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1. Introduction

Given a graph G, a k-coloring ¢ : X — {1, ..., k} of G is distinguishing if the only automorphism of G that fixes ¢ is the
identity automorphism. The minimum k for which G has a distinguishing k-coloring is called the distinguishing number of
G, and is denoted D(G). The distinguishing number of a graph G is, in some sense, a measure of the resilience of Aut(G),
in that a distinguishing coloring serves to “break” all of the symmetries of G.

Inspired by a problem of Rubin [22], which creatively asked for the distinguishing number of the cycle C,, Albertson
and Collins initiated the study of distinguishing numbers in [2]. Since that initial work, the distinguishing number of a
graph has been determined for a number of graph classes, including planar graphs [4], Cartesian powers [1,20], forests [10]
and interval graphs [11]. The distinguishing problem has also been studied extensively for infinite graphs (see [21] for a
recent example).

In 2011, Ferrara, Flesch, and Gethner [13] first considered the natural extension of distinguishing graph colorings to
list colorings. A list assignment L on a graph G is a function that assigns each vertex of G a set of colors. An L-coloring of
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G is a coloring in which each vertex is colored with a color from L(v). List coloring was first introduced in the setting
of proper colorings by Erdés, Rubin, and Taylor [12], and has been studied extensively across numerous settings. The
list-distinguishing number of G, denoted D,(G) is the minimum k such that every list assignment L that assigns a list of
size at least k to every vertex permits a distinguishing L-coloring.

In [13], Ferrara, Flesch, and Gethner posed the following question.

Question 1. Is there a graph G for which D(G) # D¢(G)?

Question 1 is unanswered, but in subsequent years, there has been an accumulation of evidence suggesting that the
negative answer to Question 1 is correct. This includes proofs that D(G) = D,(G) when G has a dihedral automorphism
group [13], is a forest [14], and when G is an interval graph [17]. The set of automorphisms of a given graph, under the
composition operation, forms a group, called the automorphism group of the graph.

We note that the problem of how one can distinguish the vertices of a graph, be it through coloring or the identification
of a “special” set of vertices, has been broadly studied. As a significant recent example, Babai’s proof of the existence of
a near polynomial-time algorithm for the graph isomorphism problem [5] relies on the idea of a distinguishing set of
vertices, which is a set S of vertices such that every vertex not in the set has a unique subset of S in its neighborhood
(see [6,7]). Further examples include identifying codes [19], many variants of vertex-distinguishing edge-colorings [9],
and a number of other concepts throughout the literature.

2. Results

In this paper, we study the list-distinguishing number of Cartesian products of complete graphs. The distinguishing
number for Cartesian products of complete graphs was determined independently by Imrich, Jerebic, and KlavZar [18] and
also Fisher and Isaak [16]. Interestingly, Fisher and Isaak’s result was not phrased in of distinguishing graph colorings, but
rather in the setting of a particular class of edge colorings of the complete bipartite graph.

Theorem 1 ([18]). Let n, m, k be positive integers with k > 2. If (k — 1)" < m < k", then

k ifm < k" — [logen]| — 1;

D(K,OK,,) =
(KnBin) {k—i—l ifm=> k" — [log,n]| + 1.

Ifm=Kk"— (logk n—|, then D(K,OK,,) is either k or k + 1 and can be computed recursively in O(log*(m)) time.

Our main result is the following.

Theorem 2. Let n, m, and k be positive integers. If n < m < k*(1 — kl;gﬁﬁ’"), then
Dy(K,OK:y) < k.

Note that when k"(1 — kl‘z)gfl-:g”) <m < k", we have m < (k+ 1)*(1 — W). For this case by Theorem 2 we
have D,(K,OK;,) < k + 1. Comparing Theorems 1 and 2 in light of Question 1, we see that Theorem 2 shows that when
(k—=1)"<m < Kk'(1-— “;’5%9”) and when k" — [log,< n] 41 < m < k" the distinguishing and list-distinguishing numbers
of K,OK,,, agree. Moreover the distinguishing and list-distinguishing numbers of K,K,, always differ by at most one.

Throughout the paper we treat the vertices of K,0K,, as the points on an integer lattice with n rows and m columns.
Each copy of K;; in the product will correspond to a row of the lattice, and each copy of K, in the product will correspond
to a column of the lattice (see Fig. 1). The vertices will be labeled by v;; with 1 <i <nand 1 <j < m, with vertex vy ;
in the top left corner and vertex v, n, in the bottom right corner (like the entries of an n x m matrix).

To prove Theorem 2, we begin by determining the list distinguishing number of K,0K; 1. We prove this using the
Combinatorial Nullstellensatz.

Theorem 3 (Alon [3]). Let F be an arbitrary field, and let f = f(x1, ..., xn) be a polynomial in F[xy, ..., X,]. Suppose that
the degree of f is Zi":] t; where each t; is a nonnegative integer, and suppose that the coefficient of ]_[?:l xf" in f is nonzero. If
S1,..., Sy are subsets of F with |S;| > t;, then there are s; € S1,53 € S,, ..., S, € S, so that

f(51,...,5n);ﬁ0.
We adopt the notation f []_[?:1 xfi] to denote the coefficient of [\, ;' in f.
Lemma 4. Forn > 1, Dy(K,OKy41) = 2.
Proof. By Theorem 1, we know that D(K;,0K),1) = 2. Since D;(G) > D(G) for all graphs, it follows that Dy(K,0K;11) > 2.

Let L be a list assignment to V(K,OK,,1) in which every list has two distinct elements, and assume that those elements
are from R. It remains to show that there is a distinguishing L-coloring of K, 0K 1.
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Fig. 1. K,OK;.

To apply the Combinatorial Nullstellensatz, we will create a polynomial F of degree n? in n(n + 1) variables such
that nonzero valuations of F correspond to distinguishing L-colorings of K,K;, 1. The variables of the polynomial are
{xij | i €[n],j e [n+ 1]}, and the value of x;; will be taken from L(v;).

To build the polynomial F, we first define two families of polynomials whose product is F. The first family is used to
differentiate the columns of the graph. The second family will then be used to differentiate the rows of the graph.

For 1 <i<j<n+1,define

n n
Gj= (%)= Y _(xei),
k=1 k=1
and set C = [[,;_j<pq Gij For 1 <h <1< n, define

R i = X1,n — Xn,n
and set R = [],_; -, Rn. Finally, define
F=C-R.

We claim that a nonzero valuation of F corresponds to a distinguishing coloring of K,0OKy1. In such a valuation, C;; # 0
forall1<i<j<n+1landRy; #0for1 <h <I=<n.If G; # 0, then the multiset of the colors used in columns i and j
is distinct, and hence the columns are uniquely identified by their multiset of colors. If R, ; # 0, then rows h and ! differ
in column h. Working though these polynomials in order, Ry 3, ..., Ry, use column 1 to distinguish row 1 from all other
rows. After row h has been distinguished from all rows with lower indices, the polynomials Ry for [ > h use column h
to distinguish row h from all rows with higher indices. Thus when F # 0 each row and column of K,;,0K),, is identifiable
by its coloring, and hence the coloring is distinguishing.

Now we apply the Combinatorial Nullstellensatz to prove that F has a nonzero valuation. We have that

deg(F) = deg(C) + deg(R) = (" er ]) + (Z) -

We show that the monomial [, ;xi; has a nonzero coefficient in F. Split the variables of the monomial into two sets:

X;j is above the diagonal if i < j, and x;; is below the diagonal if i > j. There are (1) yarjables that are above the

(n+1)(n)2

diagonal, and these variables only occur in the polynomials C;;. Since there are “*5** polynomials C;, it follows [ G;

must contribute the term [;_;xi; to the term []_; x;; in F. It follows that [ [ R;; must contribute the term [];_; x;; to the
term [;; %:; in F. Thus
F l_[X,'J =C HX,'J -R Hxi'j

i#j i<j i>j

We argue by induction on the width of our matrix that

n
l_[ C,"j 1—[ Xij | = nr!.
r=1

1<i<j<n+1 1<i<j<n+1
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Our induction argument will go from k = 1to k = n. If k = 1, then ]_[1<i<j<k+1 Gj= X2+ +xp2)—(X1,1+ - +Xn1),
and T

] 1
I nm—unn
1<i<j<2 1<1<]<2 r=1

For 2 < k < n, assume that

l_[ G ]_[ X j :Hr!.

1<i<j<k l<l<]<k r=1

There are k variables above the diagonal in column k + 1, and they only appear in the k polynomials of the form Cj 41
for | € [k]. Furthermore, they each appear once in each of those polynomials, and always with the coefficient +1. Thus

(l_[;(:l Cl,l<+1> []_[1;1 x,-,k“] = k!. Therefore,

k k
[T o [T I G [T x '(HQ,I<+1) |:1_[Xi.k+1:|
=1 i=1

1<i<j<k+1 1<i<j<k+1 1<i<j<k 1<i<j<k

i)-

rl.

Il
_':]z~

1

_(
Il

Thus, when k = n, we have that
n
M oa)| T ow|=TI"
1<i<j<n+1 1<i<j<n+1 r=1

It remains to determine R []_[i>j x,-,j]. Each variable below the diagonal appears in exactly one polynomial Ry, ;, and they
all have a coefficient of +1. Since they appear in distinct polynomials, it follows that

R HX,'J =1.
L i>j i
We conclude that

7 n
F Hxi‘j =C HX,‘J ‘R 1_[)(,:]' = 1_[1"
r=1

i;ﬁj i<j i>j

Since the coefficient of ]—L;é x;j in F is nonzero, each variable appears with power 1 or 0 in the monomial, and each list
has size 2, we conclude from the Combinatorial Nullstellensatz that there is a distinguishing L-coloring of K,0K,+1. O

The most challenging part when applying the Combinatorial Nullstellensatz is often choosing an appropriate monomial
with coefficient that can be feasibly calculated. In particular, this is one issue that keeps the proof of Lemma 4 from being
easily extended to K,OK;,, when m > n + 1. For instance, if we make a 51milar polynomial F as the one in the proof of
Lemma 4 for the case K,OKj2, then the degree of F would be ("}?) + (3) = n? + n + 1. But the number of off-diagonal
elements of the relevant matrix is n> 4+ n. As a result, we do not see a way to, for instance, decompose a coefficient of a
helpful monomial in F into a coefficient in C and a coefficient in R.

A closer analysis of Lemma 4 actually shows that any precoloring of a set of elements of K,0K,; that contains at
most one element of each row and column can be extended to a distinguishing L-coloring. We refer the interested reader
to [15] for further results about precoloring extensions in the context of distinguishing graph colorings.

Given Lemma 4, when n is large enough we are able to produce distinguishing colorings of K,OK, when m is
exponential in n, albeit with a base smaller than 2. We first include a small technical lemma that works for all values of n.

Lemma 5. Let S(X1.1,X1,2,X2.1, X2.2, - - » Xn.1, Xn,2) = ]_[f' 1(Xi 1 +xi2). For any assignment of the x; j to formal variables from
{c1, ..., ¢} such that x; 1 # x; for all i € [n], the coefficient of each monomial ]_[, 1 G in S is at most (F 1)

Proof. We apply induction on n to prove the assertion. When n = 1, every term has coefficient 1, as desired.
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If {xi1, %2} = {Xj 1, X; 2} for all i and j, then S(cy, ..., ¢) = Z;Zzl (Z)lequ.Ek' and the result holds. Therefore we assume
there are values i and j such that {x; 1, x; 2} # {X; 1, X; 2}. Assume without loss of generality that ¢; occurs exactly in the first
B terms, where g € [n — 1]. Write S = 5;S;,, where Si(x12,...,Xp2) = ]_[szl(cl +Xi2), S2(Xp41,1, Xp41,2, -+ -5 Xn,1, Xn2) =
[Tep (1 +%52), and Xi 2, %1, X2 € {2, ..., &)

o

In order to create []._, ¢;" in S, we must choose ¢; from «; terms in S;. There are (f) ways we can create ¢j' in ;.
Fix one term in S; in which the power of c; is «;. Suppose that this term is of the form c;’l ]_[:=2 ci"i. This term can be
used to create []i_; ¢ in S only if []i_, ¢/ " has a nonzero coefficient in S,. By the induction hypothesis, []_, ¢,
has coefficient at most (ﬁ;gw) in S,. Therefore [];_, ¢/ has coefficient at most (f‘)([:igl) which is at most ([g]), as

= 7 :
desired. O

In terms of colorings, Lemma 5 shows that if we assign lists of size 2 to the vertices of a graph G of order n, then each
multiset of colors assigned to the vertices of G can appear at most (rﬁ]) times across all L-colorings of the graph. The
2

.

¢in S(cy, ..., ;) represents a vertex coloring of the graph G.

reason is that each appearance of the monomials [];_, c;

Lemma 6. Forn>2222andn <m < [1.09"] +n+1,
Do(KyOKp) < 2.

Proof. let G = K,OKp,. Let L be a list assignment on V(G) in which all lists have size 2. The proof proceeds in two
steps. In the first step, we select a set of columns which we will color so that no nontrivial row transposition of G is
color-preserving. In the second step we extend this coloring to all of the other columns so that no nontrivial column
transposition is color-preserving.

We say that a column is list-uniform if every vertex in the column has the same list of colors. Let A" be the set of
list-uniform columns. If |A'| > n+ 1, set A=A If |A’| < n+ 1, let A consist of A’ with n + 1 — |A’| additional columns,
chosen arbitrarily. Let V(A) denote the set of vertices contained in the columns in A.

Define the color pattern of a colored column to be the multiset of the colors used to color the vertices of the column.
Define the color vector of a colored column to be the vector of the colors used to color the vertices of the column,
(c(v1,j), c(vaj), ..., c(vn;)). We will color the columns of G — A so that (1) no column in G — A shares its color pattern
with a column in A, and (2) no two vectors in G — A have the same color vector.

If |A'] > n+ 1, then A = A'. Note that by Theorem 1 when m < 2" — [log, n] — 1, a distinguishing 2-coloring of K,OKp,
exists and since the coloring is distinguishing, there are at most two monochromatic columns. Since m < [1.09"]+n+1 <
2" — [log, n1 — 3 Theorem 1 implies that a distinguishing 2-coloring c of K;0K4 with no monochromatic columns exists.

Now we extend the distinguishing 2-coloring ¢ of K,OK4 to a distinguishing 2-coloring of K,OK,. All remaining
columns contain at least three colors. Greedily color these columns so that (1) there are at least three different colors
on their vertices and (2) so that their color vectors are all different from each other. It follows that there are at least 2" >
colorings of each column that satisfy our first condition, since we can fix the colors of three vertices on each column so
that the three colors are distinct. Because n > 4, we have that 2"~3 > [1.09"]. The resulting coloring of G is distinguishing
because the coloring of each column in A uses two colors and distinguishes the rows of G, while the remaining columns
are all distinguished because they have distinct color vectors with at least three colors.

For the rest of the proof, assume that |A’| < n+ 1. In this case, we first obtain a distinguishing coloring of G[V(A)] by
using Lemma 4. For G ¢ A, let L(() = UL L(v;;), and note that |L(C;)| > 3. Therefore there is a color ¢; in this union
that appears in at most 2n/3 lists in the column. We will show that each column in G — A has at least 1.09" possible
color vectors that do not share their color pattern with any column of A. Fix a column G and proceed by considering the
following two cases.

Case 1: Suppose that two colors each appear in at least %n — n?/3 lists of vertices in G;. Since there are only n lists in

each column, it follows that there are at least %n —2n?/3 lists that have the same set of two colors. Let L(G)={c1,...,Ce}
and let {c1, c;} be the list on at least 2n — 2n*/* vertices.
Since the column is not list-uniform, there are at least two distinct color patterns on C; for the colors {cs, ..., c¢}. Thus

we may color the vertices in G; whose lists are not {cy, ¢;} so that at most (n+1)/2 columns in A match that color pattern
on {cs3, ..., Ce}.

The extensions of the partial coloring of C; have at least %n —2n?/3 41 distinct color patterns, depending on the number
of vertices with list {c1, ¢} that receive color c;. Therefore, thereisana € {[ 5 —n??| —1, | —n?3|, ... [3 —n?3
+1} such that none of the patterns comes from a column in A with at least « vertices colored c;. Therefore, for n > 2222,
it follows that the number of extensions of the colorings to C; that do not match the color pattern of any column in A is
bounded by

Py 5273\ /8-n?3
3n/4 —2n - 3n/4—2n"" > 6787 > "8 > [1.09"].
|_”/8_n2/3J -1 n/8 —n2/3 —1

This finishes Case 1.
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Case 2: Suppose otherwise, that no two colors appear in at least %n — n?/3 lists of vertices in C;. Thus there is at most
one color that is used in at least Zn — n®/3 lists. Let L(G;) = {c1, ..., c¢} such that

1. if a color appears in at least %n — n?/3 lists, then it is c;;

2. colors {cy, ..., c,—1} are ordered so that the function k(h), which denotes the number of vertices in G; whose list
contains ¢, but does not contain ¢, for any g < h, is decreasing.

To order the colors as described above, first let c,_; be a color that appears the fewest number of times with ¢, as a
list in G;. Then among the remaining unlabeled colors, let c,_, be a color that appears the fewest total number of times
with ¢, or ¢,_; in a list in G, and continue until all colors are labeled. Under this labeling, the number of lists of the form

{cj, ¢’} with ¢’ € {cj11, ..., c¢}, is at most the number of lists of the form {c;, c"} with i < jand ¢" € {¢i41,..., ¢}
Thus there is a set D = {cq, ..., ¢} such that
7
< k(i) < =n.
i<
We will color the vertices in G with color {cy, ..., ¢;} in their lists so that after the coloring there are at most
n+1
h .
[Tie k(i) + 1)
columns in A whose color pattern in colors {cy, ..., ¢;} matches the color pattern of ; in those colors. This statement is

trivially true before any vertices in C; have been colored. Prior to coloring the vertices with color ¢, in their lists, there
are at most

n+1
T k(i) + 1)
columns in A whose color pattern matches the color pattern of C; on the first h— 1 colors. When processing color ¢, there
are k(h) vertices with the color ¢, in their lists that have not been colored (note that some vertices with cy in their list
may have been colored when earlier colors were processed). Therefore there are k(h) + 1 possibilities for the number of

vertices with color ¢, in G. By the pigeonhole principle, it follows that there is a choice for the number of vertices that
will be colored cy, so that there are only

n+1
T, (k() + 1)
columns in A whose color pattern matches the color pattern of C; on the first h colors. After processing all of the colors
in D, the number of columns in A whose color pattern matches the color pattern of C; on the colors in D is bounded by
n+1 n+1
v +. < 2/:_ <n'.
[T (k) +1) n¥°+1

Note that the first 1nequallty holds because n?/? < Zl 1 k(i) implies ]_[f/1 k() + 1) > n?? + 1.

For simplicity, let k = Z k(i). At this point, there are n — k uncolored vertices in C;. Therefore, there are 2"~ —k
extensions of the coloring to all of G. By Lemma 5, each column in A whose color pattern matches the color pattern of G

on the colors in D can match the color pattern of at most ( fn— I<)/21) of the colorings of ;. When n—k is even, we will use the
on—k 2n—k n—k

k
Stirling’s approximation ((11 k)/z) < \/ﬁ When n—k is odd, this approximation gives us ( fn— ,{)/21) \/ﬁ g
Thus ( n—k ) < 2k is true for all values of n — k. Therefore, because n > 2194, the number of colorings of

k) = "3

whose color pattern matches the color pattern of no column in A is bounded by

ank_nl/3< n—k ) > ok _ 1/3 2nk
[(n—k)/21) — Sn—k)+1

1/3

> o8| n

3
wnt+1

> [1.09"].
This finishes Case 2.

In both cases, each column in G — A has at least [1.09"] colorings that do not match the color pattern of any column
in A. Greedily choose such colorings for the columns of G— A so that no two of these columns have the same color vector.
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We claim that the coloring we have generated is a distinguishing coloring of G. By construction, the columns in A are
distinguishable from the columns not in A since the color patterns of the columns in A are not repeated outside of A. Once
the columns of A have been identified, the coloring of A is distinguishing on the induced subgraph of A. Therefore the
coloring of the columns of A uniquely identifies the vertices in A and hence distinguished the rows of G. Finally, once the
rows have been distinguished, each column of G — A is distinguishable, since they all have distinct color vectors. Thus the
coloring is a distinguishing coloring. O

We now proceed to the proof of Theorem 2. We first give two lemmas that provide a bound on the coefficients that
we will see in the generating functions that allow us to color our graph.

Although the following inequality seems to be quite natural, several experts in probability theory were not aware of
it, and a classical book of inequalities [8] did not include it. Hence, it may be of independent interest.

Lemma 7. If a and n are positive integers with a < n and 0 < p < 1 is a real number, then

n a n—a C
<a>p (=p" < Vp(T=p)’

where C = (%)%

While the proof of Lemma 7 relies only on elementary calculus, it is somewhat long and we feel that a full proof would
detract from the proof of Theorem 2, so have elected to present it in full in Appendix.

Lemma 8. Let k be an integer that is at least three and let
n
S0 oo s X1k X215 e+ o5 X2ks o oo X 1o oo o5 Xnk) = l_[(Xi,1 + e Xik)
i=1
For any assignment of the x; ; to formal variables from {cy, ..., ¢/} sauch that x; j are all distinct for all j € k, the coefficients of

. S n+1 35
each monomial [];_, ¢ in S are all at most C"% , where C = (2)2.

2e

Proof. Let P; = x;1 + Xi» + - - - + X; . If there is a pair of variables ¢; and ¢; such that no P; contains both of them, then

replace all appearances of ¢; with ¢; in S to obtain a new polynomial S’. Since the coefficient of cjaj El I'L i cf‘ "in ' is at
least the coefficient of c{” ...Cr"in S, we may make the assumption that every pair of variables ¢; and ¢; appears together

in at least one term. Therefore we have (;) < n(’z‘) which implies that

1+ /1 +4nk(k —1
r< + +2nk(< )<v2nk2. (1)

For each i € [r], let B; be the number of terms that contain ¢;. Without loss of generality assume that g, > g; for each
i. By the choice of 81, we have that 8; > [nk/r]. Because r < +/2nk?, we have

pro> ! )
1> — = [=.

A/ 2nk? 2
The coefficient ¢* of ¢} ... ¢ in S is at most (5:)(k — 1)f1—«1(k)"~#1, Note that if ¢; = 0, then this value is at most

1 [nk/r]
¢t < (k—1PUP < (ko — 1)k n=Tk/rT — gen <1 - 7> :
- - k
Using our upper bound (1) on r, and the inequality (1 — x) < e ™ (true for all 0 < x < 1,y > 0) we have
. . 1 Vnj2 K" k1
<K' |1—-— < < —.
k e«/n/Zk2 %
If &y = B, then the coefficient is at most k"~#1, which is also bounded by C";; by the argument above. Thus we may

assume that 0 < a7 < B;.
By Lemma 7, (})p*(1—p)** <

C .. . . .
VD) when a and n are positive integers with a < n and p € (0, 1). Therefore, letting

a=owq,n=f,and p = -, we have

1
%

g<<ﬂ1>i<k 1)*“1“"1 Ck
= el Tk S VBk-1)
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Apply (2) again, we have that the maximum coefficient in S satisfies
C«/j . kn+1 C. kn+1
< < —
Vk—=13n Jn
In fact Lemma 8 shows that if we have list assignments L of size k on vertices of an n-vertex graph, then each color
pattern can appear at most Ck:? times on L-colorings of the graph, where C = (%)7
We are now ready to prove Theorem 2.

Proof of Theorem 2. Let A be the set of the first (logm09 n—| columns in G. Note that 2-list distinguishing coloring of a
graph implies a k-list distinguishing coloring of the graph for all k > 2. Since moreover n < 1.09'°81.09" by Lemma 6, there
is a list distinguishing coloring of the graph induced by A (here we treat A as the rows of the graph). Fix this coloring over
the columns of A.

First consider the case when k = 2. By Lemma 5, each column in A has a color pattern that matches the color pattern
of at most (rnr/lzw) of these colorings. Therefore the number of colorings of each column in G — A that does not have a color
pattern of a column in A is at least

a n a [10g 09 1]
2" — [logy g9 1] <m/21> >2 (1 - N e 1)
2 (1= Logerl),

. . T ’ . . n n . . 2n
Note that the first inequality holds because by Stirling’s approximation (“1 /21) < @ which is at most NPk
Otherwise, k > 3 and each remaining column has k" colorings. By Lemma 8, each column in A has a color pattern that

1 . . .
matches the color pattern of at most C":: of these colorings. Therefore the number of colorings of each column in G — A

that does not have a color pattern of a column in A is at least

N Ckt+1 N Ck [log; gg 1
k‘“%mﬂ(¢m>:kc‘[ﬁf1)

. k |_log1'09 ”-|
2n

To complete the coloring, we greedily select colorings for the columns in G — A that do not have the same color pattern
as the columns in A so that no two of these columns have the same color vector.

Given Lemmas 5, 6 and 8, V\Ilcel can now show that with lists of size k we are able to find a distinguishing colorings of
K,OKm, whenn < m < k"(1 — %). O

We do observe here that the value of n is quite large for Corollary 9 to apply. Since we depend on the width of the first
collection of columns to be given by [log; o9 1| to apply Lemma 6, we require [10g; oo 11| > 2222. Thus n > 1.45104 x 1083
is sufficient for the theorem.

Theorem 2 implies the following corollary.

Corollary 9. Let k be an integer. For n sufficiently large and n < m < k"(1 + o(1)),
Do(KaOK) < k.

3. Open questions

Question 1 is the clearest future direction to go with this work. We ask the question for the list coloring of grids
here.

Conjecture 1. For all n and m, D,(K,0Ky,) equals D(K,0OK,).

In the process of proving Theorem 2, we encountered a seemingly simple conjecture that we approximated with
Lemma 8. We present this conjecture here.

Conjecture 2. Let k be an integer that is at least three and let
n

S(X1 15 e o X1k X215 oo s X2 ks oo X1 oo e s X k) = H(Xm + - Xk
i1
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For any assignment of the x;; to formal variables from {c1, ..., ¢;} such that x;; are all distinct for all j € k, the coefficients of
each monomial [];_, ¢ in S are all at most the balanced k-multinomial coefficient

(e 1)
m/kl,...,n/kl)"
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Appendix. An inequality concerning the binomial distribution
Here we prove Lemma 7.

Lemma 7. If a and n are positive integers with a < n, and 0 < p < 1 is a real number, then

L
a np(1—p)
where C = (3/2e)*? = 0.409916. . ..
Proof. Define f(n, a, p) = /n(})p*™"/2(1 — p)*~**1/2), Our aim is to show that

f(n,a,p) <C.
For 1 < a < n — 1, the function g(p) = p®*("/2)(1 — p)*~9+(1/2) takes its maximum in the interval [0, 1] when

0=2g'(p)
= —p™ P (n —a—(1/2)(1 = p)" Y + (a + (1/2))p" /21 — pyr et/

= —p* 1721 — pyr—e-(1/2) |:<n —a+ %) p— (a + %) (1- p):| :

Therefore
a+(1/2)
fin. mp)sf(n, a ﬁ>
Define
_ a+(1/2)\ _ n\ [a+(1/2)\*"? a+ (1/2)\" o2
o= (na ) =) (557) (-55)

Since f(2,1) = «/5/4 < 0.35356 and f(3,2) = f(3, 1) = (675/4096)+/5 < 0.36850, these values are less than C. From
now on we may suppose that n > 4. Also, f(n, a) = f(n, n — a), so from now on we may suppose that 1 < a < 5.

We now wish to show that f(n, a) is decreasing in terms of a so that f(n, 1) > f(n, a). We have that for 2 < a <n/2,

1 ai% a1 n—a+%
fna—1) V(") (%) (1 - n+?>

f(n,a) 1 aty 1 n—at;
Vi) (54) T (1-5)
(a3 a3

_ n—a+l

ey ey
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Define the sequence
(a— (1/2))"
(a+ (1/2)y /2"

Thus we wish to determine if X(a)/X(n —a+ 1) > 1 under the condition that 1 < a < n/2. Taking the logarithm of both
sides yields the following inequality that we wish to prove:

0 < log(X(a)/X(n —a+ 1))
= log(X(a)) — log(X(n — a + 1)).

X(a) =

For all real a > 0, define the continuous function x(a) = log X(a + (1/2)), so
x(a) = log(a+(1/2)) + aloga — (a + 1)log(a + 1).

We claim that x(a) is strictly decreasing.
To prove that x(a) is decreasing, we use the fact that if x(a) : (0, co) — R is a real function that is strictly convex and
lim,_, o x(a) exists and is finite, then x(a) is strictly decreasing. The limit of x(a) exists since

. . (a+3) a \*
Am x(a) = lim log = + fim log {({ == ) ) =—1-
We have that
X(a)=(a+1/2)""'+ (1 +loga) — (1 + logla + 1))

and therefore

¥'(a) = -1 +1 1
T (a+1/2)2 a a+1
-1 1
= +
a2+a+(1/4) da®+a

> 0.

Hence the function x(a) is convex (for a > 0) and has a finite limit, so x(a) is strictly decreasing. Therefore we have shown
that f(n, 1) > f(n, a), so

f(n,a) < n’? 32 \** n—(1/2) n—(1/2)
T nt1 — .

Finally, define the function

f(n) = n*? ( 3/2 >3/2 (n — (1/2))“(1/2).

n+1 n+1

For all real n > 1 define the function y(n) = logf(n), so

3 3 3 1 1
y(n) = 510g5+ ilogn+ (n— 5) log(n— 5) —(n+ 1)log(n + 1).

We claim that y(n) is strictly increasing.
To prove that y(n) is increasing, we use the fact that if y(n) : (1, c0) — R is a real function that is strictly concave and

lim,,_, o, y(n) exists and is finite, then y(n) is strictly increasing. The limit of y(n) exists since
3 3 3
lim y(n) = —log - — —.
Jlim y(n) Slogo -2

We have that
y'(n)=3/2)n"" + (1 + log (n - %)) — (14 log(n + 1)),

and therefore

e =3)2 1
yim= n2 +n—(l/2) n+1
_3/2 32

n2 n% +(n/2) —(1/2)
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Hence the function y(n) is concave (for n > 1) and has a finite limit, so y(n) is strictly increasing. Hence f(n) is also
increasing, and f(n) < (3/2e)%/>.
Therefore we have

1
f(n,a,p)<f n,a,%
<f(n,1)

< lim f(n, 1)

n—oo

3\ 32
() -

Considering the sequence of f(n, 1) one can see that the value of C is the best possible.

n

It is well known that (n /2) < 2"/+/27n for all even n > 2, so one would expect that Lemma 7 should hold with

D = 1/+/2m, but it is only 0.398942 ..., about 2.7% smaller than C. However, using the first line of the proof and
the precise Sterling formula (i.e., n! = n"e™"+/2mnexp(1/(12n + ©,)) where 0 < ©, < 1), one can prove that if
a — 00, a <n/2,then f(n,a) = (1+o0(1))/v/27.
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