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We consider only graphs without loops and multiple edges. G"
denotes a graph of n vertices, v(G), e(G) and x(G) denote the number of
vertices, edges, and the chromatic number of the graph G respectively, The
star of a vertex x will be denoted by stx (that is the set of vertices joined to
%), the valency of x will be denoted by &s(x). K(m,n) denotes the complete
bichromatic graph with m and n vertices in its classes. {K(m,n)-r} is the
graph obtained from K(m,n) omitting r (r<min(m,n)) independent edges.
Thus {K(4,4)-4}=C is the graph formed by the vertices and edges of a cube.

Let us denote by {(n;L4,..,L5) the maximum number of edges

a graph G" can have if it does not contain any L; as a subgraph.

If it does not cause any confusion, f(n;L4,.., Ly) will be

abbreviated by f(n).

According to [1]

i
(1) +(n;K(t.mD=om(n"'T) (L<m)
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This result is sharp if £=2,3 [1] [2]

N
(2) t(ni K(2,2) = (H+ot4) =5
5 5
3) ¢y n? = FniK(BN € Cypn”
Hereinafter c,cj,cyj,... will denote positive absolute constants,

and if ¢; is used in different formulas, it can have different values. )

TURAN asked for the determination or estimation of $(n;C).

A very special case of a result of ERDOSgives [3]

f(n;C) 4c.n5‘{3

Further ERDOS showed that [4]

c1n3'!2< $(n; §CH-1xP) < cznsf2

where {C}-{x} is the graph, obtained by omitting a vertex from the cube. We

shall prove a stronger assertion, namely
3 3
4) c;anljrjz-c.[i(ﬂ‘,{C—‘iws)c(‘,l'n'}‘2

where 30-1} is the graph, obtained by omitting an edge from the cube. ERDGS
53

conjectured that n is also the lower bound for C, but this conjecture is

false, In fact,
©) £(n;C) = 0(n%5)

ERDOS conjectured [5] that for any graph L, if y(L) =2,

then there exists an o = (L) such that

(6) lim $(n; L)/ n%

h—oo
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exists, and perhaps
@) &w of ik or o = % <4
k Kk
would also hold in all cases (where k is an integer). This conjecture is

disproved by the following results of this paper:

Let D(k,?) be the graph, obtained by joining two given vertices x
and y by k independent paths of length 4 and let E(t,k,2) be the graph
obtained by joining each vertex of the first colour of a K(t,t) to each one of
the first colour in D(k,{) and joining the vertices of the second colour of
K(t,t) to the vertices of the second colour in D(k,2). (D(k,4) can be coloured
by 2 colours in exactly one way, thus E(t,k,£) is well determined), Then

B 2k+2t 5 2
) 7 N L, 1)
(8) Cpt N Skatiwltlhat)-1 = -f(n-, E(t,k,3)) < C}k,tn 2t+3

where the exponent in the lower estimation tends to the exponent in the upper

one, therefore (7) does not always hold,

Besides, we shall also obtain that

B 44 N
9 £(n; EC1,2,0) = O(n T+ )
Further, we obtain that
2
2 -
(10) f(n;{ker,m-3}) =O(n 2"“3)

which is a generalization of (5). (10) is trivial from {K(r,r)-3} = E(r-3,2,3)
and from (9).

All these results are obtained from two main theorems of the paper.

In order to formulate Theorem 1, we need

DEFINITION 1. G, is d-regular, if
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d min ¢(x) = max g(x) (dz1).
xeG" 2eG"
1

— +1
THEOREM 1. If ¢(G™) 2n"* and d =10-2%*  then G

contains a d-regular subgraph G™ such that

e(GM) = %m{wt

1-ot
P %
and m=2n '+% unless nis too small.

COROLLARY. If -Fd( n) denotes the maximum numbe1r of edges a d-
-5 +1
regular graph can have if it does not contain any L, [d, =10. 2°‘3+ ]

and if

f40n) = 0(n'**)

then

fn; Lsen b)) = O(n**)

THEOREM 2. Let L(t) be a graph obtained from L where x(L)=2

by joining each vertex of its (-th class to each vertex of the i-th class of

K(t,t) (L =1,2).

1f
(10) fin; L) = O(n?%) (ote(0,11)
and
(11) ;P -1 -t
then
(12) Fhs L) = O(n®®)

The latter theorem is a recursive one, It can be used for many

estimations if (L) =2.
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PROOFS,

PROOF of THEOREM 1. Let A be a large number and let us divide
the vertices of G" into 2A classes of equal size. (Hereinafter no difference will
be made between x and [x]. This is allowed here.) The i-th class will be
denoted by C; and we may suppose that xeC,, y4¢ C, implies that 6(x) 2 6(y)

There are two cases.

a) If C, represents less than -;: n'** edges, we consider G™ =
m
=G Gy sl ™y J?__ n'** . If G'' contains a vertex ¥, of valence
5—1—-n°‘, we omit it, B w 6 eyt

10

m s . *
If G * contains a vertex %, of valence = :—On"‘ we omit it, and

-
o on. At last we cannot omit any x; from G ' and since we omitted less

-
than :—On““ edges, e(G )2 % n*%, Further

2e(G) = v(G): max a(y)

xeG
implies that
m; A
1 1) = pm T
(13) v(G 1) mj = — n
Here we used that
(14) max &(x) = An%

"
1el

but (14) follows from the fact that C, contains a vertex x, of valency

| 1+t n _ o
vz—n /———ZA—An

and if y¢G,,

1l

sy =cixy) =An%.
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.
Therefore, the maximal valence in G Y is less than An® and the

m
minimal one is greater than % n*. Thus G ' is 1{0A -regular and

m; 1+
l 1 i+ » io
e(G ') = =M mjz =20
In this case the theorem is proved.

b) f G represents more than %n““ edges, we consider the

graphs Gj (j=2,.-,2A) spanned by CJ'UC% Since

i l+at
2 _e(G)) = 3n
there exists a j, such that
S U O £t SO N £
G I EgR e gn =R

m
Let us put Gj -G ' and apply to it this splitting method again.
0
Either we obtain a 10A -regular graph by a) or a Gm2 by b) from it, In the

m
latter case we apply the method to G %, and so on,

m-
We prove here that the iteration gives a G J at last, which

posseses the properties, described in Theorem 1, Clearly

1 1+

My
e(G ")z 2
(4A)

and

Since v3(G) > e(G) for every G,

-k -2k
(A", 't 2 n2 A%
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Thus

and consequently

A

k £ (4-) logn/Log -

On the other hand

log mkzlog—fr = logn- klogA .

Therefore

(15) logm, = (1—(1—-0{) ﬁi—] logn .

log
097
Therefore, if o’'<ol and A is large enough,

(16) my, 2z n*

This shows that the procedure stops at last, and the obtained graph
G™ will have at least n* vertices, if A is large enough, Clearly G" is

10A -regular and

efE™ia L m1+ok
5
-2
E.g. if A=2% +1, then a short computation shows that
u: 1-at

(17) m=n 1+

-2
1
Here d.:i‘:]-i?’.‘x J , and this completes our proof.

PROOF of the COROLLARY,. There exists a c, >1 such that

(18) {d[n)£c1n{+°‘
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Let now G" be arbitrary, but having at least 3¢c,n'** edges.
According to Theorem 1, it contains a d-regular G™ such that t’.’.(va):-c,;n“"’l

e(a)

and mzn . According to (18) G™ contains at least one L, therefore G"

also contains an L; . Thus

£(n) = O(n'*®).

PROOF of THEOREM 2. We use inductionon t. Let Ly = L(t)
and L, =L (4). Then L, = L(t+1). Therefore the induction is trivial, if

we know the theorem for t =1.

A triple (x,y,z) will be called a cap, if x,y are joined to z.
First we estimate the number of caps in G" by e(G") then the number of
K(2,2) and finally the number of K(2,2) containing a fixed edge. This will

give the recursion,

Let G be a graph of E edges, E > 1000n"2 and let it be
d -regular, where d is a large integer fixed later.The valency of X; is o(x;),

therefore the number of caps is

o)
Ne= 2 ( 2“] = 12- T (ottu;) - alaid) 2

n
A€ G

(Zo*(xo)a
2L 2= L5 s =

2
2 4g% ) E

L L
2 n

for sufficiently large n. Here we applied the Cauchy inequality,

Let us denote by v(x,y) the number of caps (x,y,z) and by N,
the number of K(2,2) in G". Clearly
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vx,Y) vZix,y) vix.y)
sz( e e b

(19)

(el o

u)‘“
—-N.|l> —
<] 3

0 M

>

(Tveny) 1 (N
Aty - 2 Vy) = —|—
(2) 4 4 ((2)

o
It

2

since Nz 10®. n* . Thus

E
N, > — -

1
=3
Therefore, there exists an edge (x,y) such that (x,y) is contained

in at least

E3

4
3 n*

?'d‘TE and the even

K(2,2) -s. Since the graph is d-regular, &(x),6(y) <
graph, obtained by considering only the edges joining st x to sty, has at least

1 E°
3 nk

edges. If G" does not contain L(1), then this graph does not contain L, thus

2-a
i E3 ¢ AdE . 4LdE
5 N {( = :L) < C( = )
Let
1 1
(20) oo m
et
and a=10.2 . Then
c(#d}z'm- %%, y¥es 31 g3 ot
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Thus we obtain

(21) c,n =E

‘Fd(n; LA = 0(n*®)

Applying Theorem 1 we obtain
FOny LAY = 0(n®P)

which was to be proved

APPLICATIONS.

1) Let us denote by D(k,t) the graph obtained by joining two given
vertices ¥ and y by k independent paths of length £.

An unpublished result of Erd&s states that

1
f(n;D(2,)) = 0(n T

Let us denote by E(t,k,£) the graph, obtained by joining t ver-
tices of the first class of a K(t,t) to the vertices of D(k,L) having the same
colour, the other vertices of K(t,t) to the other vertices of D(k,2). (l.e.,
if L=D(k,2) then E(t,k,£) = L(t)). If L is connected and bichromatic,
L(t) is uniquely determined, thus E(t,k,2) is also uniquely determined.
According to Theorem 2

-4
gt
fln; ECt,2,8) = O(n t(2-1+1)
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On the other hand, the method used in [7] gives that

_v-?.
(23) f(n; L) 2n e-1
where v =v(L), e =e(l)
Therefore
" t+4-1
A > t2+2tl+20-14
f(n.ett,z,a))_ctlz‘zn +2tt+

If { -0, t is fixed, the exponents tend to 2 'it and 2 - ﬁ-

respectively, In this sense the estimations are not too bad.

2) It can be proved that

£(n; D(k,3) = 0(n")

Therefore
-
f(n; ECt,Kk,3)) =0(n  2t¥3) .
(23) gives
9 - 2k+ 2t
(24) fln; EC(t,k,3)) 20y 4N ke t2e 2t (Ka 1)1

If t is fixed, k—co, the exponent in (24) tends to 2~ 2~ This
shows that the estimation is not too bad and at the same time it disproves the
conjecture of Erdds, mentioned in the introduction. If k=2 we obtain
estimations for {(n;C), where C is the cube, moreover, for §(n;{K(4,4)-3})
(see in the introduction) but (24) is not better than the trivial h?’fz obtained

from (2). (Clearly, if L,cL,, f(n; L,)<§(n;L,) and here C>5K(2,2).)
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3) Though it is not a new result, it is interesting to see that (1) is
an immediate consequence of Theorem 2. Indeed, if L=K{{,1) and t=r-1,

then L(t) = K(r,r) thus

1 1
—— e =P
(e 'S 4
defines an o such that
2-olp
fny Kerr)) = OCn )

Since ot1=1,;—r =r and this gives (1). Since (1) is sharp if

r=1,2,3 , thus Theorem 2 is the best possible in a certain sense,

4) Let T be any tree, then $(n,T) = O(n). Therefore
L
Fn; Tt = 0(n" t+1),

If e.g. T is a path of length 5, then f(n;T() = 0(03;’2)
But T(1) ={C-1} and this proves (4).

Here we stop our investigations, though Theorem 2 has many

further applications,

(The reader can easily check that all the results, stated in the

introduction, were really proved. )

OPEN PROBLEMS

By the method of random graphs we can show that for every d and
3
¢ there is G", e(GN=[n fz] , which does not have a d-regular subgraph
G" such that e(G™) 2 eVa m .

Many open problems remain, we just state two of them: Is it true
that for every € and o if n>ny(e,a) and d>d.(g,4) every G" oG >n't

contains a d-regular subgraph
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m a m 14 ot
6", m>n'T%, e(G) > &m ¢

Is it true that every G, e(G") = [nlogn) contains a d-regular

subgraph G™, e(G™) > em logm where m tends to infinity together with n?

It would be interesting to determine the correct order of magnitude

of {(n,C).
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