...,Q¢ and R be disjoint vertexr sets. Suppose further that
for each i € [{], the pair (R, Q;) is e-reqular. Then we have

(a) deg(v,l; Qi) = % — e |U; Qi| for all but at most €|R| vertices v € R,

and
(b) deg(v,U; Q:) < % +¢e|U; Qi for all but at most €|R| vertices v € R.
Proof. We prove (a), and the proof of (b) is similar. Suppose for contradiction
that (a) does not hold. Without loss of generality, assume that there is a set X C R,

|X| > €|R], such that %—5\ U Q;| > deg(v,|J Q;) for each v € X. By averaging,

there is an index ¢ € [¢] such that %E(R, Q;) — el X||Q:] > e(X, Q;) or, equivalently,

d(R,Q;) — e > d(X, Q;). This contradicts the e-regularity of the pair (R, Q;). d

2.3. LKS graphs. We now give some notation specific to our setting. We write
trees(k) for the set of all trees (up to isomorphism) of order k. We write LKS(n, k, «)
for the class of all n-vertex graphs with at least (% + a)n vertices of degrees at least
(14+«)k. With this notation Conjecture 1.1 states that every graph in LKS(n, k — 1,0)
contains every tree from trees(k).

Given a graph G, denote by S, 1,(G) the set of those vertices of G that have degree
less than (1 +n)k, and by L, (G) the set of those vertices of G that have degree at
least (14 n)k.

In [HKP™Ta] we introduced the class LKSmin(n, k, ) of the graphs that are edge-
minimal with respect to membership in LKS(n, k,n). It would be sufficient to prove
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Theorem 1.2 for graphs in LKSmin(n, k,7). This class, however, is too rigid with
respect to changes that are necessary when applying the sparse decomposition. There-
fore, in [HKP™a, section 2.4], we derived a relaxation of the class LKSmin(n, k,n)
which we introduce next.

DEFINITION 2.4. Let LKSsmall(n, k,n) be the class of graphs G € LKS(n, k,n)
having the following three properties:
1. All the neighbors of every vertex v € V(G) with deg(v) > [(1 + 2n)k] have
degree at most [(1+ 2n)k].
2. All the neighbors of every vertex of Sy 1(G) have degree exactly [(1 4 n)k].
3. We have e(G) < kn.

2.4. Sparse decomposition. Here we recall some definitions from [HKPTal:
dense spots, avoiding sets, and the key notions of bounded and sparse decomposition.
This section is a rather dry list for later reference only, and the reader should consult
[HKPTa, section 3] for a more detailed description of these notions. Here, we just
recall that the purpose of introducing dense spots, avoiding sets, and nowhere-dense
graph is that together with high-degree vertices they form a sparse decomposition
of a given graph. The main result of the first paper in the series, [HKP*a, Lemma
3.14], asserts that each graph from LKS(n, k, n) has a sparse decomposition in which
almost all edges are of one of the above types. (In fact, the sparse decomposition
is not specific to LKS graphs, and indeed in [HKP'a, Lemma 3.15] we provide a
corresponding general statement.)

DEFINITION 2.5 ((m,~y)-dense spot, (m,y)-nowhere-dense). Suppose that m € N
and v > 0. An (m,v)-dense spot in a graph G is a nonempty bipartite subgraph
D = (U,W;F) of G with d(D) > ~ and mindeg(D) > m. We call a graph G (m,~)-
nowhere-dense if it does not contain any (m,~y)-dense spot.

When the parameters m and vy are not relevant, we call D simply a dense spot.

Note that dense spots do not have a specified orientation. That is, we view
(U,W; F) and (W,U; F) as the same object.

DEFINITION 2.6 ((m,y)-dense cover). Suppose thatm € N and~y > 0. An (m,~)-
dense cover of a given graph G is a family D of edge-disjoint (m,~y)-dense spots such
that E(G) = Upep E(D).

The following two facts are proved in [HKP*a, Facts 3.4 and 3.5].

Fact 2.7. Let (U,W; F) be a (vk,v)-dense spot in a graph G of mazimum degree
at most Qk. Then max{|U|,|W|} < %k:

FacT 2.8. Let H be a graph of mazimum degree at most Qk, let v € V(H), and
let D be a family of edge-disjoint (vk,~y)-dense spots. Then fewer than % dense spots
from D contain v.

We now define the avoiding set. Informally, a set E of vertices is avoiding if for
each set U of size at most Ak (where A > 1 is a large constant) and for each vertex
v € E there is a dense spot containing v and almost disjoint from U. Favorable
properties of avoiding sets for embedding trees are shown in [HKP*a, section 3.5].

DEFINITION 2.9 ((A,¢,7, k)-avoiding set). Suppose that £,y > 0, A > 0, and
k € N. Suppose that G is a graph and D is a family of dense spots in G. A set
E C Upep V(D) is (A, e,7, k)-avoiding with respect to D if for every U C V(G) with
|U| < Ak the following holds for all but at most ek vertices v € E: There is a dense
spot D € D with [U NV (D)| < 72k that contains v.



1022 HLADKY ET AL.

deg < 'k

T deg > QK| H

(a) Bounded decomposition. (b) Sparse decomposition.

Fic. 2. A simplified illustration of a bounded/sparse decomposition of a graph. The nowhere-
dense graph Gexp is shown in black, the dense spots D in dotted gray (different shades and shapes),
the clusters V and the edges in the cluster graph Greg in thick black, and the avoiding set E as
a thick black region. The difference between the bounded and the sparse decomposition is that no
distinction regarding degrees of vertices is made in the former.

Finally, we can introduce the most important tool in the proof of Theorem 1.2,
the sparse decomposition. It generalizes the notion of equitable partition from Sze-
merédi’s regularity lemma. The first step towards this end is the notion of bounded
decomposition. An illustration is given in Figure 2.

DEFINITION 2.10 ((k,A,~,¢&,v, p)-bounded decomposition). Suppose that V =
{V1,Va, ..., Vs} is a partition of the vertex set of a graph G. We say that the quintuple
(V, D, Greg, Gexp, E) is a (k, A, v,e,v, p)-bounded decomposition of G with respect to
V if the following properties are satisfied:

1. Gexp s a (vk,y)-nowhere-dense subgraph of G with mindeg(Gexp) > pk.

2. 'V consists of disjoint subsets of V(G).

3. Greg is a subgraph of G — Gexp on the vertex set |JV. For each edge xy €
E(Gieg) there are distinct Cy > x and Cy 3 y from V, and G[C,,Cy| =
Greg[Co, Cyl.  Furthermore, G[Cy,Cy] forms an e-regular pair of density at
least v2.

4. We have vk < |C| = |C'| < ek for all C,C" € V.

5. D is o family of edge-disjoint (vk,v)-dense spots in G — Gexp. For each
D = (U,W;F) € D all the edges of G[U, W] are covered by D (but not
necessarily by D).

6. If Grog contains at least one edge between C1 € V and Cy € V then there
exists a dense spot D = (U, W; F) € D such that C; CU and Co CW.

7. For each C € V there is V € V so that either C C V NV (Gexp) or C C
V\V(Gexp). For each C € V and each D = (U,W;F) € D we have that
either C is disjoint from D or contained in D.

8. E is a (A, e,v,k)-avoiding subset of V(G) \ UV with respect to dense spots
D.

We say that the bounded decomposition (V, D, Greg, Gexp, E) respects the avoiding
threshold b if for each C € V we either have maxdeg,(C,E) < b, or mindeg(C,E) >
b.

The members of V are called clusters. Define the cluster graph Geg as the graph
on the vertex set V that has an edge C;Cs for each pair (Cy,Cy) which has density
at least 72 in the graph Greg-
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We can now introduce the notion of sparse decomposition in which we enhance
a bounded decomposition by distinguishing between vertices of huge and moderate
degree.

DEFINITION 2.11 ((k, Q**,Q* A, ~,e,v, p)-sparse decomposition). Suppose that
ke N, evyv,p >0, and A, Q*,Q > 0. Let V = {V1,Vs,...,Vi} be a parti-
tion of the vertex set of a graph G. We say that V = (H,V, D, Greg, Gexp, E) is a
(k, Q** Q* A, v,e,v, p)-sparse decomposition of G with respect to V1, Va, ..., Vs if the
following hold:

1. H C V(G), mindeg,(H) > Q**k, maxdeg, (V(G) \ H) < Q*k, where K is
spanned by the edges of | D, Gexp, and edges to with H,

2. (V,D,Greg, Gexp, E) is a (k, A, 7, ¢, v, p)-bounded decomposition of G—H with
respect to Vi \H, Vo \ H, ..., Vi \ H.

If the parameters do not matter, we call V simply a sparse decomposition, and
similarly we speak about a bounded decomposition.

DEFINITION 2.12 (captured edges, graphs Gy and Gp). In the situation of
Definition 2.11, we define the graph Gp as the graph induced by the dense spots, i.e.,
V(Gp) = UDeD V(D), E(Gp) = UDeD E(D).

We refer to the edges in E(Greg) U E(Gexp) U Eq(H, V(G)) U Eq,(E,EUJV)
as captured by the sparse decomposition. We write G for the subgraph of G on the
same vertex set which consists of the captured edges.

Likewise, the captured edges of a bounded decomposition (V,D, Greg, Gexp, E) of
a graph G are those in E(Greg) U E(Gexp) U Eg, (E,EUU V).

2.5. Regularized matchings. We recall the notion of a regularized matching,
introduced in [HKP*b].!

DEFINITION 2.13 ((e,d, £)-regularized matching). Suppose that £ € N and d,e >
0. A collection N of pairs (A, B) with A,B C V(H) is called an (e,d, {)-regularized
matching of a graph H if

(i) |A| = |B| = ¢ for each (A, B) € N,

(ii) (A, B) induces in H an e-regular pair of density at least d for each (A, B) €

N, and

(iii) the sets {A}(a,Byen and {B}a,Byen are pairwise disjoint.

Sometimes, when the parameters do not matter, we simply write regularized matching.

Suppose that A is a regularized matching, and (A, B) € N. Then we call A a
partner of B and B a partner of A (in N).

We shall make use of some auxiliary results from [HKP*b]. To this end, we need
a definition.

DEFINITION 2.14 (see [HKP*b, Definition 3.7]). We define G(n,k,Q, p,v,7) to
be the class of all tuples (G, D, H, A) with the following properties:
(i) G is a graph of order n with maxdeg(G) < Qk.
(ii) H is a bipartite subgraph of G with color classes Ay and By and with e(H) >
Tkn.
(iii) D is a (pk, p)-dense cover of G.
(iv) A is a (vk)-ensemble in G, and Ay C |JA.
(v) AnU € {0, A} for each A € A and for each D = (U,W; F) € D.

'In older versions of [HKP*b, HKP*d] (the arXiv preprints) and in the published version
of [HPS*15], we used the name “semiregular matchings.”
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LEMMA 2.15 (see [HKP*b, Lemma 4.4]). For every Q € N and p,&,7 € (0,1)
there exists an & > 0 such that for every v € (0,1) there is a number ky € N such
that the following holds for every k > kq.

For each (C_v',_@,ﬁ,fl) € G(n,k,Q,p,0,7) there exists an (g, é?—p7o’zﬂk)-regularizeol
matching M of G such that

(1) for each (X,Y) € M there are A € A and D = (U,W;F) € D such that

XCUNANAy andY CW N By, and

(2) [VIM)| = 55n.

2.6. Cutting trees. We outline the way we process any k-vertex tree 7" in our
proof of Theorem 1.2. This is done in detail in [HKP*d, section 3]. The purpose of
the informal description below is only to serve as a reference when we motivate the
configurations in section 4.1.

Given T, we introduce a constant number (i.e., independent of k) of cut-vertices
W C V(T). We can do so in such a way that the following properties are satisfied:?

e The set W is partitioned into sets W4UWp such that the distance between
each vertex of W4 and each vertex of Wpg is odd.

e The trees of T'— W, which are called shrubs, are all small, i.e., of order O(%)
Each shrub neighbors either one vertex of W (in which case it is called an
end shrub) or two vertices of W (in which case it is called an internal shrub).

e The two neighbors in W of each internal shrub are from Wy.

e The components of T[W] are referred to as hubs.

e The shrubs that neighbor a vertex (or two vertices) of W4 are denoted S4.
The shrubs that neighbor a vertex of Wg are denoted Sp.

We call the quadruple (Wa, Wg,Sa,Sg) a fine partition of T.

3. Shadows, random splitting, and common settings. In this section we
will prove some preliminaries needed for the main results of this paper, presented in
section 4. The present section is organized as follows. In section 3.1, we introduce an
auxiliary notion of shadows and prove some simple properties. Section 3.2 introduces
randomized splitting of the vertex set of an input graph. In section 3.3, we introduce
building blocks for the finer structure, which we will obtain in section 4.

3.1. Shadows. We will find it convenient to work with the notion of a shadow.
To motivate this notion, we recall the greedy embedding strategy. Suppose that T
is a tree of order k£ and G is a graph with minimum degree at least £k — 1. We can
then root T" at an arbitrary vertex. Then, we embed that vertex in G. Now, at each
step, we have a partial embedding of T in G. We pick one vertex of T' that is already
embedded but whose children are still unembedded, and we embed those in T'. The
minimum-degree condition tells us that we can always accommodate these children.

The greedy embedding strategy clearly fails in the setting of Theorem 1.2. So, we
need to enhance the strategy by not embedding the vertices of Trry o in some part U
(which is not suitable for continuing the embedding) of Gri 2. This forces us to look
ahead: When embedding a vertex v of Try 2, we want to avoid not only U, but also
vertices that send many edges to U, since we want to avoid U also with the children
of v. The notion of shadow formalizes this.

2Here, we list only properties that are relevant for the description later. See [HKP*d, Definition
3.3 and Lemma 3.5] for details.
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Given a graph H, a set U C V(H), and a number ¢, we define inductively

shadowg)(U, 0 :=U,
shadow%)(a ) :={veV(H) : degH(v,shadowg_l)(U, 0) >} fori>1.

We abbreviate shadow(hl,)(U, ¢) as shadowg (U, ¢). Further, the graph H is omitted
from the subscript if it is clear from the context. Note that the shadow of a set U
might intersect U.

Below, we state two facts which bound the size of a shadow of a given set. Fact 3.1
gives a bound for general graphs of bounded maximum degree, and Fact 3.2 gives a
stronger bound for nowhere-dense graphs.

FacT 3.1. Suppose H is a graph with maxdeg(H) < Qk. Then for each a > 0,
1€{0,1,...}, and each set U C V(H), we have

. a\*
shadow ™ (U, ak)| < () U] .
«
Proof. Proceeding by induction on i, it suffices to show that |shadow™ (U, ak)| <

Q|U|/a. To this end, observe that U sends out at most Qk|U| edges, while each vertex
of shadow (U, ak) receives at least ak edges from U. d

Fact 3.2. Let a,v,Q > 0 be three numbers such that 1 < Q < 1g-. Suppose that

<
S T6y
H is a (vk,~y)-nowhere-dense graph, and let U C V(H) with |U| < Qk. Then we have

|shadow (U, ark)| <

1 2
6Q7,
o

Proof. Suppose the contrary, and let W C shadow(U,ak) be of size |W| =
2
1@k < Qk. Then eg(UUW) > L3 1 degyy (v, U) > 89Q%k2. Thus H[U U W]
has average degree at least

2eg(UUW)
1 o = ek,

U+ W]
and therefore, by a well-known fact, contains a subgraph H’ of minimum degree at
least 4vQk. Taking a maximal cut (A, B) in H', it is easy to see that H'[A, B]

has minimum degree at least 2yQk > k. Further, H'[A, B] has density at least
|A|-2vQk

TAlTB - = 7> contradicting that H is (vk,)-nowhere-dense. 0

3.2. Random splitting. Suppose a graph G (together with its bounded decom-
position) is given. In this section we split its vertex set into several classes, the sizes
of which have given ratios. It is important that most vertices will have their degrees
split obeying approximately these ratios. The corresponding statement is given in
Lemma 3.3. It will be used to split the vertices of the host graph G = G192 accord-
ing to which part of the tree T' = T2 € trees(k) they will host. More precisely,
suppose that (W4, Wg,S4,Sg) is a fine partition of T'. Let tiy; and teng be the total
sizes of the internal and end shrubs, respectively. We then want to partition V(G)
into three sets Ag, A1, Ao in the ratio (approximately)

(|WA|+|WB|) D lint © fend
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so that degrees of the vertices of V(G) are split proportionally. This will allow us
to embed the vertices of W4 U Wg into Ag, the internal shrubs into A;, and end
shrubs into As. Actually, since our embedding procedure is more complex, we require
not only that the degrees be split proportionally, but also that the objects from the
bounded decomposition be partitioned proportionally. In [HKP*d] it will become
clearer why such a random splitting needs to be used.

Lemma 3.3 is formulated in an abstract setting, without any reference to the tree
T and with a general number of classes in the partition.

LEMMA 3.3. For each p € N and a > 0 there exists kg > 0 such that for each
k > ko we have the following.

Suppose that G is a graph of order n > ko and maxdeg(G) < Q*k with its
(k,A,7,e,k7%9 p)-bounded decomposition (V,D, Greg, Gexp, E). As usual, we write
Gv for the subgraph captured by (V, D, Greg, Gexp, E), and Gp for the spanning sub-
graph of G consisting of the edges in D. Let M be an (g,d, k°%°)-reqularized matching
in G, and let By, ..., B, be subsets of V(G). Suppose that Q* > 1 and Q* /v < k1.

Suppose that qi,...,q, € {0} U [a,1] are reals with Y q;, < 1. Then there exist
a partition Ay U---UA, = V(G) and sets V C V(G), V C V(M), V C V with the
following properties:

(1) V] < exp(—kV)n, |UP| < exp(~ED)n, U V] < exp(~E)n.

(2) For each i € [p] and each C € V\ 'V we have |C N A;| > q;|A;| — k0.

(3) For each i € [p] and each C € V(M) \'V we have |C N A;| > q;]A;| — k°°.

(4) For each i € [p], D = (U,W; F) € D and mindeg, (U \ V,W NA;) > qivk —

K99,
(5) For each i,j € [p| we have |A; NB;| > q;|B;| — n®9.
(6) For each i € [p], each J C [p], and each v € V(G)\ V we have

degy(v,A; NBy) > q;degy (v, By) — 2P0

for each graph H € {G,Gv,Gexp, Gp,Gv UGp}, where By = (ﬂjeJIB%j) \
Ujeppns Bs)-
(7) For each i,i',j,5' € [p] (j # j’), we have

BH(AZ QB]‘,AW ﬂBj/) > qiqi’BH(Bj,B]’/) _ k0.6n0.6 ’
er(Ai N By, Ai NB;) > qiqire(H[B;]) — k™S ifi £,
e(H[A; NB;]) > q?e(H[B;]) — k*0n0F

for each graph H € {G, Gv, Gexp, Gp, Gv UGp}.
(8) For eachi € [p] if q; =0, then A; = 0.

Proof. We can assume that Y q; = 1 since all bounds in (2)—(7) are lower bounds.
Assume that k is large enough. We assign each vertex v € V(G) to one of the sets
Aq, ..., A, at random with respective probabilities q1,...,q,. Let V; and V3 be the
vertices which do not satisfy (4) and (6), respectively. Let V be the sets of V(M)
which do not satisfy (3), and let V be the clusters of V which do not satisfy (2).
Setting V := V,UVa, we need to show that (1), (5), and (7) are fulfilled simultaneously
with positive probability. Using the union bound, it suffices to show that each of the
properties (1), (5), and (7) is violated with probability at most 0.2. The probability
of each of these three properties can be controlled in a straightforward way by the
Chernoff bound. We only give such a bound (with error probability at most 0.1) on
the size of the set V; (appearing in (1)), which is the most difficult one to control.
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For i € [p], let V4 ; be the set of vertices v for which there exists D = (U, W; F) €
D, with U 3 v, such that degp, (v, W NA;) < qivk — k%%, We aim to show that for
each i € [p] the probability that |V ;| > exp(—k%?)n is at most Wlp' Indeed, summing
such an error bound together with similar bounds for other properties will allow us
to conclude with the statement. This will in turn follow from the Markov inequality,
provided that we show that

- 1
) < — - k9% .
(3.1) B[] < 1 - exp(—K2)n

Indeed, let us consider an arbitrary vertex v € V(G). By Fact 2.8, v is contained in at
most */~ dense spots of D. For a fixed dense spot D = (U, W; F) € D with v € U
let us bound the probability of the event &, ; p that degp (v, WNA;) < q;vk— k%9, To
this end, fix a set N C W NNp(v) of size exactly vk before the random assignment is
performed. Now, elements of V(G) are distributed randomly into the sets Aq, ..., A,,.
In particular, the number |A; N N| has binomial distribution with parameters vk and
g;- Using the Chernoff bound, we get

P[gv,i,D] <P UAz n N| < qi’yk‘ — k0.9] < eXp(—kO'3) )

Thus, it follows by summing the tail over at most Q* /v < k%! dense spots containing
v that

(3.2) Plv e Vi) < k%' exp(—k%3) .

Now, (3.1) follows by linearity of expectation. d

Lemma 3.3 is utilized for the purpose of our proof of Theorem 1.2 using the notion
of proportional partition introduced in Definition 3.7 below.

3.3. Common settings. Throughout section 3 we shall be working with the
setting that comes from [HKP*b, Lemma 5.4]. To keep statements of the subsequent
lemmas reasonably short, we introduce a common setting.

Suppose that G is a graph with a (k, Q**, Q* A ~,¢e,v, p)-sparse decomposition

V=(HV,D, Ghregy Gexp, E)
with respect to (L, x(G),S,,x(G)). Suppose further that M4, Mp are (¢’,d,vk)-
regularized matchings in Gp. The triple (XA, XB, XC)= (XA, XB, XC)(n, V, M4, Mp)
is then defined by setting
XA =L, x(G)\V(Mp),
— k
XB := {1} e VIMpB)NL, x(G) : deg(v) < (1+ 17)2} ,

XC := Ly £(G) \ (XAUXB) ,

)

where (Te\g(v) on the second line is defined by

(3.3) deg(v) = degg (v,Sy4(G) \ (V(Gexp) UEUV (M4 UMp))) .
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Remark 3.4. The sets XA, XB, XC were defined in [HKP*b, Definition 5.3]. Of
course, in applications, the matchings M 4 and Mg will be guaranteed to have some
favorable properties. These properties are formulated in [HKP*b, Lemma 5.4] and are
listed in (1)—(8) of Setting 3.5 below. It was argued in [HKP b, section 5.1] why the set
XA has excellent properties for accommodating cut-vertices of Trry 2, and the set XB
has “half as excellent properties” for accommodating cut-vertices. In particular, the
formula defining XB suggests that we cannot make use of the set S, x(G) \ (V(Gexp) U
EUV(M4UMp)) for the purpose of embedding shrubs neighboring the cut-vertices
embedded into XB.

With this notation, we can introduce the common setting, Setting 3.5. This
setting serves as an interface between what has been done in [HKPTa, HKP*b] and
what will be needed in [HKP*d]. Thus, where possible, we interlace the (highly
technical) definitions of Setting 3.5 with some motivation and references.

SETTING 3.5. We assume that the constants A, Q*, Q** kg and Q,,¢,&’,n,m, p, T,d
satisfy

~ 1
>E>7r>a>5’>u>>7>>kf>0,
0

=)=

1
Zn>»> —>

o Q**>>p>>7>>d>

2
and that k > ko. Here, by writing ¢ > a1 > as > -+ > ay > 0 we mean that there
exist suitable nondecreasing functions f; : (0,¢)® — (0,¢) (i =1,...,£ — 1) such that
for each i € [£ — 1] we have a;+1 < fi(ay,...,a;). A suitable choice of these functions
in (3.4) is determined by the properties we require in [HKPTd].

Suppose that G € LKSsmall(n, k,n) is given with its (k,Q**,Q* A,~v,e' v, p)-
sparse decomposition
V= (H7 V., D, Grega Gexpv IE) y
with respect to the partition {S, 1 (G), L, 1 (G)} and with respect to the avoiding thresh-

pk ;
old tf55+- We write

pk
71000+

(3.5) Vg :=shadowgy_m (IE ) and V_g:={CeV :CCV.g}.

The graph Gyeg s the corresponding cluster graph. Let ¢ be the size of an arbitrary
cluster’ in V. Let Gy be the spanning subgraph of G formed by the edges captured by
V. There are two (e, d, wc)-regularized matchings M s and Mp in Gp, with the follow-
ing properties (we abbreviate XA := XA(n,V, M4, Mp), XB := XB(n, V, M4, Mp),
and XC := XC(n, V,Ma, Mp)):*

(1) VIMA)NV(Mp)=0.

(2) Vi(Mp) C S°, where

(3.6) SO = S, 4(G)\ (V(Gexp) UE) .

(3) For each (X,Y) € Ma U Mp, there is a dense spot (U W;F) € D with
X CU andY C W, and further, either X C S, 1(G) or X C Ly x(G), and
either Y C S, 1(G) orY CL, x(G).

3The number ¢ is not defined when V = ). However, in that case ¢ is never actually used.
4Let us note that properties (1)—(8) come from [HKP*b, Lemma 5.4], and properties (9) and (10)
come from [HKPTa, Lemma 3.14].
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(4) For each X1 € Vi(Ma U Mp) there exists a cluster C; € V such that X, C
C1, and for each Xo € Vo(Ma U Mp) there exists Cy € VU {L, ,(G) NE}
such that Xo C Cs.

(5) Each pair of the reqularized matching Mgooa == {(X1, X2) € M4 : X;UX, C
XA} corresponds to an edge in Gieg.

(6) eay (XA, SO\ V(My)) < vkn.

(7) €6y (V(G)\ V(Ma UMp)) < 7?kn.

(8) For the regularized matching Ng := {(X,Y) € My4UMp : (XUY)NE # 0}
we have eg,., (V(G) \ V(MaUMp),V(NE)) < 72kn.

(9) |E(G)\ E(Gv)| < 2pkn.

(10) [E(Gp) \ (E(Greg) U EG[E.EUU V)| < 39k,
We now define several additional vertex sets. The first, the set V., is just the
complement of the set used in (3.3),

(3.7) Vi = V(G)\ (8" \V(MaUMp))
(3.8) =Ly x(G)UV(Gexp) UEUV(MaAUMB) .

The set Ly defined below is the set of “bad vertices of Ly 1(G),” that is, the set of
those vertices which have many uncaptured neighbors in the sparse decomposition. If
we think of the set Vi as candidate vertices for embedding certain shrubs (cf. Remark
3.4), then we’d better discard vertices with a big uncaptured degree from that set. This

leads us to the definition of the set Vyooa. Since the set H is treated separately, it is
also deleted from Vgood-

(3.9) Ly :=Lyk(G)\Ls, 1(Gv) ,
(310) ‘/good =V \ (H @] L#) .

We can now define sets YA and YB, which should be regarded as cleaned versions
of the sets XA and XB. Here, by a cleaning we mean the process of getting rid of

certain atypical vertices. Indeed, Lemma 3.10 below asserts that YA approximately
equals XA, and YB approximately equals XB. Set

(3.11) YA := shadowge (v+ \ Ly, (1 + 177—0) k) \ shadowg_go (V(G), %k) :

k
(3.12) YB :=shadowc, <v+ \ Ly, (14 1%) 2) \ shadowg— . (V(G), Wnok) ,

When the set H is negligible, the configuration we obtain does not involve H at all. In
other words, H is not used for embedding. Thus, we use the concept of shadows in the
way described at the beginning of section 3.1 to avoid H and define V..g as follows:

(3.13) Vem = (XA UXB) Nshadowg (H, 1870]{) .

Next, we define “bad sets” Jg, J1, J, J2, and Js, again using shadows:

(V(NE), 7k) \ V(Ma UMp),

J1 := shadowg,,, (V(G) \ V(MaUMBp),vk) \ V(M4 UMsp),
J:=XA\YA)U((XAUXB)\YB)UV..gULygUJ

Ushadowg,uay (Veem U Ly UJg U Iy, 772k‘/105) ,
Jo := XA Nshadowgg (S° \ V(Ma), V7k) ,
J3 := XA Nshadowg (XA, 7°k/10%) .

JE := shadowg

reg
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Eliminating Jg from an embedding procedure, for example, will guarantee that we will
not be forced to enter the set Ng. This is convenient in some situations. Which
sets are “bad” depends on the particular configuration we want to get. That is, some
properties given in the definitions of our configurations in section 4.1 could be phrased
in terms of avoiding some of the sets Jg, J1, J, J2, and Js. For some other properties
of the configurations, we take only some of the sets Jg, J1, J, J2, and J3 as initial
natural forbidden sets, but then we need to apply some nontrivial cleaning (in Lemmas
6.1-6.3) to get a desired configuration.
We define a set F of clusters of MU Mp,

(3.14) Fi={CeV(M4):CCXA}UV,(M3p) .

As it turns out (see Lemma 3.11), F is actually an (Mg U Mp)-cover.

On the interface between Lemma 4.17 and Lemma 6.3 we shall need to work
with a regularized matching which is formed of only those edges E(D) which are
either incident to E or included in Gies. The following lemma provides us with
an appropriate “cleaned version of D.” The notion of being absorbed adapts in a
straightforward way to two families of dense spots: A family of dense spots D; is
absorbed by another family D, if for every Dy € D; there exists Dy € Dy such that
D is contained in Dy as a subgraph.

LEMMA 3.6. Assume we are in Setting 3.5. Then there exists a family Dy of
edge-disjoint (v3k/4,7/2)-dense spots absorbed by D such that
1. |E(D) \ E(Dy)| < pkn, and
2. E(Dy) € E(Greg) UE(G[E,EUJ V).
The proof of Lemma 3.6 is a warm-up for proofs in section 5.

Proof of Lemma 3.6. Let D~ C D be the set of dense spots D € D for which

Jre(D) < ‘E(D) \ (E(Greg) UE(G {E,EUUVD)‘ .

Thus,
VD) < |ED)\ (E(Gre) U E(G[EEUYV]))|
< ‘E(D) \ (E(Greg) UE(G[]EJEU UVD)’
(3.15) (by $3.5(10)) X %’an .

For each D € D\ D~ we show below how to extract a (v3k/4,v/2)-dense spot
D' C D with

(3.16) e(D') > (1 - 2/7)e(D)

and E(D") C E(Greg) U E(GIE,EUJV]). Let Dy be the set of all D’ obtained in
this way. That is, we have E(Dy) C E(D\ D). This ensures property 2. We also
have property 1, since

|E(D)\ E(Dv)| = |E(D7)|+ |E(D\D™) \ E(Dy)|
((3.15) for 1st term and (3.16) for 2nd term) << Zﬁkn + QW . e(D)

~
(as e(D) < (@) < kn) < pkn .
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We now show how to extract a (v3k/4,7/2)-dense spot D' C D with e(D’) >
(1-2\/7)e(D) and E(D') C E(Greg) U E(G[E,EUJ V]) from any spot D € D\ D~.
Let D = (A, B; F), and let a := |A|, b := |B|. As D is (yk,y)-dense, we have a,b > ~vk.
Note also that Definition 2.5 gives that

'yl'5ab

(3.17) e(D) = vyab >

First, we discard from D all edges not contained in E(Greg) U E(G[E,E U (JV]) to
obtain a dense spot D* C D with e(D*) > (1 — /7)e(D). Next, we perform a
sequential cleaning procedure in D*. As long as there are such vertices, discard from
A any vertex whose current degree is less than 2b/4, and discard from B any vertex
whose current degree is less than v2a/4. When this procedure terminates, the resulting
graph D' = (A’, B'; F') has mindeg, (A’) > v?b/4 > +3k/4 and mindegp, (B’) >
v3k/4. Note that we deleted at most a - y?b/4 + b - v2a/4 edges out of the at least
(1 —/7)e(D) edges of D*. This means that

3.17

e(D') > (1= yA)e(D) —~4%ab/2 = (1= 2yA)e(D) ,

as desired. Thus we also have the required density of D’, namely dp/(A4’,B’) >
(1=27)y =7/2. O

In some cases we shall also partition the set V(G) into three sets as in Lemma 3.3.
This motivates the following definition.

DEFINITION 3.7 (proportional splitting). Let po,p1,p2 > 0 be three positive reals
with Y, p; < 1. Under Setting 3.5, suppose that (Ao, A1, As) is a partition of V(G)\H
satisfying the assertions of Lemma 3.3 with parameter prs.3 := 10 for graph Gi g 5 :=
(Gv — H) U Gp (here the union means union of the edges), bounded decomposition
(V,D, Greg, Gexp, E), matching Myss := Ma U Mp, sets By := Vgooa, Bz := XA\
(HUJ), Eg = XB\J, ]B4 = V(Gexp), 135 = E, BG = VW]E, 1537 = JE, IBS = ]Ln,k(G)7
Bg = L#, BlO = V%,H, and reals q1 == Po,q2 ‘= P1, 3 := P2, g4 := - = (10 = 0.
Note that by Lemma 3.3(8) we have that (Ao, A1, A2) is a partition of V(G) \ H. We
call (Ag, A1, As) a proportional (pg : p1 : p2) splitting.

We refer to properties of the proportional (po : p1 : p2) splitting (Ao, A1, As) using
the numbering of Lemma 3.3; for example, “Definition 3.7(5)” tells us, among other
things, that |(XA\ (JUH)) N Ag| = po|XA\ (JUH)| — n®9.

SETTING 3.8. Under Setting 3.5, suppose that we are given a proportional (po :
p1 : p2) splitting (Ag, A1, Az) of V(G) \ H. We assume that

n
1 > — .
(3 8) pOaPl»FQ 100

Let V,V,V be the exceptional sets as in Definition 3.7(1).

We write
_ _ _ 772k
(3.19) F := shadowg,, <U vulJvrul v, 1010) ,
where V* are a family of partners of V in MU Mgp.
We have

(3.20) IF| <en.
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For an arbitrary set U C V(G) and for i € {0,1,2}, we write U'* for the set
UnNA;.

For each (X,Y) € MaUMgp such that X,Y ¢V, we write (X,Y)!" for an arbi-
trary fized pair (X' C X,Y' CY) with the property that | X'| = |Y'| = min{| X |, [V ?[}.
We extend this notion of restriction to an arbitrary regularized matching N C M4 U
Mg as follows. We set

N=L{(X, ) (X,Y) €N with X, Y ¢ V} .

The next lemma provides some simple properties of a restriction of a regularized
matching.

LEMMA 3.9. Assume Settings 3.5 and 3.8. Then for eachi € {0, 1,2} and for each
N C M4 UMgp, we have that N is a (229 4 17 o) _regularized matching satisfying

n 727200
(3.21) VNI = pi|[VN)| = 2k7%%n
Moreover, for allv € F and for all i =0,1,2, we have degg (v, V(N)'\ V(NT)) <
n’k
W;

Proof. Let us consider an arbitrary pair (X,Y) € AN. By Definition 3.7(3) we

have
. (3.18) q . (318)

3.22)  |X1 = pX| - > X d Y =p|Y|=K"° > ——|Y].
(322) X" > pilx] SLIX| and (Y] > ] Y
In particular, Fact 2.1 gives that (X,Y)!? is a 400¢/n-regular pair of density at least
d/2.

We now turn to (3.21). The total order of pairs (X,Y) € N excluded entirely
from N1 is at most

(3.23) 2exp(—k"1)n < k70%p

by Definition 3.7(1). Further, for each (X,Y) € N whose part is included in N we
have that

. (3.22)
(3.24) V(X)) > p(|X|+1]Y]) — 269
Recall that M4 and Mp are (e, d, wc)-regularized. In particular, M4 and Mp are
(e,d, k%95)-regularized. Consequently,
n
9),0-95 *

Collecting the loss caused by entirely excluded pairs in (3.23) and the loss of at most
2k0-9 vertices from (3.24) to each of the at most |N|-many nonexcluded pairs, we get
that

(3.25) V] < [MaUMp| <

3.23)

. (3. (3.25)
VNI = pil VIV = k%P0 = 2k IN| > V(N = 267%%n,
and (3.21) follows.
For the “moreover” part of the lemma, note that by Facts 2.7 and 2.8

2 *\2 2
i i ko () 0.9 _ Nk
degGD (’U, V(N) \ V(N )) < 1010 7TV’72 - 3k § W .

This completes the proof. 0

The following lemma gives a useful bound on the sizes of some sets defined in
Setting 3.5.
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LEMMA 3.10. Suppose we are in Setting 3.5. Let

(3.26) B>\

be arbitrary. Suppose that all but at most Bkn edges are captured by V. Then,
(3.27) |Ly| < #n )

(3.28) XA\ YA| < G%Sﬁn ,

(3.29) [(XAUXB)\ YB| < 6?72671 .

Further, let 8 > 0 be arbitrary. If eq(H, XAUXB) < Bkn, then

100/3n

(3.30) [Ven| < ;

Proof. Let W1 := {v € V(G) : degg(v) — degg(v) = nk/100}. We have
W] < %n < 1?72571.

Observe that Ly sends out at most (1 + $51)k|Lx| < %kn edges in Gy. Let
Wy = {v e V(G) : degg (v, L) = nk/10}. We have [Ws| < 4?}2571.

Let W3 := {v € XA : degg (v, S\ V(M4)) > \/7k}. By Setting 3.5(6) we have

(3.26)

W3] < yan < nﬁn

For (3.28), observe that XA \ YA C W) U W, U W3. For (3.29), observe that
XB\ YB C W, UW; and that YA C YB. Thus, (XAUXB)\ YB C (XA \ YA) U (XB\
YB) C Wy UWsyuUWs.

The bound (3.30) follows from (3.13). 0

We finish this section with an auxiliary result which will only be used later in the
proofs of Lemmas 6.2 and 6.3.

LEMMA 3.11. Assume Settings 3.5 and 3.8. We have

2
(3.31) XA\ (JUF) C Ag \ (IB‘U shadowg,, (VWH, Zf;))

33
(3.32) maxdegg. (XA\ (J2 U Js), UF) < mk :

and for i =1,2 we have

(3.33) mindegg,, (XA\ (JUV), Vi) =9 (1+ 277—0) k,
(3.34) mindeg;_ (XB \ (JuUV), nggod) >p; (1 + %) g .

Moreover, F defined in (3.14) is an (M4 U Mp)-cover.
Proof. The definition of J gives (3.31).
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For (3.33) and (3.34), assume that ¢ = 2 (the other case is analogous). Observe
that
mindegg, (YA \ (Voom UV), Vgr(?od)
by D37en = Po - mindegg (YA \ Vi, Viood) — k*7
> p2 - (mindegg (YA, Vi \ Ly) — maxdegg (YA \ Voo, H)) — k%9

k
(by (3.11), (3.13)) = Pag - ((1 + %) k — 17700) — k%9

(by (3.4), (3.18)) = Pa - (1 + %) k,

which proves (3.33), as XA\ (JUV) C YA\ (Vo.g U V). Similarly, we obtain that

(by (3.10))

mindeg g (YIB%\ (Vg U V), Vgrfod) = P2 (1 + 210) g )

which proves (3.34).

We have maxdeg, (XA \J3,XA) < %kz and maxdegq_ (XA \J2, SO\ V(My)) <
/7k. Thus (3.32) follows from Setting 3.5(2) and by (3.4).

For the “moreover” part, it suffices to prove that {C € V(My,) : C C XA} =
FA\Vi(Mp) is an M y-cover. Let (T1,Tp) C M 4. As G € LKSsmall(n, k,7n), we
have by Setting 3.5(3) that for some ¢ € {1,2}, T; is contained in L, (G). Then by
Setting 3.5(1), T; C XA, as desired. |

4. Ten types of configurations. We now come to the heart of the present
paper. We will introduce ten configurations—denoted (¢1)—(¢10)—which may be
found in a graph G' € LKS(n, k,n).> We will be able to infer from the main results
of this section (Lemmas 6.1-6.3) and from other structural results of this paper and
of [HKP™b] that each graph G € LKS(n, k,n) contains at least one of these config-
urations. Lemmas 6.1-6.3 are based on the structure provided by [HKP*b, Lemma
5.4]. We refer the reader to [HKP*d, section 6.1], where we describe in more detail
how each of the configurations (¢1)—(¢10) can be used for the embedding of any given
tree from trees(k), as required for Theorem 1.2. A full description and proofs of the
embedding strategies are given in [HKP*d, section 6.5].

The organization of this section is as follows. In section 4.1, we state some
preliminary definitions and introduce the configurations (¢1)—(¢10). In section 5,
we prove certain “cleaning lemmas.” The main results are then stated and proved in
section 6. The results of section 6 rely on the auxiliary lemmas of section 3.2 and 5.

4.1. The configurations. We can now define the preconfigurations (&), (1),
(V2), (exp), and (reg), as well as the configurations® (¢1)—(¢10). Lemma 4.17 (the
proof of which occupies section 6) asserts that each graph LKS(n,k,n) contains at
least one of the configurations (¢1)—(¢10). More precisely, after getting the “rough
structure” we obtained in [HKP*b], we get one of the configurations (¢1)—(¢10) from
Lemma 4.17, which builds on the analysis given in Lemmas 6.1-6.3.

We now give a brief overview of these configurations. Recall that for our proof of
Theorem 1.2 we combine these configurations (in the host graph Gr1.2) with a given
fine partition of the tree Ty o which was informally explained in section 2.6.

5Saying that “we have configuration X,” “the graph is in configuration X,” or “configuration X
occurs” is the same.

6The word “configuration” is used for a final structure in a graph which is suitable for embedding
purposes, while “preconfigurations” are building blocks for configurations.
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Configuration (¢1) covers the easy and lucky case when G contains a subgraph
with high minimum degree. A very simple tree-embedding strategy similar to the
greedy strategy turns out to work in this case.

The purpose of preconfiguration (&) is to utilize vertices of H. On the one hand,
these vertices seem very powerful because of their large degree; on the other hand, the
edges incident to them are very unstructured. Therefore preconfiguration (&) distills
some structure in H. This preconfiguration is then a part of configurations (¢2)—(¢5)
which deal with the case when H is substantial. Indeed, Lemma 6.1 asserts that
whenever H is incident to many edges, then at least one of configurations (¢1)—(¢5)
must occur.

Let us note that each of the configurations (¢1)-(¢5) alone suffices for embedding
all k-vertex trees. However, when H is negligible, we may need different configurations
(¢6)—(010) (with different parameters) for embedding different individual trees from
trees(k).

The cases when the number of edges incident to H is negligible are covered by
configurations (¢6)—(¢10). More precisely, in this setting Lemma 4.17 transforms the
output structure we obtained in [HKP™b] into an input structure for either Lemma 6.2
or Lemma 6.3. These lemmas then assert that, indeed, one of the configurations (¢6)—
(¢10) must occur. The configurations (¢6)—(¢8) involve combinations of one of the
two preconfigurations (V1) and (©2) and one of the two preconfigurations (exp) and
(reg). The idea here is that the hubs are embedded using the structure of (exp) or
(reg) (whichever is applicable), the internal shrubs are embedded using the structure
which is specific to each of the configurations (¢6)—(¢8), and the end shrubs are
embedded using the structure of (V1) or (©2). For this reason, configurations (¢6)-
(¢9) are accompanied by parameters (denoted by h, hq, and he in Definitions 4.11-
4.14) which correspond to the total orders of shrubs of different kinds. Configuration
(©10) is very similar to the structures obtained in the dense setting in [PS12, HP16].
Configuration (¢9) should be considered halfway towards the dense setting.

Some of the configurations below are accompanied with parameters in the paren-
theses; note that we do not make explicit those numerical parameters which are
inherited from Setting 3.5.

We start by defining configuration (o1). This is a very easy configuration in which
a modification of the greedy tree-embedding strategy works.

DEFINITION 4.1 (configuration (¢1)). We say that a graph G is in configura-
tion (01) if there exists a nonempty bipartite graph H C G with mindego(V(H)) > k
and mindeg(H) > k/2.

We now introduce configurations (¢2)—(¢5), which make use of the set H. These
configurations build on preconfiguration ().

DEFINITION 4.2 (preconfiguration (&)). Suppose that we are in Setting 3.5. We
say that the graph G is in preconfiguration (&)(Q*) if the following conditions are
satisfied: G contains nonempty sets L C L' C Lo, 1 (Gv) \ H, and a nonempty set
H' C H such that

(4.1) maxdegq (L', H\ H') < % ,

(4.2) mindegg (H', L') > Q*k ,
nk

(4.3) maxdegq (L, Lo, (Gv)\ (HU L)) < 100 °

DEFINITION 4.3 (configuration (¢2)). Suppose that we are in Setting 3.5. We
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say that the graph G is in configuration (62)(Q*,Q, B) if the following conditions are
satisfied.

The triple L", L', H' witnesses preconfiguration (&)(Q*) in G. There exist a
nonempty set H' C H', a set Vi C V(Gexp) NYB N L", and a set Vo C V(Gexp)
with the following properties:

mindegg (H", V1) > Qk |
mindegq_ (Vi, H") > Bk ,
mindegGeXp(Vl, Va) = Bk,
mindegGCXp(Vg, i) = Bk .

DEFINITION 4.4 (configuration (¢3)). Suppose that we are in Setting 3.5. We say
that the graph G is in configuration (03)(9*,@,(,5) if the following conditions are
satisfied.

The triple L", L', H' witnesses preconfiguration (&)(2*) in G. There exist a
nonempty set H' C H', a set Vi CENYBNL", and a set Vo C V(G) \ H such
that the following properties are satisfied:

mindegg (H", V1) > Qk

mindegg (V1, H”) > ok,
(4.4) maxdegq, (V1,V(G) \ (Vo2 UH)) < Ck,
(4.5) mindegg (V2, V1) > 0k .

DEFINITION 4.5 (configuration (¢4)). Suppose that we are in Setting 3.5. We say
that the graph G is in configuration (04)(Q*,€Q,¢,0) if the following conditions are
satisfied.

The triple L", L' H' witnesses preconfiguration (&)(Q2*) in G. There exist a
nonempty set " C H' and sets Vi CYBNL", E' CE, and V2 C V(G) \ H with the
following properties:

mindeg_ (H", V1) > Qk |
mindeg_ (V1,H") > 6k ,
(4.6) mindegqoua, (Vi,E) = 0k,
(4.7) mindegg g, (B, V1) > 0k,
(4.8) mindeggug,, (V2. E') > 0k
(4.9) maxdegg g, (B, V(G)\ (HUV,)) < Ck .

DEFINITION 4.6 (configuration (¢5)). Suppose that we are in Setting 3.5. We say
that the graph G is in configuration (05)(Q*, Q, 9, ¢, 7) if the following conditions are
satisfied.

The triple L", L', H' witnesses preconfiguration (&)(2*) in G. There ezist a
nonempty set H" C H' and a set Vi C (YBNL"NJV)\ V(Gexp) such that the
following conditions are fulfilled:

(4.10) mindeg_ (H”, V1) > Qk ,
(4.11) mindegg_ (V1,H") > 6k ,
(4.12) mindegg, (V1) > (k.
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Further, we have
(4.13) CNnVi=0 or |CNnW|=7|C|

for every C € V.

In remains to introduce configurations (¢6)—(¢10). In these configurations the
set H is not utilized. All these configurations make use of Setting 3.8; i.e., the set
V(G) \ H is partitioned into three sets Ag, Ay, and Ay. The purpose of Ay, A, and
A, is to make it possible to embed the hubs, the internal shrubs, and the end shrubs
of Try o, respectively. Thus the parameters pg, p1, and po are chosen proportionally
to the sizes of these respective parts of Ty 5.

We first introduce the four preconfigurations (V1), (©2), (exp), and (reg).

An M-cover of a regularized matching M is a family F C V(M) with the
property that at least one of the elements S; and Sy is a member of F for each

(Sl, SQ) e M.

DEFINITION 4.7 (preconfiguration (V1)). Suppose that we are in Settings 3.5
and 3.8. We say that the graph G is in preconfiguration (V1)(~',h) of V(QG) if there

are two nonempty sets Vo, Vi C Ag \ (F U shadowg, (Voom, 717%)) with the following
properties:

(4.14) mindegg (VO,Vg?Od) >h/2,
(4.15) mindeg., (Vl, V;god) > h.
Further, there is an (Ma U Mp)-cover F such that
(4.16) maxdeg ., (Vl’U}—) <Yk

DEFINITION 4.8 (preconfiguration (02)). Suppose that we are in Settings 3.5
and 3.8. We say that the graph G is in preconfiguration (V2)(h) of V(G) if there

are two nonempty sets Vo, Vi C Ag \ (F U shadowg,, (Voom, TT{?)) with the following
properties:

(4.17) mindegg, (Vo UVA,V[2) > h.

DEFINITION 4.9 (preconfiguration (exp)). Suppose that we are in Settings 3.5
and 3.8. We say that the graph G is in preconfiguration (exp)(8) if there are two
nonempty sets Vo, Vi C Ay with the following properties:

(4.18) mindegGexp(Vo, Vi) = Bk,
(4.19) mindeggcxp(vl, W) = Bk .

DEFINITION 4.10 (preconfiguration (reg)). Suppose that we are in Settings 3.5
and 3.8. We say that the graph G is in preconfiguration (reg)(&,d’, u) if there are
two nonempty sets Vo, Vi C Ag and a nonempty family of vertez-disjoint (¢,d’)-
superregular pairs {( (()J)7Qg])}jey (with respect to the edge set E(G)) with Vy =
U Qé]) and Vy := UQEJ) such that

(4.20) min {|QF], 1QY|} > ik .
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DEFINITION 4.11 (configuration (06)). Suppose that we are in Settings 3.5 and
3.8. We say that the graph G is in configuration (06)(9,&,d’, u, ', ha) if the following
conditions are satisfied.

The vertex sets Vg, Vy witness preconfiguration (reg)(g,d’, u) or preconfiguration
(exp)(d) and either preconfiguration (V1)(v', he) or preconfiguration (V2)(hg). There
exist nonempty sets Vo, V3 C Ay such that

(4.21) mindeg (V4, Vo) > 6k ,
(4.22) mindegq(V2, V1) = 0k,
(4.23) mlndegGGXP(VQ, V3) = 0k,
(4.24) mindegg_ (V3,V2) = 0k .

DEFINITION 4.12 (configuration (07)). Suppose that we are in Settings 3.5 and
3.8. We say that the graph G is in configuration (¢7)(6,p',&,d', u,~', ha) if the fol-
lowing conditions are satisfied.

The sets Vo, Vi witness preconfiguration (reg)(é,d’, ) and either preconfigura-
tion (V1)(v', ha) or preconfiguration (V2)(hy). There exist nonempty sets Vo C EIM\V
and V3 C A7 such that

(4.25) mindeg(V1, V2) > k|
(4.26) mindeg (Va, V1) = 0k,
(4.27) maxdegq, (Va, A1\ V) < p'k ,
(4.28) mindegg_ (V3, V) > 0k .

DEFINITION 4.13 (configuration (¢8)). Suppose that we are in Settings 3.5 and
3.8. We say that the graph G is in configuration (08)(9, p’, €1,€2,d1, dz2, i1, 2, b1, ha)
if the following conditions are satisfied.

The vertex sets Vy, Vi witness preconfigurations (reg)(ez,ds, p2) and (V2)(hs).
There exist nonempty sets Vo C Ag, V3,Vy C Ay, V3 CE\V, and an (e1,dy, 1 k)-
regularized matching N absorbed by (Ma UMp) \ Ng, V(N) C Ay \ Vs, such that

4.29) mindegq(V, V2) = 0k ,
4.30 mindeg(V2, V1) = ok ,
4.31 mindegg (Va, V3) = ok,

ok ,

maxdegg (V3, A1\ V4
mindegg (Vy, V3
4.35) degc,, (v, V3) + degg, (v, V(N))

DEFINITION 4.14 (configuration (09)). Suppose that we are in Settings 3.5 and
3.8. We say that the graph G is in configuration (¢9)(8,7', hi, he,e1,dy, 1, €2, da, fi2)
if the following conditions are satisfied.

The sets Vo, V1 together with the (Ma U Mpg)-cover F' witness preconfigura-
tion (V1)(y', ha). There exists an (e1,d1, u1k)-reqularized matching N absorbed by
Ma U Mp, with V(N) C Ay. Further, there is a family {(Q(j) )}jey as in
preconfiguration (reg)(e2,ds, u2). There is a set Vo C V(N)\ UF g UV with the
following properties:

(436) mindegGD (Vh ‘/'2) = hl )
(4.37) mindegg (V2, V1) > 0k .

=)
ol

(

(4.30) )
(4.31) )
(4.32) mindegg_ (V3, V2)
(4.33) )
(4.34) )
(

VWV AWV WV
b\
ol

hy  for eachv € V5.
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Our last configuration, configuration (¢10), will lead to an embedding very similar
to the one in the dense case (as treated in [PS12]; this will be explained in detail
in [HKP*d]). To formalize the configuration we need a preliminary definition. We
shall generalize the standard concept of a regularity graph (in the context of regular
partitions and Szemerédi’s regularity lemma) to graphs with clusters whose sizes are
bounded only from below.

DEFINITION 4.15 ((e,d, ¢y, {3)-regularized graph). Let G be a graph, and let V be
an £1-ensemble that partitions V(G). Suppose that G[X]| is empty for each X € V, and
suppose G[X,Y] is e-reqular and of density either O or at least d for each X,Y € V.
Further suppose that for all X € V it holds that ||JNg(X)| < €2. Then we say that
(G,V) is an (g,d, t1,ls)-regularized graph.

A regularized matching M of G is consistent with (G,V) if V(M) C V.

DEFINITION 4.16 (configuration (¢10)(¢,d’, ¢1,02,7')). Assume Setting 3.5. The
graph G contains an (&,d', 01, s)-reqularized graph (é7 V), and there is an (€,d',£y)-
reqularized matching M consistent with (G,V). There are a family L* C 'V and
distinct clusters A, B € V with

(a) E(GIA, B]) £0,

(b) deggs (v, VIM)UUJLY) = (1+n)k for all but at most E|A| vertices v € A and

for all but at most €| B| vertices v € B, and

(c) for each X € L* we have degs(v) = (1+1')k for all but at most €| X| vertices

veX.

4.2. The main result. We are now ready to state the main result of the present
paper, Lemma 4.17. In the remaining part of the paper we build up the arguments
that lead to the proof of Lemma 4.17, which is given in section 6.2.

LEMMA 4.17. Suppose we are in Settings 3.5 and 3.8. Further suppose that at
least one of the following holds in G:
(K1) 2eq(XA) + eq(XA,XB) > nkn/3,
(K2) [V(Myood)| > 1m/3,
where Mgood == {(4,B) € My : AUB C XA}. Then one of the following configu-
rations occurs in G:

o (o1),

o (02)(z ozzgr 175 \/T’ 128~17701330liﬂ*)5)’

o (03)(z ozz?f:)llv \/?’ 3 128~177()1:07§Q*)5)7

o (o4)(g ozs?s; T %/T’ 3 357 ?;2(?(39*) )

o (05)(z 1032%: > \/27’ 128. 10"3?(9 DER 3 5% 1073;3(9 )4)

* (06)(1014( oy 4T, 32’S2*’ 277134’ 23000’332(1 + 95)k).

* (07)(1071122525 75 00+ 47, Fhde 2"1(1)/47 2. 103,)32(1 +56)k).

* (08)(10?:7:25)57 Z&J’ 407706’4 ) 27 3';55*’ 2%762’ 2. 104,131( 2o)k p2(1+ 2%)]9)’
o (09)( 25(82 3 103,131(1 + 15k, p2(1 + 25)k, 407,05’ § g0k 47, 3237*’ 2”?54)7

10
(010) (¢, B¢, mv/ewk, LJE 1y,

Remark 4.18. The effect of changing the parameters p; and po in Setting 3.8
can be more substantial than a mere change of the parameters in one configuration
asserted by Lemma 4.17. That is, it may happen that for some values of p; and po
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55)k), while for other values of p; and po, the only configuration that occurs is, say,

Recall that p; and ps are set proportionally to the sizes of the internal and end
shrubs of the tree Ty o, respectively. Thus the above tells us that different trees Ty o
may be embedded into different parts of G129, and by using different embedding
techniques.

Note that it follows from the main results of our previous papers [HKP*a, HKP D]
that graphs from Theorem 1.2 indeed satisfy the hypothesis of Lemma 4.17. More
specifically, after obtaining a sparse decomposition of Gt 5 in [HKPTa, Lemma 3.14],
we can apply [HKP*b, Lemma 5.4], which asserts that (K1) or (K2) is fulfilled.

5. Cleaning. This section contains five “cleaning lemmas” (Lemmas 5.1-5.5).
The basic setting of all these lemmas is the same. There is a system of vertex sets
with some density assumptions on edges between certain sets of this system. The
assertion is that a small number of vertices can be discarded from the sets so that
some conditions on the minimum degree are fulfilled. While the cleaning strategy
is simply discarding the vertices which violate these minimum-degree conditions, the
analysis of the outcome is nontrivial. The simplest application of such an approach
is the proof of Lemma 3.6 above.

Lemmas 5.1-5.5 are used to get the structures required by the (pre-)configurations
introduced in section 4.1.

The first lemma will be used to obtain preconfiguration (&) in certain situations.

LEMMA 5.1. Let v € (0,1), and let T',Q, Q' > 1 be arbitrary, with
(5.1) P30 > 4T3 .

Let P and Q be two disjoint vertex sets in a graph G. Assume that Y C V(G) is
given. We assume that

(5.2) mindeg(P, Q)
(5.3) maxdeg(Q)

Qk |

=
<Tk.
Then there exist sets P’ C P, Q" C Q' C Q\'Y such that the following holds:

(a) maxdeg(Q', P\ P’) < 9k,

(b) maxdeg(Q",Q\ (Q'UY)) < ¥k,

(¢) mindeg(P', Q") = Q'k, and

(d) e(P',Q") = (1 =v)e(P,Q) — Y NQ[Tk.

Proof. Initially, set P’ := P, Q' := Q\ Y, and Q" := Q’. We shall sequentially”
discard from the sets P’, @', and Q" those vertices that violate any of properties
(a)—(c). Further, if a vertex v € @ is removed from @Q’, then we remove it from the
set Q" as well. We thus have Q" C @’ in each step. After this sequential cleaning
procedure finishes it remains only to establish (d).

First, observe that the way we constructed P’ (together with (5.2)) ensures that

(5.4 o(P\PLQ") < e(P\PLQ) < T e(PQ).

Let Q* C @ be the set of the vertices removed from @’ because of condition (a).

"No particular order is imposed on the vertices.
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Note that a vertex u of P¢ = P\ P’ was removed at some point from the set P’
because (c) failed for u. Let C! denote the set Q" just before this time. Let f(u) :=
deg(u,Cl). A vertex v € Q% = Q \ (Q' UY) was removed at some point from the
set @' because (a) failed for v. Let A} be the set P’ just before this time. Let
g(v) == deg(v, P\ A}). Observe that >, pc f(u) = >, cqe9(v). Indeed, at the
moment when v € @ is removed from @', the g(v) edges that v sends to the set P\ A,
are counted in }-, cn(,ynpe f(u). Note also that we have f(u) < 'k and g(v) > ¢k
for each u € P¢ and each v € Q%, because u and v fail (c) and (a), respectively. We
therefore have

(5.5) PR = Y fu)= ) g(v) = Q% k.

ucPe vEQ?

By (5.2) we have

d P
u€ePec

Putting (5.5) and (5.6) together, we get that

!

Dk

(5.7) Q%] < e(P, Q).

Because vertices in Q' \ Q" fail property (b) we have

Q\Q k< S deg(w,Q\ (QUY)) < Q\ (QUY)[Tk
(5.8) weQne”
5.7 QY

(

Finally, we can lower-bound e(P’, Q") as follows:

e(P',Q") > e(P,Q) —e(P\ P',Q") = [V N QITk — |Q"|Tk — |Q"\ Q"[Tk
Q o r

y (5.4), (5.7), (5.8 > . -
(by (5.4), (5.7), (5.8)) e(P Q)(l SRETORRTET

wy sy =2 (1=v)e(P,Q)— Y NQITk . 0

e(P,Q) .

) — Y N Q[Tk

The purpose of the lemmas below (Lemmas 5.2-5.5) is to distill vertex sets for
configurations (¢2)—(¢10). They will be applied in Lemmas 6.1-6.3. This is the final
“cleaning step” on our way to the proof of Theorem 1.2—the outputs of these lemmas
can by used for a vertex-by-vertex embedding of any tree T' € trees(k) (although the
corresponding embedding procedures in [HKP*d] are quite complex).

The first two of these cleaning lemmas (Lemmas 5.2 and 5.3) are suitable when
the set H of vertices of huge degrees (cf. Setting 3.5) needs to be considered.

For the following lemma, recall that we defined [r] as the set of the first r natural
numbers, excluding 0.

LEMMA 5.2. For all ,Q2*,Q** € N and 0,7,n € (0,1), with (%)Us < n/10 and

Q** > 1000, the following holds. Suppose there are vertex sets Xo, X1,..., X, and 'Y
of an n-vertex graph G such that
L Y| < nn/(427),
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2. e(Xo, X1) = nkn,
3. mindeg(Xo, X1) > Q**k,
4. mindeg(X;, Xi+1) = vk for all i € [r — 1], and
5. maxdeg(Y U U, ¢ Xi) < Q7K.
there are sets X! C X; fori=0,1,...,7 such that
) XinY =0,
) mindeg(X’ XZ’ 1) = 0k for all i € [r],
(c) maxdeg(X], Xs41 \ X{ 1) <k/2 for alli € [r—1],
(d) mindeg(X}, X}) = VQ**k, and
(e) e(X{, X1) = nkn/2, in particular X§ # 0.
Proof. In the formulas below we refer to hypotheses of the lemma as “1.7-%5.”
Set X7 := X1 \Y. Fori=0,2,3,4,...,r, set X/ := X;. Discard sequentially
from X/ any vertex that violates any of the properties (b)—(d). Properties (a)—(d) are
trivially satisfied when the procedure terminates. To show that property (e) holds at
this point, we bound the number of edges from e(Xy, X1) that are incident to Xo\ X{
or with X \ X{ in an amortized way.
For i € {0,...,r} and for v € X; \ X/ we write

fi(v) = deg (v, Xig1 \ Xi11(v))
gi(v) = ( Xz( 1(”)) )
( ) ( X1+1( )) )

where the sets X;_;(v), X](v), X],,(v) above refer to the moment just before v is
removed from X/ (we do not define f;(v) and h;(v) for i = r and g;(v) for i = 0).

For i € [r] let X! denote the vertices in X; \ X/ that were removed from X/
because of violating property (b). Then for a given i € [r] we have that

(5.9) Z g:(v) < dkn .

vEXﬁ’

hiU

For i =1,...,r — 1 let X¢ denote the vertices in X; \ X/ that violated property (c).
Set X¢ := (. For a given i € [r — 1] we have

Fig3 5.,
(5.10) [X{-Ak/2< S fiw) < YD giw) < Skn X7, |,

vEXE weX; 41\ X

as X;\ X! = XPuX¢ fori=2,...,r. Using (5.10) for j = 0,...,r —1, we inductively
deduce that

(5.11) xe,1 i<29>5n

=0 v

(The left-hand side is zero for j = 0.) The bound (5.11) for j =r — 1 gives

r—2 * *\r—1
(5.12) X < 2. (29 ) ng 22
v 0

f}ﬂ“

i=

Therefore,

(5.12), 1. nk 205\ "
(5.13) e(Xo, Y UXS) < [Y UXS]- Q' < TJF( . ) Skn .
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fi(v)

h ‘7/ LA w

< i 2
X/ (v) X! g w) o
X/(w 7
i(w) 4 Xz{—&-l(v)
Xin

v v

X; Xit1

FI1G. 3. Situation in (5.10). A summand from >, cxe fi(v) (corresponding edges hatched), and
a summand from ZwGXH_l\X’ gi+1(w). Thus the former sum counts the number of edges vw
such that v € X¢ and w € X;11 \X2+1( v). For each such pair vw we have that v € X[(v) C X[(w),

as w must have been removed from X/ 41 prior to v being removed from X!. Hence, the edge vw is
counted in giy1(w) as well. Similar counting s used in (5.21) and in (5.29).

For any vertex u € Xo \ X} we have ho(u) < vQ**k, and at the same time by
hypothesis 3 we have deg(u, X7) = Q**k. So,

X0, X
(5.14) S hou) < oty
u€Xo\ X Q
By consulting Figure 4 we have
(5.15)  e(X(, X{) > e(Xo, X1) —e(Xo, YUX) = > ho(u) = Y gi(v).
ueXo\ X} vex?
Therefore,
e(Xp, X1) > e(Xo, X1) —e(Xo, YUX)) = > ho(w) = Y 61(v)
u€eXo\ X} veX?
nk‘n 29*)T e(Xo,Xl)
(by (5.9), (5.13), (5.14)) X, 7)( _ — — ( 5](571 _ —— — 6kzn
b 9 3 ( 0 1) 1 ” \/W
wy2) =nkn/2,

proving property (e). d

LEMMA 5.3. Let §,n,Q*, Q" h > 0, let G be an n-vertex graph, let Xo, X1,Y C

V(G), and let C be a family of subsets of V(G) such that
L. 2006 + 2=) <,

2kn > e(Xo, X1) = nkn,
mindeg(Xo, X1) > Q**k,
maxdeg(X7) < Q*k,
Y| < nn/(4Q*), and
. 10A|CIQY* < nn.
Then there are sets X C Xo and X C X1 \'Y such that

(a) mindeg(X}, X}) > VQ**k,

S G N
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A A
/
D¢l =

0

A
y R Xb
1 |u\““ 1
\“ C
‘\“‘ Xl

Xo\ X} "
0\ Xo 4
XinY
v
Xo X1

F1G. 4. The terms in (5.15). The edges in the term e(Xo, (Y N X1) U XY) are shown in dashed
gray; some edges of the term Zuexo\x() ho(u) are shown in thick gray (note that we undercount

here, as the summands ho(u) reflect preliminary situations in the set X1 ). It is clear that each edge
between X? and X}, (thin black) is counted in zvexf g1(v). Consider now an edge xv, x € Xo\ X{,
v e Xi’ (dashed black). Suppose first that x was removed from X{, before v was put into Xi’. Then
the edge xv was counted in ZueXU\X() ho(u). Suppose next that v was put into Xf before x was

removed from X(. Then xv was counted in Zvexb g1(v).
!

(b) mindeg(X7], X() > 0k,
(c) forallC €C, either X;NC =0 or | X;NC|>h, and
(d) e(Xp, X1) = nkn/2.

Proof. Set X{, ;= Xy and X7 := X7\ Y. Discard sequentially from X{, any vertex
violating property (a). We discard from X/ any vertex violating property (b). Last,
we discard from X7 all the vertices lying in any set C' € C violating (c). The deletions
from X|), or X] can take turns in an arbitrary order until no more are possible. When
the process ends, we verify property (d) by bounding the number of edges in (X, X7)
incident to Xo\ X{ or with X7 \ X|. Given assumption 2, and since by assumptions 4
and 5 there are at most %nk’n edges incident to Y N X, it suffices to prove that

k
(5.16) e(Xo, X1) — e(X0, X)) — e(Y N X1, Xo) < %.

Denote by X? the set of vertices in X; \ (Y U X/) that violated property (b), and
by X{ the set of vertices in X7 \ (Y U X{) that violated property (c). Note that for
each C € C, we have |X{ N C| < h, and thus

(5.17) 1x¢| < hlc] .

For a vertex v € X7\ (YUX]), let g(v) denote deg(v, X|,(v)), where X{,(v) denotes the
set X{) just before v is removed from X7. Analogously we define f(v), for v € X\ X,
as deg(v, X{(v)), where the set X{(v) denotes the set X| just before v is removed
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from X{. We have

Z g(v) < dkn,

veX?

4. (5.17)
> g(v) < |XTI°k < hIC|-Q°F,

ve XY
3. 6(X07X1) 2. 2
Z flv) < —— < —kn.
v€Xo\X{ Q Q
Thus,
€(X0,X1) - G(X(/),X{) - e(Y n Xl,Xo)
=Y 9w+ > g+ > f)
vex? veXY veXo\X|
2
< | o+ — |kn+ h|C|Q"k
(6+ = )i +nic
kn
(by 1. and 6.) < nT s
establishing (5.16). o

The next two lemmas (Lemmas 5.4 and 5.5) deal with cleaning outside the set of
huge-degree vertices H.

LEMMA 5.4. For allr,Q € N, r > 2, and all v,,n > 0 such that

AW n
5.18 — ) i< £~
(5.18) ( v ) 10

the following holds. Suppose there are vertex sets Y, Xo, X1,..., X, CV, where V is a
set of n vertices. Suppose that edge sets Eq, ..., E,. are given on V. The expressions
deg,, maxdeg,, mindeg,;, and e; below refer to the edge set E;. Suppose that the
following properties are fulfilled:
1. Y] < on.
2. el(Xo,Xl) 2 77](777,
3. For alli € [r — 1] we have mindeg; | (X; \'Y, X;11) > vk.
4. Foralli € {0,...,r—1}, we have maxdeg, ., (X;) < Qk and maxdeg; , (X;41) <
Qk.
Then there are sets X] C X; \Y (i=0,...,r) satisfying the following:
(a) For alli € [r] we have mindeg, (X, X! ;) > 0k.
(b) For alli € [r — 1] we have maxdeg, (X}, Xip1 \ X[ 1) < vk/2.
(¢) mindeg, (X}, X7) > dk.
(d) e1(Xh, X1) = nkn/2.

Proof. We proceed similarly as in the proof of Lemma 5.2. Set X/ := X; \ Y for
each i =0,...,r. Discard sequentially from X/ any vertex that violates property (a),
(b), or (c). When the procedure terminates, we certainly have that (a)—(c) hold. We
then show that property (d) holds by bounding the number of edges from e; (Xg, X;)
that are incident to Xy \ X or with X7 \ X{. For ¢ € {0,...,r} and for v € X; \ X/
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we write

fiv1(v) :=de gz+1(v Xz+1 \X1/+1( )
gi(v) = deg; (v, Xi_,(v))
h(v) := deg; (v, X1 (v)) ,

where the sets Xj(v), X{_;(v), and X; ;(v) above refer to the sets X7, X/ ;, and

X/, 1, respectively, at the moment® just before v is removed from X! (we do not define
fix1(v) for i = r and g;(v) for i = 0).

Let X* C X;, X? C X; for i € [r — 1] be the sets of vertices removed from X/
because of properties (a) and (b), respectively. Set X% := X,.\ X/ and X§ := X\ X|.
We have for each i € [r]

(5.19) Z gi(v) < 6kn .

veX?

Also, note that we have

(5.20) > h(v) < dkn.

veX§

We set X% := (). For a given i € [r — 1] we have

|Xb Z fH—l

UEXb
(see Fig 3) X Z gi+1(v)
veXiti\ X,
(5.21) oy 1, a0y < kn+ [ X7 [Qk

as X; \ X/ C X UXPUY fori=2,...,r. Using (5.21), we deduce inductively that

(5.22) |x2_ ;| < (E;Q)j én

for j =0,...,7 — 1. (The left-hand side is zero for j = 0.) Therefore,

e1(X0, X7) > e1(Xo, X1) — (V] + | XID% — 3 gi(w) = 3 h(v)

veX{ veXS
8Q\"
(by 2, (5.22), (5.19), (5.20)) 2 nkn — () 0kn — 20kn
Y
> Jkn,
establishing property (d). d
LEMMA 5.5. For allr,Q e N, r > 2, and all v,n,6,¢e, u,d > 0 with
8O\" n
5.23 20e < d d (—) < ==,
(>23) e ( 7 ) 30

8If v € Y, then this moment is the zeroth step.
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the following holds. Suppose there are vertex sets Y, Xy, X1,..., X, C V, where V
is a set of n vertices. Let P( ) ,me partition X; for i =0,1. Suppose that edge
sets E1,Fs, FEs, ..., E,. are gzven on V. The expressions deg;, maxdeg;, and mindeg;
below refer to the edge set E;. Suppose that
Y] < én,
X = n
. for all i € [r — 1] we have mindeg;  (X; \'Y, Xi11) > vk,
. the family {(P(gj), Pl(j))}je[p} is an (e, d, uk)-reqularized matching with respect
to the edge set E1, and
5. for all i € {0,...,r — 1} we have maxdeg, (Xiy1) < Qk, and for all i €
{1,...,7 = 1} we have maxdeg; ,,(X;) < Qk.

Then there exist a nonempty family Y C [p] and a family {(
disjoint (4e, %)—superregular pairs with respect to Eq, with

(a) 1Q51, Q| > 15 for cach j € ¥,
and sets X, =JQY) C Xo\ Y, X! =UQY C X;\Y, X/ CX;\Y (i=2,...,r)
such that

(b) for alli € [r — 1] we have mindeg, (X, X]) > ok, and

(c) for alli € [r —1], we have maxdeg, ,, (X;, Xjp1\ X[, ,) < vk/2.

Proof. Initially, set J := ) and X/ := X; \'Y for each ¢ = 0,...,r. Discard
sequentially from X/ any vertex that violates one or both of the properties (b) and (c).
We would like to keep track of these vertices, and therefore we call X?, X¢ C X,
the sets of vertices removed from X/ because of properties (b) and (c), rebpectlvely

Further, for ¢ = 0,1 and for j € [p] remove any vertex v € X/ N Pl-(] ) from X/ if

N R

9,09} ey of vertea-

|P(J) |

(5.24) deg, (v, X]_; N P1( ) < —

For i = 0,1, let X be the set of those vertices of X; that were removed because
of (5.24).
) ) )

If for some j € [p] we have \Pé?) NY] >_% or |P1(J NY UX9)| > lP] L, we
remove simultaneously the sets PO(] ) and Pl(j ) entirely from X, and X7, i.e., we set
X} =X, \ P and X} := X\ PY. We also add the index j to the set 7 in this
case.

When the procedure terminates, define Y := [p]\J, and for j € Y set (ng), QY)) =
(Péj) N Xy, Pl(J) N X1). The sets X obviously satisfy properties (b) and (c). We now
turn to verifying property (a). This relies on the following claim.

. [€D] : [€)]
CLam 5.5.1. If j € [p]\ T, then |PY) n Xg| < oL and |PY) 1 xg) < 1B

Proof of Claim 5.5.1. Recall that E is the relevant underlying edge set when
working with the pairs (P(gj ) P(J )) Also, recall that only vertices from Y U X§ were
removed from Péj ) and only vertices from Y U X{ U X{ were removed from P(J )

Since j ¢ J, the pair (P \ Y, PP\ (Y U X¢)) is 2e-regular of density at least
0.9d by Fact 2.1. Let

Ko:={ve PP\ Y : deg, (v, PP\ (Y UXY)) < 0.8d[PY\ (Y UXD)[},
K= {ve PP\ (YUX]) : deg,(v, B\ Y) < 0.8d|PY \ Y|} .



1048 HLADKY ET AL.

By Fact 2.2, we have |Ko| < 2¢|P)\ Y| < 0.1d|PY| and |K;| < 0.1d|P|. In
particular, we have

(5.25)

mindeg, (P \ (Y U Ko), PP\ (Y UX{ UKY)) > 0.8d| P\ (Y UXF)| — |K)
0.8d-0.75/PY| — 0.1d| P\

> 0.25d|PY| |

\VARR\V

(5.26)
mindeg; (P (Y UXTU K2, B\ (V U Ko)) > 08d| P\ Y| = | Ko
> 0.8d-0.75/PY| — 0.1d| P
> 0.25d| P .

Then (5.25) and (5.26) allow us to prove that Pz-(j) NXy C K, for i = 0,1. Indeed,
assume inductively that Pi(J ’n X C K; for i = 0,1 throughout the cleaning process
until a certain step. Then (5.25) and (5.26) assert that no vertex outside of PO(J) \ (YU

Ky) or Pl(j) \ (Y UX{UK])) can be removed because of (5.24), proving the induction
step. The claim follows. ]

Putting together the definition of J (through which one controls the size of Pi(j N
(YUX?)) and Claim 5.5.1 (which controls the size of Pl-(]) NX¢#), we get for each j € Y
and i =0,1

(4)

PO b
2 2
Therefore, these pairs are 4e-regular (cf. Fact 2.1). We get the property of (4e, %)—

U
a

superregularity from the definition of X¢ (cf. (5.24)). Thus, the pairs ( éj), Qlj))
as required for Lemma 5.5 and satisfy its property (a).
The only thing we have to prove is that the set X7 is nonempty. By the definition,

for each j € J, we have either |P{)| < 4(|(Y U X¢) n PY)) or |P| < 4]y n PY)].
We use that [P = [P| to see that

UPI(J)
J
Fori e {1,...,r} and for v € X; \ X/, write
fir1(v) = degi+1(”aXi+1 \Xz(+1(v)) )
gi(v) = deg;(v, X;_,(v)) .

where the sets X (v), X;—1(v)’, and X/, (v) above refer to the sets x —1’, X|_;, and
X/, 1, respectively, at the moment? just before v is removed from X! (we do not define

fix1(v) for i =r).
Observe that for each i € {2,...,r}, we have

(5.28) Z 9i(v) < dkn .

veXf”

QY| >

re

(5.27) <4V |+ [XT]) -

9If v € Y, then this moment is the zeroth step.
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We set X¢:= (). For a given i € [r — 1] we have

L
|Xz|'7 < Z fir1(v)

veX?
(see Fig 3) < Z gi-i—l(v)
veXipi\Xj
(529) (by 1., 5., (5.28)) < 0kn + |XZC+1|Q]€ y

as X; \ X! C XPUXFUY fori=2,...,r. Using (5.29), we deduce inductively that
RGNS (%)jén for j =1,2,...,7 — 1, and in particular that

r—1
(5.30) |X¢| < (83) on .

As X{ =0, we obtain that

X=X\ [ UPPul (PP nyuxpuxy)
jedJ Jjey

oo 21X =40+ 1x5) - (U (PP 0 xt)
JEY

n )
(by 1., (5.23), (5.30)) > |X1 — 1 — U (Pl(J) N X{l)

2
JjeEY
n X
(by C5.5.1) = |X1 — % _ %
wyz2) >0,
as desired. I

6. Obtaining a configuration. In this section we prove that the structure in
the graph G € LKS(n,k,n) guaranteed by the main results of [HKPTa, HKP*b]
always leads to one of the configurations (¢1)—(¢10), as promised in Lemma 4.17.
We distinguish two cases. When the set H of vertices of huge degree (coming from a
sparse decomposition of G) is incident to many edges, then one of the configurations
(¢1)—(¢5) must occur (cf. Lemma 6.1). Otherwise, when the edges incident to H can
be neglected, we obtain one of the configurations (¢6)—(¢10) (cf. Lemmas 6.2 and 6.3).

Lemmas 6.1, 6.2, and 6.3 are stated in the first subsection of this section, and
their proofs occupy sections 6.3, 6.4, and 6.5, respectively. The proof of Lemma 4.17
is in section 6.2.

6.1. Statements of the auxiliary lemmas. The proof of the main result of
this paper, Lemma 4.17, relies on Lemmas 6.1-6.3 below. For an input graph G417
one of these lemmas is applied depending on the majority type of “good” edges in
Gra17. Observe that (K1) of [HKP*b, Lemma 5.4] guarantees edges between H and
XA UXB, or between XA and XA U XB either in E(Gexp) or in E(Gp). Lemma 6.1
is used if we find edges between H and XA UXB. Lemma 6.2 is used if we find edges
of E(Gexp) between XA and XA U XB. The remaining case can be reduced to the
setting of Lemma 6.3. Lemma 6.3 is also used to obtain a configuration if we are in
case (K2) of [HKP*b, Lemma 5.4].
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LEMMA 6.1. Suppose we are in Setting 3.5. Assume that

13
nkn
1 H,XAUXB) > ———— .
(6 ) eGV( ? U ) 1028(9*)3

Then G contains at least one of the following configurations:

. (1),
° (02)(4.18232;)“’ @’ 128-1%1330’?29*)5)’
° (03)(4,1823?;)11’ {*/T’ %7 128~1nol3307?9*)5)’
. (04)(4.1822?;)11 ) %/SQW’ SEE e 1(;20(39*)6) or
. 4 ! !
d (05)(4-1823?9*)“’ \/5227’ 128- 10303(Q 73 T 10303(9 )4)

LEMMA 6.2. Suppose that we are in Settings 3.5 and 3.8. If there exist two dis-
joint sets YA1,YAy C V(G) such that

(6.2) €Gory, (YA, YA2) > 2pkn
and either
(6.3) YA; UYA; C XA\ JUV UF) or

(64) YA CXA\JUVUFUJ,UJ3) and YAy CXBO\ (JUVUF),

4

then G has configuration (<>6)(101 oy, 0, 1,1, %,pg(l + 55)k).

LEMMA 6.3. Suppose that we are in Settings 3.5 and 3.8. Let Dy be as in Lemma
3.6. Suppose that there exists an (£, d, Bk)-regularized matching M, with V. (M) C Ay,
|[V(M)| > &, and fulfilling one of the following two properties:

(M1) M is absorbed by Mgood, € := 12]55,, d:= 2, and 3 := 8 UML: 5% -

(M2) E(M) C E(Dy), M is absorbed by Dy, & :=7, d := —Q” and 3 := 22
Suppose further that (cA) or (cB) occurs.

(cA) V(M) C XAP\ (JUV UF), and we have for the set

2
R := shadowg, ((VW]E N Ln,k( N\ V(M4 UMp), 217705k>
one of the following:
(t1) V1 (M) C shadowgg (V(Gexp), pk),
(t3) Vi(M) C R\ (shadowgy (V(Gexp), pk) U Vg), or
(t5) V(M) C V(Greg) \ (shadowgg (V (Gexp), pk) U Vs U R).
(cB) Vi(M) C XA\ (JUI, UJ3 UV UTF) and Va(M) C XBI°\ (JUV UTF), and
we have
(t1) Vi(M) Cshadowgg (V(Gexp), pk),
(t2) Vi(M) C Vg, or
(t3-5) Vi(M) N (shadowgg (V(Gexp), pk) U Vo) = 0.
Then at least one 04f the following conﬁgumtions occurs:
° (06)(1012(9 a4, oo 2"1(1)/47 23()760%32(1 + 55)k),

2y 3n
* (07)(1012(Qp)4’ 100> 475 35 307> 20007132(1 + 25)k),
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4,4 3 2
nyp 1y 400e d y°p nme nv n n
* (08)(1015(9*)57 400° " q AT, 5, 32Q0% 7 200k’ 2~1047p1(1 + zo)k’pQ(l + zo)k)7
8 3 3 2
PN 2n n n 400e d nme 3o niv
® (09)(1027(9*)37 103’131(1 + E)kvm(l + ?o)k’ n 020 2001c’4777 320 2.104)’

2 *\ 2
e (010)(e, “’Td,wﬁyk, <973 k. =)

6.2. Proof of Lemma 4.17. Throughout this section (and including subordi-
nate lemmas), we assume that we have the setting of Lemma 4.17. In particular, we
shall assume Settings 3.5 and 3.8.

We distinguish different types of edges captured in cases (K1) and (K2). If in
case (K1) many of the captured edges from XA to XA UXB are incident to H, we will
get one of the configurations (¢1)—(¢5) by employing Lemma 6.1. Otherwise, there
must be many edges from XA to XA UXB in the graph Gexp or in Gp. Lemma 6.2
shows that the former case leads to configuration (¢6). We will reduce the latter case
to the situation in Lemma 6.3 which gives one of the configurations (¢6)—(<10).

We use Lemma 6.3 to give one of the configurations (¢6)—(¢10) also in the case
(K2).10

Let us now turn to the details of the proof. If eqg (H, XA UXB) > w’;;?(’igf)g, then
we use Lemma 6.1 to obtain one of the configurations (¢1)—(05), with the parameters
as in the statement of Lemma 4.17.

Recall that every edge of G incident to H is captured. Thus, in the remainder of
the proof we assume that

(6.5) e (H, XA UXB) = eg (H, XA UXB) <

We now bound the size of the set J. By Setting 3.5(9) we have that
[E(G)\ E(Gv)| < 2pkn.

We shall therefore use Lemma 3.10 with S1,3.10 = 2p. This choice of fy,3.1¢ is consistent
with (3.26); indeed, by (3.4) we have that 1 > p > v, and thus p > n*,/7.'! From
Lemma 3.10 we get |Ly| < 2222, [XA\ YA| < 252% and |(XAUXB) \ YB| < 2522

12n

Further, using (6.5), Lemma 3.10 also gives that |V..g| < 102’%(79*)3. It follows from
Setting 3.5(8) that |Jg| < yn. Lastly, by Setting 3.5(7) we have |J;| < 2yn. Thus,

I < XA\ YA| + [(XAUXB) \ YB| + [Veon| + [Ly| + 1]

+

2k

shadowe, U (VwH ULy UJg Uy, ’1705> ‘
(3.4) 2771071
6.6 < ——,
( ) 1021(9*)2
where we used Fact 3.1 to bound the size of the shadows (to this end recall that by
property 1 of Definition 2.11, the graph Gp U Gy indeed has maximum degree at
most Q*k).

Let us first turn our attention to case (K1). By Definition 3.7 we have HNAq = 0.

10 Actually, our proof of Lemma 6.3 implies that one does not get configuration (¢9) in case (K2),
but this fact is never needed.
1 Recall that the choice of constants in (3.4) proceeds from left to right.
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Therefore,

o (XA I(XAUXB)O\ J) = ego (XA \ (HUD)'O, (XA\ (HUIT)"® U (XB\ 1))

by Do) 2 Pp - eae (XA\ (HUJ), (XAUXB) \ (HUJ)) — k%5n%6
2

by B18) > 1% (ecey (XA, XA UXB) — 2eq (H, XA UXB) — 2|J|Q"k) — k%6n®6

ﬁ(ﬂlﬂ _ 20 kn _ 47710k”) _ 1,06,,0.6
100\ 4 102%8(Q7)3 10210

n3kn

10°

(by (K1), (6.5), (6.6) =

(6.7)

We consider the following two complementary cases:
(WA) egq (XA\D)I) > 40pkn.
(WB) eqo (XA\ D)) < 40pkn.

Note that XA\ J C YA and (XAUXB) \ J C YB. We shall now define in each
of the cases (wA) and (wB) certain sets YA;, YA;. The way these sets are defined
will guarantee a lower bound on the number of edges between them. Although the
definition of these sets is different for the cases (wA) and (wB), for ease of notation
they receive the same names.

In case (WA) a standard argument (take a maximal cut) gives disjoint sets
YA, YAy C (XA\ (JUV UF))I® C YA with

1 _
eay (YA1, YAz) > 5 (eco (XA D) 0 _ |V UF|-Qk)
1
(by D3.7(1) and (3.20)) 2 5(4Opkn — 25Q*kn)
(6.8) > 19pkn .

Let us now define YA;, YA, for case (wB). Setting 3.5(6) implies that
(6.9) ‘J2| < ﬁn

Also, by Definition 3.7(7) we have

1
€Gy (XA) < piz (er ((XA \ J) [0) + k,O.ﬁnO.ﬁ) + eay (H, XA) + |J|Q*k

0
104 13 10

0.6, 0.6 n n
(by (3.18), (wB), (6.5), and (6.6)) < 772 . (40pkn + k n ) =+ mkn + Wkn
8
n
by 3.4)) < Tosar kn .
Consequently,
3 8
n°k n
|Js‘ : ﬁ < GGV(JS,XA) <2- Wkn,
and thus,
775
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Set YA; := (XA\ (JUJ2UJ3UVUF))!® C YA and YA, := (XB\ (JUV UF))!° C YB.
Then the sets YA; and YA, are disjoint and we have

eco (YA, YA2) > eqq (XA\D)'O, (XAUXB)\ 1))

— 2eco (XA\D)') = (13| + [Js] +2|V| + 2|F|) - Q"%

LI NGO 20 420
v (6.7), (wB), (6.9), (6.10), D3.7(1), (3. > — n — n— ——=kn —4e n
(by (6.7), (wB), (6.9), (6.10), D3.7(1), (3.20)) 105 1% Y 1012

(3.4)
(6.11) > 19pkn .

We have thus defined YA;, YAy for both cases (wA) and (wB).
Observe first that if eq,,, (YA1, YAy) > 2pkn, then we may apply Lemma 6.2 to

obtain configuration (06)(10@7?;)3, 0,1,1, %, p2(1+55)k). Hence, from now on, let

us assume that eq_ (YA, YAs) > 2pkn. Then by (6.8) and (6.11) we have that

exp
€Gp (YAl,YAg) 2 17pkn .
We fix a family Dy as in Lemma 3.6. In particular, we have
(6.12) epe (YA, YAs) > 16pkn |

D2.11(1)

(6.13) maxdeg(Dv) < maxdeg(D) < Q%k.

Let R := shadowqy (Ve MLy £(G)) \ V(M4 UMp), Z2E). For i = 1,2 define

YZ(-I) := shadowg (V (Gexp), pk) N YA, ,
¥ = (Vg N YA)\ YD

(6.14) Y® = (RNYA)\ (Y uY®),
Y = EnYA)\ (YD UYP uY®),
Y& = va \ (YU uy®y .

Clearly, the sets ng) partition YA, for i =1, 2.

We now present two lemmas (one for case (wA) and one for case (wB)) which help
to distinguish several subcases based on the majority type of edges we find between
YA; and YA,. The first of the two lemmas follows by a simple counting argument
from (6.12).

LEMMA 6.4. In case (wB), we have one of the following:

(t1) epy (Ygl),YAg) > 2pkn,
(t2) epy (Y52)7YA2 2pkn,
(t3) epg (YY), YA,
(t4) epg (Y1, YA,
(t5) epg (Y, YA,
Our second lemma is a bit more involved.

LEMMA 6.5. In case (WA), we have one of the following:
(t1) epg (Y1, YA2) + epg (YA, YV) > 4pkn,
(62) epo (Y, YA\ YV) + epg (YA \ Y, YP)) > dpkn,
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(t3) epg (Y, YA\ (Y UYSY)) + epe (YA \ (Y UYP), Y)) > 4pkn, or
(t5) epy (Y1, ¥57) > 20kn.
Proof. By (6.12), we need only establish that

epo (Y§4), YA\ (Y uy® U YS’))) +epy (YAl (YD uYP uy®), Y§4)) < pkn .

For this, note that Y(14) C E and that YAy \ (Ygl) U Y(z) U Yé?’)) is disjoint from V..g.
Thus we have epg (Y(l4), YA\ (Yél) U Yg) U Y§3))) < 18’53* . We can bound the other
summand using a symmetric argument. 0

We can now provide a crucial step for finishing case (K1).

LEMMA 6.6. Let G* be the spanning subgraph of Gp formed by the edges of Dy .
If there are two disjoint sets Zy and Zy with eg«(Z1,Z2) = 2pkn, then there ex-

ists a (m, 3';{;’*, %p*k)—regularized matching N in G*, with V;(N) C Z; (i = 1,2) and
VM= §

Proof. By (6.13), the maximum degree of G* is bounded by Q*k. Therefore, we
have |Z1| 2 2p" > 2"’“. Thus,

(@, De. 6" 21,22 () € 6 (0(Go) k27 T £ 2p)

where the class of the right-hand side was defined in Definition 2.14. Lemma 2.15
(which applies with these parameters by the choice of & and kg by (3.4)) immediately
gives the desired output. 0

We use Lemma 6.6 with Z1, Zs being the pair of sets containing many edges as in
the cases (t1)—(t3) and (t5) of Lemma 6.5'% and (t1)—(t5) of Lemma 6.4. Lemma 6.6
outputs a regularized matching Mpg.3 := Npg.¢. This matching is a basis of the input
for Lemma 6.3(M2) (subcase (t1)—(t3), (t5), or (t3-5)). Thus, we get one of the
configurations (06)—(¢10) as in the statement of the lemma. This finishes the proof
for case (K1).

Let us now turn our attention to case (K2). For every pair (X,Y) € Mgooa, let
X' C X9\ (JUVUF) and Y’ C Y%\ (JUV UF) be maximal with | X’| = |Y’|. Define
N ={X"Y") : (X,Y) € Mgooa , |X'| = %} By Lemma 3.9, and using (3.4)
and (3.18), we know that

0] S nzn
|V(Mgood)| = 400 :

Therefore, we have

n’n
V] > V(ML) — 20UV UF| - 250
772n 4. 77 0p, 772”
(by (K2), (6.6), D3.7(1), (3.20)) m W — 4en — ﬁ
n°n
6.15
( ) 1000

By Fact 2.1, N is a (4'17;)235/ , 772, 271253 )-regularized matching.

12The quantities in Lemma 6.5 have two summands. We take the sets Z1,Z2 as those appearing
in the majority summand.



THE APPROXIMATE LOEBL-KOMLOS-SOS CONJECTURE III 1055

We use the definitions of the sets Ygl), . ,Y§5) as given in (6.14) with YA; :=
Vi(N) (i = 1,2). As V(N) C V(Greg), we have that YV = 0 (i = 1,2). A set
X € V;(N) is said to be of Typel if | X N YZ(-I)| > 1]X|. Analogously, we define
elements of V(N) of Type 2, Type 3, and Type 5.

By (6.15) and as V(Mgooda) € XA, we are in subcase (wA). For each (X1, X3) €
N with at least one X; € {X1, X2} being of Type 1, set X| := X; N Yl(-l) and take
an arbitrary set X} , C X3_; of size |X/|. Note that by Fact 2.1 (X, X}_,) forms

51
1(2]25
consisting of all pairs (X!, X} ;) obtained in this way.!?

Likewise, we construct N3, N3, and N5 using the features of Types 2, 3, and 5.
Observe that the matchings A; may intersect.

Because of (6.15) and since we included at least one quarter of each N-edge into
one of N7, Na, N3, and N, one of the regularized matchings N satisfies |V (N;)| >

% > fen. So, N serves as a matching Mrg 3 for Lemma 6.3(M1). Thus, we get

one of the configurations (¢6)—(¢10) as in the statement of the lemma. This finishes
case (K2).

a -regular pair of density at least v2/4. We let N be the regularized matching

13

6.3. Proof of Lemma 6.1. Set 7 := 102877(79*)3. Define NT := {v € V(G)
degg (v, H) > k} and N* := Ng (H) \ NT. Recall that by the definition of the class
LKSsmall(n, k,7), the set H is independent, and thus the sets NT and N+ are disjoint
from H. Also, using the same definition, we have

(6.16) Ngo (H) €L, x(G) \H, and thus
(6.17) eay (M, B) = eqy (H, BNL, 1x(G)) for any B C V(G).

We shall distinguish two cases.

Case A: eqo (H,NT) > e (H, XAUXB)/8. Let us focus on the bipartite subgraph
H' of Gy induced by the sets H and NT. Obviously, the average degree of the vertices
of NTin H’ is at least k.

First, suppose that |H| < [NT|. Then, the average degree of H in H' is at least
k, and hence, the average degree of H' is at least k. Thus, there exists a bipartite
subgraph H C H' with mindeg(H) > k/2. Furthermore, mindegq_ (V(H)) > k. We
conclude that we are in configuration (¢1).

Now, suppose |H| > |NT|. Using the bounds given by Case A, and using (6.1), we
get
€Gv (H7 NT) 77]1{?7’1 _ 77]7’1/

N > > = )
NI Ok 80k 8Q*

Therefore, we have

n (3.4)
e(G) 2 Y degg (v) > [HIQ™E > [NT|Qk > S%”Qk 2k,
veH

a contradiction to property 3 of Definition 2.4.
Case B: egy, (H,NT) < eg, (H, XA UXB)/8. Consequently, we get

7 @ 7
(6.18) G (H, (XA UXE) \N") > zeqy (H, XA UXB) S Siikn .

13Note that we are thus changing the orientation of some subpairs.
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We now apply Lemma 5.1 to Gy with input sets P51 :=H, Qrs.1 := L, x(G)\H,
Yi5.1 =L, x(G) \]L 9, 1 (Gv), and parameters 5.1 := 77/100, T'p5.1 := QF, Qus1 :=
O, and Qpy, = ~3(2**/(4 105(92%)?).  Assumption (5.2) of the lemma follows
from (6.16), and assumption (5.1) holds by the choice of Q. The lemma yields
three sets L := Q{5 1, L' := Q151, and H' := P, |, and it is easy to check that they

witness preconfiguration (&)(%)
Recall that e(G) < kn. Since by the definition of Y151, we have |Yi51] < 20p,

n
we obtain from Lemma 5.1(d) that

Ui

eay (H, Ly x(G)) — eay (H', L") < 100

——egy (H, Ly x(G)) + [Yus5.1|Qk

40
I n + 77”” Q*k

S 100
(619 L T,
So,
eq (B, (L' (1 (XA UXE)) \NT) > eqq (H, (L, (G) N (XA UXB)) \NT)
— (ecy (H,Ly1(G)) — ecy (H', L")
= eqy (H, (XA UXB) \ N
— (eGy (H, Ly 1 (G)) — eo (H', L")
S eeo (H, (XA UXB) \ NT) — glm
(6.20) (6218) §77lm
We define

=qv E 1 deg v, n U N > *x .
H* { H' : degg (v, L N (XA UXB) N NY) > V0 k}

Using that e(G) < kn, we shall prove the following.
LEMMA 6.7. We have ego (H*,L” N (XA UXB) NNY) > Lijkn.
Proof. Suppose otherwise. Then by (6.20), we obtain that

ece (' \H*, L" N (XAUXB) NN¥) > nkn
On the other hand, by the definition of H*,
IH' \ H*|[VQ*k > eqo (H' \ H*, L” N (XA UXB) N NV) .
Consequently, we have

nkn n

H \ H*| > = .
[E\ B 4k 4/ O

Thus, as H is independent,

@) > Y deggy (v) > [HIQ™E > B\ B |0k > TV kn S b,
veEH

a contradiction. O
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Let us define O := shadowgy (E, vk). Next, we define

Ny := V(Gexp) N L N (XA UXB) NN*,
Ny :=ENL'N(XAUXB)NN,
N3 :=0NL'N(XAUXB)NN*,
Ny:= (I N (XAUXB) NN\ (N UNy UN3) .

Observe that

(6.21) ONNy=10.

Further, for ¢ = 1,...,4 define

Ci:={veH" : degg,(v,N;) > degq (v, L” N (XAUXB) N NY)/4} .

An easy calculation gives that there exists an index i € [4] such that

1 A
Lo 1 A (XAUXB) A NY S Lk

22 N,
(6.22) cav(Cin Ni) = 14 128

Set Y := (XAUXB) \ (YBUH) = (XAUXB) \ YB and 1152 = 1153 := 1357 By
Lemma 3.10 we have

NL5.2M
40+

(6.23) Y| <

We split the rest of the proof into four subcases according to the value of i.

Subcase B, i = 1. We shall apply Lemma 5.2 with tgle numerical parameters
TLs = 2, Qi 1= QF Qit 1= VO /4, S50 = W’ Ys.2 = p, and 7L5.2,
the sets Xo := C1, X7 := Ny, X3 := V(Gexp), and Y, and the graph Gy, which
is formed by the vertices of G, with all edges from E(Gv) that are in E(Gexp) Or
that are incident to H. We briefly verify the assumptions of Lemma 5.2. First, the

"7L5 2

choice of d,5 2 guarantees that (%) o5 < . Assumption 1 is given by (6.23).
Assumption 2 holds since we assume that (6.22) is Satlsﬁed for i =1 and by definition
of nr5.2. Assumption 3 follows from the definitions of C7 and of H*. Assumption 4
follows from the fact that X1 C V(Gexp) = X2 and since mindeg(Gexp) > pk, which is
guaranteed by the definition of a (k, Q**, Q* A,~,e’, v, p)-sparse decomposition. This
definition also guarantees assumption 5, as Y U X; U Xy C V(G) \ H.

Lemma 5.2 outputs sets H" := X, V1 := X7, V5 := X with mindegq_ (H", V1) >
VK2 (by (d)), maxdegg, (Vi, X2\ Va) < pk/2 (by (c)), mindegg, (V, H') >
dvs.2k (by (b)), and mindegg__ (V2,V1) = dus.2k (by (b)). By (a), we have that Vi C
YBNL". As mindegg, (V4, XQS > mindeg(Gexp) > pk, we have mindegg_ (Vi,V2) >
mindegGexp (Vl, XQ) — maxdeggexp (Vl, Xg \ Vé) > 51‘5‘2]{5.

Since L', L”, H' witness preconfiguration (&)(%), this verifies that we

have configuration (02)( 755z 1036?;; 5 VO /2, To0RayE)-

Subcase B, i = 2. We apply Lemma 5.2 w1th numerical parameters rp5.9 = 2,

2
Qoo = QF, QL , = VO**/4, 152 = W 5.2 = 7, and nr5.2. Further
inputs to the lemma are sets X := Ca, X1 := Na, X3 := V(G) \ H, and Y. The
underlying graph Gp5.2 is the graph Gp with all edges incident to H added. Verifying
assumptions of Lemma 5.2 is analogous to the verification in Subcase B, ¢ = 1, with
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the exception of assumption 4. To verify this, it suffices to observe that each vertex
in X; is contained in at least one (vk,~y)-dense spot from D (cf. Definition 2.9), and
thus has degree at least vk in Xos.
~3 )k *
Lemma 5.2 outputs sets X}, X7, and X/ which witness configuration (03)(%,
V)2, /2, %). In fact, the only thing not analogous to the preceding sub-

case is that we have to check (4.4). In other words, we have to verify that

k
maxdegq (X1, V(G)\ (X5 UH)) < 72
As V(G)\ (X5 UH) = X5 \ X}, this follows from (c) of Lemma 5.2.
Subcase B, i = 3. We apply Lemma 5.2 with numerical parameters ry5o := 3,

Qf 5o =0Q%, QfF 5 = VO /4, 5.9 1= %, YL5.2 := 7, and 75.2. Further inputs
are the sets Xg := C3, X; := N3, Xo :=E, X3:=V(G)\ H, and Y. The underlying
graph is Grs.2 = Gy U Gp. Verifying assumptions of Lemma 5.2 is analogous to
the verification in Subcase B, i = 1, except that for assumption 4 we observe that
mindegg g, (X1, X2) > mindegg (X1, X2) > vk by definition of X; = N3 C O,
and mindegg_ g, (X2, X3) = mindegs (X2, X3) > vk for the same reason as in
Subcase B, i = 2.

Lemma 5.2 outputs configuration (04)(;55sqeyz 103595; 2, VO /2,7/2, 38400(9* 5), with
H" = X}, V1 := X1, E := X}, and V5 := XJ. Indeed all calculations are sim-
ilar to those in the preceding two subcases; we need only note additionally that
mindegg g, (V1L E') > ”’;m, which follows from the definition of N3 and
of O.

Subcase B, i = 4. We have that V # () and ¢ is the size of an arbitrary cluster
in V. We are going to apply Lemma 5.3 with 0153 := n5.5/100, 153, hrss :=
nLs.3¢/(100Q%), Qf o 5 := O, QFf 5 := VO /4 and sets Xj := Cy, X; := Ny, and Y.
The underlying graph is Gr5.3 := Gv, and Cy5.3 is the set of clusters V.

The fact e(G) < kn together with (6.22) and the choice of 7,5 3 gives assumption 2
of Lemma 5.3. The choice of Cy and H* ensures assumption 3. The fact that X; NH =
() yields assumption 4. With the help of (3.4) it is easy to check assumption 1.
Inequality (6.23) implies assumption 5. To verify assumption 6, it is enough to use
that |Crs.3] < . We have thus verified all the assumptions of Lemma 5.3.

We claim that Lemma 5.3 outputs configuration (05)(;74s7qmyz 106?;* SR V)2, 13800

7, ﬁ), with H” := X and V; := X]. In fact, all conditions of the configuration,
except condition (4.12), which we check below, are easy to verify. (Note that V; C YB
since V1 € X; = Ny € XAUXB. Also, Vi € L”, and thus V; is disjoint from H.
Moreover, by the conditions of Lemma 5.3, V; is disjoint from Y. So, V; C YB.)

For (4.12), observe that (6.21) implies that maxdegg, (Ns, E) < vk. Further, we have
X{ C Ny \Y. Sofor all z € X{ € N+ \ 'Y, we have that degg_ (z,V(G) \ H) > %
As Ny CUV \V(Gexp), we obtain degg,  (2) > % — vk > %k, satisfying (4.12).

6.4. Proof of Lemma 6.2. Set YA] := {v € YA; : degg, (v, YAz) > pk}.
By (6.2) we have

(6.24) G, (YA, YAs) > pkn .

3 4
Set rrs.4 := 3, Qus.a := Q% Y54 := {gh, OLs.a = 1grrgeyss MLs.a i= p. Observe

that (5.18) is satisfied for these parameters. Set Y54 := V, Xg := YA,, X; := YA,
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Xo=X3:= V(Gexp)“, and V :=V(G). Let Ey := E(Gv) and By = E3 1= E(Gexp)-
We now briefly verify conditions 1-4 of Lemma 5.4. Condition 1 follows from Defini-
tion 3.7(1) and (3.4). Condition 2 follows from (6.24). Using Definition 3.7(6), (3.18),
and (3.4), we see that condition 3 for i = 1 follows from the definition of YA/, and
for i = 2 from the fact that mindeg(Gexp) > pk. Last, condition 4 follows from the
fact that U?:o X; is disjoint from H.

Lemma 5.4 yields four nonempty sets X{, ..., X%. By assertions (a), (b), and (c)
and hypothesis 3 of Lemma 5.4, for all ¢ € {0,1,2,3}, j € {i — 1,i + 1} \ {—1,4}, we
have

(6.25) mindeg, (X, X}) > dus.4k,

where H; ; = Gexp, except for {i,j} = {1,2}, where H; ; = Gy.
Thus, the sets X, and X| witness preconfiguration (exp)(drs.4). By Lemma 3.11,

and by (6.3) and (6.4), the pair X}, X] together with the cover F from (3.14) witnesses
3713

either preconfiguration (V1)(555s,

tion (V2)(p2(1 + 55)k).
Notice that (6.25) establishes properties (4.21)~(4.24). Thus the sets X, ..., X3
witness configuration (¢6)(drs5.4,0,1,1, %, p2(1+ 55)k).

6.5. Proof of Lemmma 6.3. In Lemmas 6.8, 6.9, 6.11, 6.12, and 6.13 below, we
show that cases (t1), (t2), (t3), (t3-5), and (t5) of Lemma 6.3 lead to configurations
(06), (¢7), (¢8), (¢9), and (©10), respectively. While the first three of these cases are
handled by a fairly straightforward application of the cleaning lemma (Lemma 5.5),
the latter two cases require some further nontrivial computations.

p2(1 + 55)k) (with respect to F) or preconfigura-

LEMMA 6.8. In case (t1) (of either subcase (cA) or subcase (cB)), we obtain

configuration (06)( 1012(’5))*)4 , AT, 3%(5)* ) 2711(1)/47 ngooaPZ(l + QO)k)

Proof. We use Lemma 5.5 with the following input parameters: rpss = 3,
Qus.s 1= O, Y55 == 1p/200, Nus.5 == p/(29%), dus.5 == n°p* /(1012 (")), eps5 = €,
urs5 = B, and drs5 := d. Note that these parameters satisfy the numerical con-

ditions of Lemma 5.5. We use the vertex sets Yiss = VUF, X = Vo(M),
X1 :=Vi(M), Xa = X3 := V(Gexp)'t, and V := V(G). The partitions of X, and X;
in Lemma 5.5 are the ones induced by V(M), and the set E; consists of all edges from
E(Dy) between pairs from M. Further, we set B := E(Gy) and E3 := E(Gexp)-

Let us verify the conditions of Lemma 5.5. Condition 1 follows from Defini-
tion 3.7(1) and (3.20). Condition 2 holds by the assumption on M. Condition 3
follows from Definition 3.7(6) by (3.18), and for ¢ = 1 also from the definition of
M. Condition 4 holds by the definition of M. Finally, condition 5 follows from the
properties of the sparse decomposition V.

Lemma 5.5 outputs four sets X{,...,X5. By Lemma 3.11, the sets X| and

X/ witness preconfiguration (@1)(%,]32(1 + 55)k) or (V2)(p2(1 + )k) Further,

Lemma 5.5(a) gives that (X{, X) witnesses preconfiguration ( g)(4¢ It is now

45
to verify that we h figuration (06)(1sthimr, 42 33421 k

easy to verify that we have configuration (o )(m7 .4, 2, 517> P2 (1 + 55)k).
This leads to configuration (06) with parameters as claimed. Indeed, no matter

whether we have (M1) or (M2), we have 47 > 4 - 12]525/, 3231 < 772, and % <
2 2.7 =~

7 < g5 < of (for the latter recall that ¢ < ¢’k by Definition 2.10(4)). 0

LEMMA 6.9. In case (t2) (of ezther subcase (CA) or subcase (cB)), we obtain

configuration (07)(w12(+/))<*7 106> 47, 329’)*7 2707 231037332(1 + 26)k)-
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Proof. We use Lemma 5.5 with the following input parameters: rr55 = 3,
Qus.s5 == QF, YLs5.5 := 177/200, Nu5.5 := p/Q*, Ous.5 1= 1> p/(1012(Q*)*), €55 = €,
prs.s := 3, and dps5 = d. We use the vertex sets Y55 :== VUF, Xy := Vo(M),
X1 :=Vi(M), Xo:=EI" X3:=A;, and V := V(G). The partitions of Xy and X; in
Lemma 5.5 are the ones induced by V(M), and the set F; consists of all edges from
E(Dy) between pairs from M. Further, we set Fy := E(Gv) and E3 := E(Gp).

The conditions of Lemma 5.5 are verified as before; let us just note that condition 3
follows from Definition 3.7(6) and by (3.18), and for ¢ = 1 from the definition of
M, while for i = 2 it holds since E is covered by the set D of (vk,~)-dense spots
(cf. Definition 2.9).

It is now easy to check that the output of Lemma 5.5 are sets that witness

3.3 3
1012390)4’ 300° [23’ 2- 103’132(1 + 35)k)- U

Before proceeding with dealing with cases (t3), (t5), and (t3-5) we state some
properties of the matching M := (M4 U Mp)!

LEMMA 6.10. For Viefiover := V(Ma U ./\/l]'g)r1 \ V(M) and Yy, = VUFU

2
shadow g, (Viettover 1’70—()’%), we have
(a) Misa (43705, 4 158 regularized matching absorbed by MaUMp and V(M) C
A1, and
(b) [V < 2002’0,

configuration (o7)( 4,4 1

Proof. Lemma 6.10(a) follows from Lemma 3.9.
Observe that from properties (1) and (3) of Definition 3.7 we can calculate that
(6.26)

|Vieftover|\ k_09 |MAUMB|+‘UVUV*

< 3-K%9. Q——I—Qexp( k1) < 2en .

Then

_ n2k

Y| < |V]+ |F| + |shadowg, <Vleftover7 1000)‘
10009*
(by F3.1) |V| + ‘IF| + |Vieftover|
3000eQ2*n
(by (6.26), D3.7(1), (3.4), (3.20)) < — 5 >
n

as desired for Lemma 6.10(b). ad

LEMMA 6.11. In Case (t3)(cA) we obtain configuration (08)(%, 66 s 407705,
45,4, 1, 2770762’ 5, P1(1 + 55)k, p2(1 + 35)k).

Proof. We use Lemma 5.5 with the following input parameters: rpss5 := 4,
Quss = O, Y55 = 77/200, 55 = p/V, Ous5 = 'y p/(10"°(*)%), ers5 =

g, prss = B, and diss = d. We use the following vertex sets: Yis5 = Yy,
Xo = ‘/Q(M), X1 = ‘/1(./\/1),

X5 i= (Lyk(G) N V) O\ (V(Gexp) UEUV(MAUMB)U Vg ULy UJg UL ) |

X3 :=E" X, :=A;,and V := V(G). The partitions Pl-(j) of Xy and X7 in Lemma 5.5
are the ones induced by V(M), and the set E; consists of all edges from FE(Dy)
between pairs from M. Further, we set Fy = E3 := F(Gv) and E, := E(Gp).
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Most of the conditions of Lemma 5.5 are verified as before; let us only note the
few differences. Condition 1 follows from Lemma 6.10(b). Using Definition 3.7(6)
and (3.18), we find that condition 3 for ¢ = 2 follows from the definition of V..g, and
condition 3 for ¢ = 3 holds, as it is the same as condition 3 for ¢ = 2 in Lemma 6.9.
To verify condition 3 for ¢ = 1, we first observe that since we are in case (t3), we have

2%k
(6.27) V1(M) C shadowg, ((VW]E NLyk(G))\V(M4sUMp), 17705 )
\ (shadowgy (V(Gexp), pk) UVg) .
Also, since we are in case (cA), we have

(6.28) ViM)NT=0.

Thus, for each v € V(M) we have, using Definition 3.7(6),

degcre (v, X3) = Po ((dogg (0, (L (G) N Vir) \ V(Mo U Mp))

— deggo (v, V(Gexp) UEU Veug U Ly U Jg U Jl)) — k09

n [ 2n°k pk 1’k 0.9
5.2 5.2 3.1 > — — pk — -k
(by (6.27), (6.28), (3.18)) 100 ( 105 p 100Q*  10°
(by (3.4)) 77'Yk’
200

which indeed verifies condition 3 for 7 = 1.
Define N := M\ {(X,Y)eM : XUY CV(Ng)}. By Lemma 6.10(a) we have
that N C M is a (490 4 17 yeoylarized matching absorbed by M4 UM p and that

n ’ 27200
V(N) CA;.
To see that the output of Lemma 5.5 together with the matching N leads to
4,4 s
Conﬁguratlon (08)(W7 Z(;)(/y 42706741 37 Zv 2’%027 27P1( QO)k p2( )k) let

us show that (4.35) is satisfied (the other conditions are more easily seen to hold).
For this, let v € X}. We have to show that

(6.29) degg, (v, X5) + degg,, (v, V(M) > b1 (14 55 ) k.

Note that v € V(Gexp), and thus degg_ (v) = 0. This allows us to calculate as
follows:
(6.30)
degg, (v, X3) + degg,,, (v, V(N)) > degg (v, A1) — degg,, (v, X5\ X3)
—degg, (v, V(NE)) — degg, _, (v, Viettover)
—degg, ., (v, V(G)\V(MaUMp)) .

We now bound the terms of the right-hand side of (6.30). From Definition 3.7(6)
we obtain that degq (v, A1) = p1(degg, (v) —degg (v, H)) — k. Lemma 5.5(c) gives
that degg (v, X3\ X35) < %. Asv & JgUV (M AUM ), we have deg; (v, V(NE)) <

~vk. As v ¢ Yy and thus v & shadow g, (Viettovers %), we have degg_ (v, Vieftover) <

%. Last, recall that v ¢ J1 UV(Ma UMpg), and consequently degg, (v, V(G) \

reg
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V(M4 UMBp)) < ~vk. Putting these bounds together, we find that

2%k
1000
9 nk n*k

(as v € Ly 1 (O \ (L UV 2 P1 ((1 + 10) k— 100) ~ 0

(by (3.18), (3.4)) Z P1 (1 + %) i

This proves (6.29). ad

degq,, (v, X3) + degg, , (v, V(N)) > p1 (deggy (v) — degq (v, H)) —

LEMMA 6.12. In case (t3-5)(cB) we get configuration (09)(1027”(%, %,pl(l +

n 7\ 400s d pme Vo v
10k, p2(1 + 55)k, 505, 55 560k 47, 5507 2107 )-

Proof. Recall that by Lemma 3.11 we know that F, as defined in (3.14), is an
(M4 U Mp)-cover. We introduce another (M 4 U M g)-cover,

Fli=FUu{XeVWMp): XCE}.

By (3.32) and as we are in case (cB), we have maxdegg_ (Vi(M),JF) < %kj
Furthermore, as we are in case (t3-5), we have V1 (M) N Vg = 0. Thus,

2 3
(6.31) maxdeg g (Vl(./\/l),U]-‘/) < TgSk

We use Lemma 5.5 with the following input parameters: 1155 = 2, Qus.5 := QF,
Y55 = 01 /10M, nuss = p/2Q%, duss = pn®/(10%7(Q*)?), enss = &, prss = B,
and dpss = d. We use the following vertex sets: Yiss5 1= Yy, Xo = Vo(M),
X1 = Vi(M), and X5 := V(M) \ JF € JV. The partitions of X and X; in
Lemma 5.5 are the ones induced by V(M), and the set F; consists of all edges from
E(Dy) between pairs from M. Further, we set Ey := E(Gp).

Condition 1 of Lemma 5.5 follows from Lemma 6.10(b). Condition 2 follows by
the assumption of Lemma 6.12 on the size of V(M). Condition 4 follows from the
definition of M. Condition 5 holds since V(M) does not meet H.

It remains to verify condition 3 for ¢« = 1. For this, first note that from Lemma 3.11
we get that
(6.32)

(cB) _
mindegg, (Vi(M), Vi) > mindegg, (XA\@UV), VL) > b (14 %) k.
From this, we calculate that

mindeg, (Vi(M),V(MaUMp)™)
> mindegg (Vi(M),V(MaUMp)")

— maxdegg, (Vi(M), V(M4 UMp))

by (310, 3.1 = mindegg (Vi(M),V, ! )
— maxdegq_ (V1(M)
— maxdegq_ (Vi(M)
— maxdeg . (Vi(M),
(Vi(m)

— maxdegg,,

(GeXP) \ V(MA U MB))
(Gexp) N V(MA U MB)) .
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We use (6.32) to get a lower bound on the first term. Recalling that V3 (M)NV_g = 0,
we obtain an upper bound of 10’6% on the second term. Last, using (cB) we can bound
maxdegg, (Vi(M), L, x(G) \ V(M4 UMp)) by maxdegq, (XA \ J3,XA). Therefore,

k
mindege, (Vi(M), V(Ma UMp)™) > pr (1+ %k> - oo
— maxdegg, (XA \ J3,XA)

—maxdegg (Vi(M), V(Gexp)) -
We use the definition of J3 and the fact that (t3-5) gives
Vi(M) Nshadow (V (Gexp), pk) = 0.

We obtain

(6.33) mindegg, (Vi(M), V(MaUMp)') = p (1+ )k_ pk _nik_pk
. Gp 1 5 B = 20 71009* 103 .

Therefore,

mindegg, (Vi(M)\ Y55, X2) > mlndegGD(Vl( )\YM,V(./\;I))

— maxdegg, ( U .7-"')

(by def of M, (6.31)) = mindegGD (Vl (M), V(MaUM5g) H)

21m3k
— maxdegg, (Vi(M) \ Vi, Vieoner) — 553
U ok 0’k "’k 20’k
(by (6:59) and by defof ¥is.5) 2> P ( 20) b= oo ~ 108~ °F " To00 108
n
6.34 1 k.
(6.34) 2 pi(l+ 55)

Since the last term is greater than ~vy,5 5k = 13%/{: by (3.18), we see that condition 3
of Lemma 5.5 is satisfied.

Lemma 5.5 outputs three nonempty sets X|, X1, X4 disjoint from Y155, together
with (4¢, 4)-superregular pairs {ng ) QY )}Jey which cover (X{), X]) with the follow-
ing properties:

(6.35) (by L5.5(2)) N {|Q l, |Q(j)|} > 2 forcach j € Y,
(6.36) (by L5.5(b)) HllndegGD (X2,X1) > 0155

n'k
(6,37) (by L5.5(c) and (6.34)) InlndegGD le X2 2 P1 ( ) m

1 )k
> (14 55
We now verify that the sets X}, X/, X}, the regularized matching Np4.14 := M

together with the (M UM g)-cover F’, and the family {(Qéj), gj))}jey satisfy all the

conditions of configuration (¢9)(drs.5, %,pl(l + 35k, p2(1 + 35)k, 407]05, 4 re A,

3 v
502 3-107)°
By Lemma 3.11, since we are in case (cB), and by (6.31), the pair X{,, X together
3
with the (M4 UM p)-cover F’ witnesses preconfiguration (01)(22; Tos, P2(1+35)k). By
Lemma 6.10(a), M is as required for configuration (¢9).
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To see that G is in preconfiguration (reg)(4w,v3p/32Q*, n?v/2 - 10%), note that
4 < 47 and d/4 > v3p/32Q* (in both cases (M1) and (M2)). Further, property
(4.20) follows from (6.35) since 8/2 > n?v/2 - 10%.

Finally, by definition of X5, the set X} is as required, with property (4.36) fol-
lowing from (6.37), and property (4.37) following from (6.36). 0

We are now reaching the last lemma of this section, dealing with the last remaining
case.

( )}EMMA 6.13. Finally, in case (t5)(cA) we get configuration (¢10)(e, %, Tevk,
Q) °k n )

2 740
Proof. Since we are in case (t5), we have V(M) C V(Gyeg). Therefore,

mindegg,  (V(M), Vgood) = mindegg, (V(M), Vi \ Ly) — maxdegg,, (V/(M), H)
—maxdegg, (V(M),E) — maxdegg (V(M), V(Gexp))

n
. > YRy ’
(6.38) (L+ 500k
where the last line follows as V(M) C XA\ J C YA\ V.g by (cA), and furthermore,
V(M) N (shadowg(V (Gexp), pk) UVsg) = 0 by (t5).
Define

C:={C\ (LgUV(MaUMp)UVgUIL) : CeV},
c- :={Cec : \C|<\@c} .

We have
(6.39) ’Uc—] < S VEIC < Ve

cecC

Set V° := V(M4 UMp)U(C\C™), and let G° be the subgraph of G with vertex
set [JV° and all edges from E(Greg) induced by (JV° plus all edges of E(Gy) \
E(Gexp) between X and Y for all (X,Y) € M4 UMp. Apply Fact 2.1 (and recall
Definition 2.10(3)) to see that each pair of sets X,Y € V° forms an e-regular pair of
density either 0 or at least v2d/2 (whose edges either lie in Gyeg or touch E).

Next, observe that from Setting 3.5(3), Facts 2.7 and 2.8, and using Defini-
tion 2.10(7), we find that for all X € V° which lie in some cluster of V, we have
|UNge (X)] < [UNgp (X)] < £ - 5. Also, observe that for all X € V° which do
not lie in some cluster of V, we know from Setting 3.5(4) that X is not incident to any
edges from E(Greg). This means that | JNgo(X) is contained in the partner of X in
M4 U Mp (which has size at most ¢ < £’k by Setting 3.5(4) and Definition 2.10(4)).

Thus we obtain that

2 *\2
(6.40) (G°,V°) is an <E, %dﬂr\@c, (@ g k)—regularized graph .
v
Define
Lo = {X € V°\ V(M4 UMp) : mindegge (X) > (1 + g)k} .

We claim that the following holds.
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CLAIM 6.13.1. There are distinct X4, Xp € V°, with E(G°[X a, XB|) # 0, such
that we have degg, (v, V(MaUMp)UUL®) = (1 + g5)k for all but at most 2¢'c
vertices v € X 4, and all but at most 2¢’c vertices v € Xp.

Then, setting Gpa.16 := G°, Vpa.16 := V°, Mpa1g := Ma UMp, Ly = L°,

Apsis = Xa, and Bpysig := Xp, we obtain configuration (010)(57#,7r\@1/k,
m;fk, 15)- Indeed, using (6.40) and the definition of £°, we see that (GD4_16, Vb4.16)5
Mbpa.ie, and L5, | are as desired and fulfill (c) of Definition 4.16. Claim 6.13.1
together with the fact that degge(v,V(Ma UMp)UUL®) > degg, (v, V(Ma U

Mp)UJL®) for all v € V(G®) ensures that also (a) and (b) of Definition 4.16 hold.

It remains only to prove Claim 6.13.1.

Proof of Claim 6.13.1. In order to find X4 and Xp as in the statement of the
claim, we shall exploit the matching M; the relation between M and (G°,V°),
My U Mp, and L° is not direct. We proceed as follows. In Subclaim 6.13.1.1
we find a suitable M-edge. In case (M1) this M-edge readily gives a suitable pair
(Ap4.16, Bpa.16). In case (M2) we have to work on the M-edge to get a suitable Gyeg-
edge; this will be done in Subclaim 6.13.1.2. Only then do we find (Ap4.16, Bpa.16)-

SUBCLAIM 6.13.1.1. There is an M-edge (A, B) such that degg,  (v,V(Ma U
Mp)ulUL) = (1 + 5k + 2’% for at least % vertices v € A, and at least @
vertices v € B.

Proof of Subclaim 6.13.1.1. Set S := shadowg,,, (UC™, %), and note that by

Fact 3.1 we have | S| < \UC’|-W. So, setting Mg := {(X,Y) € M : |(XUY)NS| >
XUYIY e find that

(6.39) 800+ &’Q2*
VMs)| < 48] °E f" o

where the last inequality holds by the assumption of Lemma 6.13. Consequently,
M # M.

Let (A, B) € M\ Mg. We will show that (A, B) satisfies the requirements of the
subclaim. We start by proving that

6.41) Vo NV(G°)\ (V(MA uMgp) Ul EO) C V(Gexp) U (Voo N Ly £(G)) -
Indeed, observe that by (3.8),

ViNV(G®) CV(MaUMB)UV(Gexp) U (L i(G) \ (L UV U 1))

VIMaUMp)UV(Gexp) U (L%yk(Gv) \ (Vosm UJ1)) .

NN

So, in order to show (6.41), it suffices to see that for each X € V°\ V(M4 UMp)
with X C }L%)k(Gv) \ (Voo UJ1 UV (Gexp) U Vaur), we have X € L°. So assume X
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is as above. Let v € X. We calculate

degg, ., (v, V(G?)) = degg,,, (v, V(M4 UMsp))

9
(v & V(Gexp)) = (1 + 13) k —degg (v, H) — degg,, (v, E)

—degg, ., (v,UV\V(MAUMB))

9 k k
(v @& Vg UV,g Ul UV (M4 UMp)) (1—}—18)/6—17700—10%9*—’)%
> (1+35) k-

We deduce that X € L°, completing the proof of (6.41).
Next, observe that by the definition of C, we have
V—I— N V(Go) 2 Vgood n V(Go)
D V:good \ ( good \ V(GO))
(6.42) > Viood \ ( ~aUl U JeTUEU V(Gexp))

We are now ready to prove Subclaim 6.13.1.1. For each vertex v € A\ S, we have

degg, ., (v, VIMaUMp)U U ﬁo) > degg, (v, VL NV(G?))
—degg,,, (v,(VZ NV(G®)\ (V(MaUMp)U L))
(by (6.42), (6.41)) = degGreg (U, Vgood) - degGre (U, VopUliUu U C_>
—degg,, (v,E) —2degg, (v, V(Gexp))
— degGreg (1}, (Vg N Ln,k( N\V(MaU MB))
n)kjﬁtﬂf Pk, 2k
20 105 200 1009  “PYT 108

77) nk
1 k+ ——
( t20) " a0

(by (6.38), as v & S UJ, by (£5)) (1 =+

where for the second-to-last inequality we used the abbreviation “by (t5)” to indicate
that this case implies that

2%k
v ¢ shadowgg (V(Gexp), pk) U shadowe, <(unz NL, x(G))\ V(MaUMpg), 17705 ) .

As |A\ S| > |A‘ , we note that the set A satisfies the requirements of the claim.

The same calculatlonb hold for the set B. This finishes the proof of Subclaim
6.13.1.1. O

The next auxiliary subclaim is needed in our proof of Claim 6.13.1 in case (M2).

SUBCLAIM 6.13.1.2. Suppose that case (M2) occurs. Then there exists (m edge
CaCp € E(Greg) such that degg, (v, V(MaUMEp)UUL®) = (1+ L)k + 2= for all
but at most 2¢’c vertices v € C4, and all but at most 2¢’c vertices v € Cg. Moreover,
there exist A, B € V(M) such that |C4 N A| > Ve'c and |Cp N B| > Ve'e.
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Proof of Subclaim 6.13.1.2. Let (A, B) € M be given as in Subclaim 6.13.1.1. Let
P4 C A and Pg C B be the vertices which fail the assertion of Subclaim 6.13.1.1.
Note that with this notation, Subclaim 6.13.1.1 states that

(6.43) A\ Pal > |4]/2.

Call a cluster C' € V A-negligible if |C' N (A\ Pa)| < 155 ]Al. Let R4 be the
union of all A-negligible clusters.

Recall that (A, B) is entirely contained in one dense spot from (U,W; F) € Dy
(cf. (M2)). So by Fact 2.7, and since the spots in Dy are (1~ : = %)-dense, we know
that max{|U|, |W|} < 49 k_In particular, there are at most 49 k A-negligible clusters
which intersect AN R A

As these clusters are all disjoint, we find that

49 k 14]

(AN Ra)\ Pal < O (AN Pa)l <

This gives
IA\

A\ (Pau ) S A anry Py AL

Similarly, we can introduce the notion of B-negligible clusters and the set Rp,
and get |(BN Rp)\ Pg| < Bl and |B\ (PgURg)| > B
By the regularity of the palr (A, B) there exists at least one edge

ab € E(G*[A\ (PAUR4),B\ (PpURBR)]),

where a € A, b € B, and G* is the graph formed by the edges of Dy. As V(M) C
V(Greg) by the assumption of case (t5), we have that ab € E(Gheg). Let Cy,Cp € V
be the clusters containing a and b, respectively. Note that CaCp € E(Gyeg).

Now as a ¢ R4, also Cy is disjoint from R4, and thus

¢ apk
A\ P
CAN(ANPA) > foqy e > Ve

This proves the “moreover” part of the claim for C4. So there are at least 2¢’c
vertices v in Ca with degg, (v, V(MaUMp)UUL®) = (1 + gk + 2"0% (by the
definition of P4). By Lemma 2.3, and using Facts 2.7 and 2.8, we thus have that
degg, ., (v, V(MaUMp)UUL) = (1+ )k + £ 400 for all but at most 2¢’c vertices
v of C4. The same calculations hold for Cp. 0

In the remainder of the proof of Claim 6.13.1 we have to distinguish between cases
(M1) and (M2).

Let us first consider the case (M2). Let C4,Cp € V and A, B € V(M) be given
by Subclaim 6.13.1.2. We have |C'a \ (V.g ULy UJ1)| > Ve'|C4| by Subclaim 6.13.1.2
and by the definition of M and the definition of J. Thus, C4NV (G®) is nonempty. Let
X4 € V° be an arbitrary set in C'4. Similarly, we obtain a set Xp € V°, Xp C Cp.
The claimed properties of the pair (X4, Xp) follow directly from Subclaim 6.13.1.2.

It remains to treat the case (M1). Let (A, B) be from Subclaim 6.13.1.1. Let
(X4,XB) € Mgooa be such that X4 2 A and X O B. Claim 6.13.1.1 asserts that
at least

[A] oo e
2 7 2-104

> 2¢’¢
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vertices of A have large degree (in Gyeg) into the set V(M aUMp)UJ L. Therefore,
by Lemma 2.3, X4 and Xp satisfy the assertion of the claim.

This proves Claim 6.13.1. ]
Recall that Claim 6.13.1 was the only missing piece in the proof of Lemma 6.13.
The proof of Lemma 6.13 is thus complete. 0

The proof of Lemma 6.3 follows by putting together Lemmas 6.8, 6.9, 6.11, 6.12,
and 6.13.
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General index

avoiding, 1021
avoiding threshold, 1022

bipartite density, 1020
bounded decomposition, 1022

captured edges, 1023
cluster, 1022

consistent matching, 1039
cover, 1037

cut-vertex, 1024

dense cover, 1021
dense spot, 1021
density, 1020

end shrub, 1024
ensemble, 1020

fine partition, 1024
hub, 1024

internal shrub, 1024
irregular, 1020

nowhere-dense, 1021

partner, 1023
proportional splitting, 1031

regular pair, 1020
regularized matching, 1023
regularized graph, 1039

shrub, 1024
sparse decomposition, 1023
superregular pair, 1020
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